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ABSTRACT. We shall obtain an analogue of Nazarov’s uncertainty inequality for n-
dimensional Fourier series from the one for n-dimensional Fourier transform. Some
inequalities are new and better than ones deduced from a classical local uncertainty
inequality.

1 Introduction The uncertainty principle generally asserts that a non-zero function and
its Fourier transform cannot be too small simultaneously. Although interpretations of the
smallness are very broad, various versions of the uncertainty principle exist and also, anal-
ogous versions for Fourier series exist. However, as for the Nazarov uncertainty principle, it
is known only for Fourier transform. In this paper we shall obtain an analogous uncertainty
inequality for n-dimensional Fourier series. Nazarov’s uncertainty inequality is originally
appeared in [2] and P. Jaming [1] extends it to a higher dimensional Fourier transform:
There exists a constant C' such that, if S, are subset of R™ of finite measure, then for
every f € L*(R"),

1) [serasss ([ @ [ i)

where
+(8,%) = CeC min{\S’||E\,\S’|}Tw(E),\E|¢lTw(S')}7

Ff is the Fourier transform of f, |- | is the measure and w(-) is the mean width. We shall
rewrite this inequality for a Fourier series version. For f € [1(Z")NI%(Z"™), we denote by f
the trigonometric series

F) =Y fm)er ™, X e R,

mezZ"

and for any function g € LP(R"), 1 < p < oo, we denote by f X g a convolution

JRg) = 3 fm)gle —m), xR

mezr

Applying the above inequality (1) to the function f X g on R", we can deduce a Nazarov

type uncertainty inequality for f on T™. Let I be a closed measurable subset in [f%, %]",

S a finite subset in Z™ and X a measurable subset in I. Then for all functions g; € L?(R")
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supported on I and vanishing on the boundary of I, the following inequality follows (see
Theorem 3.4 and let J = {0}):

> Ifm)P?

mez”
Flg 2
S’Y(S’+I,E)( Z |f(m)|2+/ |dx+/|f |(”I)( z)| )da:)
mezZm\S To\ PRI
Especially, letting I = [_%’ %]n and taking the characteristic function y of [_%a %}n as gi,
we see that
FQO@E s
1_W:1_H T :O(‘$|2)7 m:($17$27"',$n)7
L2(R") =1 K3

and therefore, we can deduce that

) X P <+ L ( X 1P [

mezn mezm\S T™\Z

M@WM+CLMme%@

(see §4, (I)). Clearly, if we can find a function g; satisfying

|7 (g0) ()]

=1+ O(x’y)v
||gI||%2(]Rn)

then we can replace |z|? in the last integral of (2) by |z|". However, we see that v = 2
171

associated to x is maximal when [ is a subset in [~3, 5]" (see Remark 4.1). Therefore, in
§3 we shall consider a general subset I C R™ and obtain a modified inequality of (2). In
§4, we find an example of the modified inequality where |x|? in (2) is replaced by |x|'0 (see
Corollary 4.2).

On the other hand, J. F. Price and P. C. Racki [3] obtain the so-called local uncertainty
inequalities for Fourier series. As a special case, for § < %, a > 0 and a > G, there exists a

constant K such that for all f € L*(T") and all finite S of Z",

S 1fm) < KIS [ 1f@)Plaf

meS

Hence, it easily follows that

(3)
m)[2 m)[2 2| g2 F() 2d 2| |20 F() 12121278 do.
> IfmIP< Y Ifm)f + K38 /Tn\zlf( )[Pdx + K7[S] /Elf( ) ||7d

mezZmn mezZn\S

Here the weight function |z|?"?, which reflects the localization of f around zero, is better
than |z|? in (2) when n > 3. In our modified inequalities (see Theorem 3.4 and Remark
3.5), there is some possibility of replacing |z|?"? by |z|?. At this stage, v = 10 is our best
result (see §4, (IV)).

2 Notations. We identify [—1,3]™ with T". We denote by LP(T™) the space of all
measurable functions f(¢) on T™ such that Hf||’£p(w) = [y [f@)[Pdt < o0 for 1 < p < o0

and || f|| e (rn) = ess.sup;era | f(t)| < oo for p = co. Similarly, we denote by (P(Z") the space
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of all functions F'(m) on Z™ such that ||F||fp(zn) = mezn [F(m)[P < oo for 1 < p < ooand
F(m)| < oo for p = co. For f € L'(T"), the Fourier coefficients of

[F'll Lo (zn) = Supyezn
f are defined by

f(m) = f®)e ?™tmdt m e 72",
'JT”L

and ||f||Loo(Zn) < || fllpi(rny. For F' € I1(Z™), we denote by F the trigonometric series

F(\) = Y F(m)e*™ ™, \eR"

mezZ"

F'is a 1-periodic function on R™ that can be regarded as a function on T" and [|F'|| e (pn) <
|Fll1(zn). If f and f belong to L'(T") and I'(Z") respectively, then f = f. Moreover, if

f € L2(T"), then f € 12(Z") and I fllz2(rmy = ||f||L2(Zn). We define a convolution ® on Z"
as follows: For F,G € I} (Z™),

F®G(n)= Y F(m)G(n—m).
mez™
Then F® G €11(Z") and (F ® G) = FG.

We denote by LP(R™) the space of all measurable functions f(z) on R™ such that
||f||’£p(Rn) = Jon | f(@)[Pdx < o0 for 1 < p < 0o and || f|| oo (rn) = €s8.5Up,epn|f(2)| < oo for
p = oo. For f € L'(R"), we denote the Fourier transform of f as

F(HN) = | flx)e ™ dz, X R™.
R’!L
Clearly || F(f)lle®n) < [[flLr®ny. For F € L'(R), the inverse Fourier transform F~! is
given by
1

F Y F)(z) = @ /Rn F(\)e*™ A\ xz € R™.

If f and F(f) € L' (R™), then f = F~1(F(f)). Moreover, if f € L*(R"), then F(f) € [*(R")
and (27)2 || f|l2@n) = [[F(f)llL2rn). We define a convolution * on R™ as follows: For

frglx) = - F)g(x —y)dy.
Then f x g € LY(R') and F(f * g) = F(f)F(g).
For f € [Y(Z") and g € LP(R™), we define a convolution X as
fRg@) = S fom)g—m), zeR™
mezn

We can easily see that for 1 < p < oo,

If Rgllee@ny < | fllinzn)

gHLP(R")
and, if p =1, then

(4) F(FRg)A) = FNF(g)(N).
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3 Nazarov’s inequality on Z". Let I be a connected subset of R™ of finite measure
and containing 0 and put

2I°NZ" = J,

where I° = I — 91. Let J* denote the cardinal of .J. For a finite subset S of Z™, let S be a
subset of R™ defined by

S=8+1.

Then (S+2I°)NZ" = S+ J. In what follows g7 is a function in L?(R™) which is supported
on I and vanishes on 9I. We define

lorl2, = / 01(2)g1@ = J)dz

for j € J.

Lemma 3.1 For f € IY(Z™)NI%(Z"), it follows that

1f Rgrlleeeny =Y llgills; D fm)fm+35)
jeJ mezn
(5) =Y lorl, / FOOPEET AN < PllgrlZagon |13 an)-
jeJ

Proof. Since gj(z) =01if = ¢ I° and 2I° NZ" = J, it follows that

S S s T [ gite - m)gite —m)de

meZ™ m! €L R

> > Jm)

mezZm m’'ezm

=> > fm m+‘7)/Rngz(x)mdx.

JEJ mezL™

1f B9 grll72 )

g1 (x)gr(x — (m/ —m))dx

The equality (5) follows from the Parseval equality for Fourier series. The inequality is
obvious from the Schwartz inequality. O

Lemma 3.2 Let f € [1(Z") and 91,5, 5 be as above. Then for all z € R™,

(6) |f1 X gr|(z)xg(z) < |fxs+sI®grl(z) < [f[ X |gr](z)|x g, 5 (),

where X5+ and X, Xg,; are the characteristic functions of the sets S+ J C Z" and
S,S 4+ J CR™ respectively. Especially, when J = {0}, it follows that

(7) fRgr(x)xg(x) = (fxs) ®gr(z).
Proof. We recall that |f| X |gs|(x) is given by

> I m)llgr(z —m)l.

mezm
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We suppose that xg(z) = 1 and g(x —m) # 0. Then m € x —I° C S+1°=8+2I°.
Since (S+2I°)NZ" = S+ J, it follows m € S+ J and xs4+7(m) = 1. If xs4s(m) =1 and
gr(x—m) #0,thenzem+ICS+J+1=S8+Jand Xg4s(x) = 1. Hence the desired
inequalities (6) follow. Let J = {0} and suppose that g(z —m) # 0. Then it follows that
xg(x) = 1if and only if xg;7(m) = 1. Hence we can deduce the equality (7). O

Corollary 3.3 Let I,.J,g1,5,5 be as above and ¥ a measurable subset in R™ such that
¥ C T". Then for f € 11(Z™),

O [ URa@P < Pl Y fmF
"\(5+J) meZn\(S+J)
and the equality holds when J = {0}.
11 F(fXg dx = g
@) [ FEREPe =3 ol

jeJ

o [ FPenay
’ \S
+/ IFOEQ llgrll3 2™ = 1F (1) (V)P de.
> jet
Proof. (i) : By using Lemma 3.1 and Lemma 3.2, we see that
Lo 01 < I gl ey — 151800l e

< 11 R grlll72@ny — X5+ B gzll13 2@
= I1£ (1 = x520)| B |grllI72 @y
< Hlorllieen >, IFm)*

mezZn\(S+.J)

When J = {0}, the equalities (5) and (7) yield the desired equality.
(74) : It follows from (4) and Lemma 3.1 that

[ Fr R @

R\ %

- [ 1FGBm @ - [ F R @)

= [ 1B =gl [ 1FO)RE Py

JjeJ
3 llg ,]/If ) 22T /|f () 2de
jedJ

—legllzj/ [F(NV)[%e 2mj/\d)\+/ IF@PQ_ gl ;6™ =1 F (gr) (V) F)dA.

JjeJ jeJ

]

Now applying Nazarov’s inequality (1) to fXg; and combining Lemma 3.1 and Corollary
3.3, we can deduce the following.
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Theorem 3.4 Let I be a connected subset of R™ of finite measure and containing 0 and
put 2I°NZ™ = J. Let S be a finite subset of Z™ and X a measurable subset in R™ such that
Y C T™. Then for all f € I*(Z") NI%(Z"),

Z”gl 2,5 Zf mJF])

jeJ mezZn
9G4 10 (ol (X 1P+ [ FPa)
meZ"\(S+J) T\Z
+ [ OR (3 larlf et - |7 (91)(A)|2)‘M>,
JjeJ

where 7(5 + J,%) is the Nazarov constant.

Remark 3.5 Let p € Z and I = [— ff,er ] . Then J} = 2I°NZ" = {j =
(J1,92, - 5dn) | —2p < ji < 2p,1 < i < n} is a representative set of Z"/(2p + 1)Z".
For each j € J)} we put

4 _Jfm) ifmej+ (2p+1)Z"
f3(m) = {0 otherwise

We note that f = > jedn f; and apply the above theorem to each f;. Then summing up
P
each inequality, we can deduce the following:

D Ifm)P?

mezZ"

swéug,z)((zpﬂwngf|%2<Rn)( S Ifm)P / PRVIEVREY

mEZ”’\(S+J“ JEJ"
[ S IBOE (X larlB e - | (91)()\)I2>d>\).

JjeJy JjeJy

4 Examples We here give some examples of g; and calculate explicitly the inequality in
Theorem 3.4. Especially, the order of the weight function in the second integral is important
for the localization of f.

(I) First we shall consider the case of n = 1. Let I = [—1, 1] and g; be the characteristic

function of I:
1 |zl <
g1(@) = x(2) = { =

N[ o=

0 |z| >

Then J = {0} and ||g7]l2,0 = |l9z|32 ®) = = 1. Moreover, F(g7)(\) = % =1- (”g‘) +
O(]A|*). Hence, it follows that

T 2
lorl30 ~ PP = T 4 0(A).

When n > 1, let I = [—3, 2]" and g;(z) = x(@1)x(22) - - - x(zn). Then it is easy to see that

D sin A
lorl30 — 17 (gr) (X flfm

(m[AD?

= o).

’L
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Remark 4.1 Let f be a function supported on Iy C I = [—%7 %]" and satisfy

(8) 1112y — IF(HO) = 0.

Without loss of generality, we may suppose that ||f||s < 1. Since
FOOI = [ s@is| < [ 1f@de < ol 2 fl1oge,
0 0

it follows that I = Iy and f(z) = 1 for all € Iy. Therefore, functions f satisfying (8) are
constant multiples of the characteristic function y of I.

In the following we shall give some examples of g7, whose support is larger than [—3, 1]"

We shall consider the case of n = 1, because, similarly as in (I), we can obtain a general
case from their products.
(I1) Let n=1,I=[-1,1] and

gr =X *X-
Then J = {-1,0,1} and

2 1
lorlo =5 llgrli3.er = 5-

Hence, it follows that

. 2 1 2 2
> llgrll3 ;€™ = 3t geos2mA=1- g(w)\)z + §(M)‘* +O(]A]%).
jeJ

On the other hand,

Flanoy = (52)

Hence, it follows that

=1- %(m\ﬁ + %(m\)4 +O(I\%).

> lgrll3 ;€™ = | F(gr)(VI? = +O(A).
jel

(IT) Letn=1,1,=[-%—p,}+p] and

g1, = x(x = p) + x(z + p) — 2x(x)
forp=1,2,---. Then J, = {-2p,—2p+1,--- ,2p—1,2p} and

91,13, = 6,

91,15 45 = {_4 T=P i =1,3 (mod 4),
0 Jj#p
1 j=1

g1, |§,ij =44 j=p if 7 =0,2 (mod 4).

0 Jj#5Lp
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Hence, it follows that

y 32
> lgr, 3 6779 = 16(pmA)* + 5 ()" + O(AF).
i€y

On the other hand,

2e712PTA (1 4 €2P™A) 2 gin T\ 2
Flor,) (v = (2L T Ay

= 16(pr\)* + ?(p4 +20%)(7N)8 + O(|A®).

Therefore, it follows that

D llgn, 13,6279 = | F(g1,) (V) (IA1%).-

1 4 6
_ 6p i())7r)\) Lo
i€

(IV) Letn=1,I,=[-p—4,p+ 3] and

p2

91, , = (x(= —p) + x(z + p) — 2x(7)) — qﬁ(x(iv —q) + x(z +q) — 2x(2)),

where p > 4q, p+ q is even, ¢ > 2. Then J, = {j | —2p < j < 2p} and

4 2 2 2/ 2
lgr, 130 =2+ 2% +4(5 1), lgg,, 1324 = -5 (5 1),
q q q q

4
91,4113, 424 = &

_

2 2 2
191,13, 4 p—g) = — 2 lg1,.. 1.2, = 4(% — 1)
2 2p® 2
”ng,q ||2,:t(p+q) =T ”ng,q ”2»:‘:2]0 =1

and g1, |15 +; = 0 otherwise. Hence, it follows that

> s, I3 €m0

JjeJ

16 64
:§p4(p2 —¢*)?(mA)® - ﬁp“(ﬁ — )’ (P* + @) (TN + O(IA"?).

On the other hand,

.\ si A\ 2
A 2 _ ( —27(p+q)iX Sm 7w )
Flar, )JO? = (e o
% (7q2e27rqi)\ . q2€27r(2p+q)i)\ +p2627rp7,'/\ +p2627r(2q+p)i)\72(p2 o q2)627r(p+q)i)\)2
16 16
= P 0" = @) (N = 2t 07 = ¢ (5 + 407 + 4¢7) (7)1 + O(N'2).

Therefore, it follows that

- 16
> g, 5639 = | Fgr, )N = ﬁp“(pQ — ) (@) + O(IA[").
jeJ
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At this stage, this |[A['° is our best weight function. When n > 1, as said before, let

I=[-p- %,p—l— %]” and g;(x) = g1, ,(%1)g1, ,(x2) - g1, ,(xn). Then J = Jy = {j =
(1,02, 5dn) € Z™ | =2p < ji < 2p,1 < i < n} and it is easy to see that |lgs||3; =

IT—1 gz, 12,5, and

n

D lgrl e =TI Nlan, llzg €79,

jeap i=1 jied,

Since F(g1)(A) = Flg1,,)(A)F(91,,)A2) - Flgr, ,)(An) and | (g, )l < 17 (g1,.,) 12
= 4(1%, it follows that

S g€ = 1 F (g (V)2

JEIR
4p?\n-116
<(F)" S 0 = M+ ) + O,
Corollary 4.2 Let S be a finite subset in Z"™ and ¥ a measurable subset in [—%, %]" For
p > 4q, p+q even and q > 2, let J' = {j = (j1,J2, s Jn) €Z" | =2p < ji <2p, 1 < i <n}
and ¢y g5 = \lg1, 115 listed above. Then there exists a constant c,cpq such that for all

fet@zmnirz),

> > FUfm)f(m+ )

jEJ;‘ mezn

<o+ Y IfmP /Tn\gf(xn?dﬁcp,q L IFOIEA ).

meZm\(S+J7)
where ¢ =TT}, ¢p.q.j, and (S + Jy, ) is the Nazarov constant.
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