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ABSTRACT. The purpose of the present paper is to introduce two notions of conditional
entropy of a finite commutative hypergroup K, one of which is associated with the
normalized Haar measure of I and the other is associated with the canonical state of
M b(lC) which is a *-algebra consisted of all measures on K. For a subhypergroup or
a generalized orbital hypergroup, the dual relations of these conditional entropy are
discussed. Moreover, it is shown that the structures of hypergroups are characterized
by these entropy.

1 Introduction The notion of a hypergroup is a generalized one of a group. Roughly
speaking, the hypergroup convolution is a probabilistic extension of the group convolution.
The axiom of hypergroups was set up by C. F. Dunkl[D], R. I. Jewett[J] and R. Spector[S]
around 1975.

We study extension problems in the category of finite commutative hypergroups in
[HIKK], [HKKK], [IK1], [IK2], [IKS], [KI], [KKY], [KM] and [KST], and in the category of
locally compact hypergroups in [HK1], [HK2], [HK3], [K], [KSY] and [KY].

In the present paper, we introduce two kinds of conditional entropy in the category of
finite commutative signed hypergroups related to the extension problem. One of them is
associated with the normalized Haar measure of a finite commutative signed hypergroup K.
The other is associated with the canonical state of M?(K) which is a *-algebra consisted of
all measures on K.

Let K denote the set of all characters of K with the product as functions on K. Then K

becomes a commutative signed hypergroup and the duality K = K holds.

Let I = {co,c1,- -+ ,cn} be a finite commutative signed hypergroup with unit ¢o. The
notion of a signed action of K has been introduced in our paper [KSTY]. For an irreducible
signed action « of IC on a finite set X, there exists uniquely the invariant probability measure
p® on X under the action . Then the entropy H () of an irreducible action « of K on X
is given by H(«) := H(pu®) where H(u®) is Shannon’s entropy of the probability measure
pu® on X. Applying the entropy H(a), we characterize two dimensional irreducible actions
of a hypergroup Z4(2) of order two.

Since the regular action p* of K is irreducible and the normalized Haar measure ex of
IC is invariant under p*, the entropy H(K) of K is given by H(K) := H(p*) = H(ex).
A state ¢ of x-algebra M®(K) is called the canonical state if ¢(5.,) = 1 and ¢(d.,) = 0
for ¢; # co. We denote the entropy H,(MP(K)) associated with the canonical state ¢ of
MP(K) by Hg(K). Let K be the dual signed hypergroup of K and ¢ be the canonical state
of M?(K). Then we obtain the duality: H(K) = Hs(K) and Hd)(l@) = H(K).

2000 Mathematics Subject Classification. 43A62,20N20.
Key words and phrases. hypergroup; entropy; extension.



224 S. YAMANAKA

Let 'H be a signed subhypergroup of a finite commutative signed hypergroup K and £ be
the quotient signed hypergroup K/H of K by H. The conditional entropy H (K|L) is given
associated with the normalized Haar measure ex of I and the quotient mapping ¢ : K — L.
The other conditional entropy HJ (K|H) is given associated with the canonical state ¢ of

MP®(K) and the conditional expectation E : M°(K) — M°(H) such that ¢ o E = ¢. Then
we obtain the duality: H(K|H) = Hf(lC|H) and Hf(l@m) = H(K|L).

These conditional entropy plays an important role to characterize equivalence classes of
extension hypergroups of a hypergroup Z,(2) by a hypergroup Z,(2).

Let KF be a generalized orbital hypergroup of a finite commutative signed hypergroup
K. In the similar way to the above, we consider the conditional entropy H (K|KF) associ-
ated with the normalized Haar measure ex of K and the conditional entropy H, f (KIK®)

associated with the canonical state ¢ of M?(K). Then we obtain the duality: H (I€|EE) =
HE(K|KF) and Hf(;q/CE) = H(K|KF).

2 Preliminaries We recall some notions and facts on finite signed hypergroups from
Bloom-Heyer’s book [BH] and Wildberger’s paper [W]. For a finite set X ={x1, 22, -+ ,2m},
we denote by M°(X), MZ(X) and M*(X) the set of all complex valued measures, real valued
probability measures and non-negative probability measures on X respectively, namely,

Mb(X) = {u: iajémj taj € (C},
j=1
! X) = {iajéxj 14y ER,iaj = 1},
Jj=1 j=1
1 X) = {zm:aj&gj L aj 207iaj = 1}
j=1 j=1

where the symbol d, stands for the Dirac measure at x € X. For pn = Z;":l a;0,, in M*(X),
the support of u is given by

supp(p) :={z; € X : a; # 0}.

Definition. A finite signed hypergroup K consists of a finite set K = {cg,c1,- - ,cn} to-
gether with a product (called convolution) o and an involution * in M®(K) satisfying the
following conditions.

1. (M"(K),0,%) is an associative x-algebra over C with unit d,,.
2. For ¢;,¢; € K, the convolution 4, o é., belongs to Mg (K).

3. There exists an involutive bijection ¢; — ¢} on K such that d.» = §} and ¢; = ¢} if
and only if ¢y € supp(é,, o d.;) for all ¢;,¢; € K. Moreover, the coefﬁment of the unit
dcy Of dc; 0 e is positive.

A finite signed hypergroup K = (K, M?(K), o, x) is called a hypergroup if the convolution
d¢; 0 dc, belongs to M(K) for any ¢;, c; € K.
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A finite signed hypergroup K is said to be commutative if the convolution o in M®(K)
is commutative.

Let K = {cg,c1,-*+ ,cn} be a finite commutative signed hypergroup. The weight of the
element ¢; of K is w(¢;) := (n?)~! where &, 067 = > ,_ n¥d.,. The total weight of K

is w(K) := Y31 jw(c;). We note that w(e;) > 0 and w(c}) = w(c;). Let ex denote the
normalized Haar measure of IC which is given by

_ " w(cr)
e =2 w() e

k=0

A complex valued function x on K is called a character of I if
(1) x(co) =1, (2) x(¢f) = x(c:)s (3) x(ea)x(ez) = D> mix(cr)
k=0

where d., 0 0., = ZZ:O nfj(Sck,. We denote the trivial character by xo. The set K of all
characters of K becomes a signed hypergroup with the product of functions on K. In the

category of finite signed hypergroups, the duality K~K holds. Then, K is called the
dual signed hypergroup of . When [ is a finite hypergroup, K is not necessary a finite
hypergroup but a finite signed hypergroup.

We give some facts from harmonic analysis for a finite commutative signed hypergroup
K according to Wildberger’s paper [W].

We denote the dual signed hypergroup K by K = {xo0, X1, - » Xn}. We note that w(K) =
w(K). There exist minimal projections eg,e1,- -+, e, of M?(K) such that x;(e;) = &;; for
Xi € K. Each projection e; is given by

n

_ wha) N e
€; = w(K) ;w(c])xl(cj)écj'

Let ¢ be a state of M?(K) such that ¢(6.,) = 1 and ¢(J.,) = 0 for i = 1,2,--- ,n. Then
it is clear that ¢(e;) = TU((’,%)) by the above formula. We call the state ¢ the canonical state
of M*(K).

For a finite set X = {z1,72, - , 2}, B(M®(X)) denotes the algebra of all linear
transformations on M?®(X).

We call a signed action « of a signed hypergroup K on a set X in our paper [KSTY] if
« satisfies the following.

1. a is a homomorphism from M®(K) to B(M?®(X)) as algebras such that a(d,,) is the
identity on M°(X).

2. For ¢; € K and p € MY (X), (0, ) € Mi(X).
3. For the normalized Haar measure ex of K and u € M (X), alex)p € MH(X).

If K is a hypergroup and a(d.,)u belongs to M1 (X) for ¢; € K and p € MY(X), « is
called an action of K on X.

The dimension of a signed action o of K on X is the dimension of M®(X), namely, the
cardinal number |X| of X. A subset S of X is called invariant under the signed action o
if supp(a(ex)ds) C S for all s € S.

A signed action « of IC on X is called irreducible if a non-empty subset S of X which is
invariant under the signed action a must be X.
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3 Entropy of hypergroups Let X = {z1, 23, -+, 2} be a finite set. For a probability
measure (= 410z, + @20z, + -+ + amdy, on X, Shannon’s entropy H(p) of u is

m

m

H(p) = nlay),

j=1

where () is the entropy function i.e.

(2) —zxloger O0<zx <1,
€Tr) =
" 0 r=0.

Let K be a finite signed hypergroup and X be a finite set. For an irreducible signed
action o of I on X, there exists the unique invariant probability measure p® on X under
a, see our paper [KSTY]. We define the entropy H(«) of the irreducible signed action « of
K on X by

H(o) := H(u%).
Moreover, we denote the entropy H(p*) by H(K) for the regular action p* of K.

Let M be a finite commutative x-algebra with unit 1 which is generated by minimal
projections eg,eq,-- - , e, such that Z?:o e; = 1. For a state ¢ of M, the entropy Hg(M)
of ¢ is given by

Hy(M) = 3~ n(6(e:))

Let K = (K, M®(K)) be a signed hypergroup. For the canonical state ¢ of M°(K), we
denote Hys(M®(K)) by Hy(K).

Proposition 3.1. Let K = (K, M"(K)) be a finite commutative signed hypergroup and K be
the dual signed hypergroup of K. Let ¢ and ¢ be the canonical state of MP(K) and M®(K)
respectively.

Then, the following formulae hold.

w(c)
1. HK) =logw(K) — E log w(c),
=T R
: w(x)
2. Hy(K) =logw(K) — =~ log w(x),
6(K) = log w(K) XE@@“’(’C) gw(x)

3. H(K) = Hy(K), Hy(K) = H(K).

Proof. (1) Since the regular action p* of K is irreducible and the p*-invariant probability
measure ,up)c on K is the normalized Haar measure

_ N w(o)
e = Z w(]C)(SC

ce
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of IC, we have

o \wk)
= Z w(e) logw(K) — Z w(©) log w(c)
= w(K) e w(K)
= logw(K) - Y ;U((’?) log w(c).

ce

(2) Let K= {X0, "+, Xn} be the dual signed hypergroup of . We denote the minimal

projection by e; corresponding to each x; € K. Since ¢(e;) = Z(()fc’)) and w(K) = w(K), we
have

Hy(00) = Y- nfote) = 3o (455 ) = tog (i) - 3 2 toguy)
=0

i=0 xek w(K)

in a similar way to the above. R
(3) Applying the formula (1) to K, one can obtain

% ¢ w(x)
H(K) =logw(K E ~— log w(x).
(K) gw(K) = w(K) g w(x)

Hence it is clear that H(K) = Hy(K) by the formula (2).
Moreover, we have

H,(K) = HK) = H(K)

by the above equality and the duality K~K. O

Remark. It is easy to check that
H(K) <log|K].

The entropy H(K) attains the maximum value log || if and only if K is a group.

Example 1. Let K = {0,1} be a signed hypergroup of order two with unit 0 where the
structure is characterized by a parameter q (0 < q) as follows.

51 0(51 = q50 + (1 — q)él

We often denote this hypergroup K by Z,(2). Let & be an m-dimensional irreducible signed
action of Z,(2) on X = {x1,29, -+, 2, }. Then the representing matrix of the action «
associated with the basis 0y, ,0z,,* , 0., in M°(X) is given by

I+gti—q¢ (A+gts ... (I+gth
(I+qts  (A+qgta—q ... (149t

To(60) =1, Ta(01)=

(1 +.Q)tm (1 +.q)tm . 1+ qtm —q
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where 0 <t; <1land > i t; =1 (see [KSTY]).

The above action « is determined by the parameters ¢ := (t1,t2, -+ ,t;,) so that we
denote the action a by «of.

In the case that K = Z,(2) is a hypergroup, namely 0 < ¢ < 1, the signed action o' of

. . . e t 1+q q ) 1
K is an action if and only if dima® =m < e and T St < 1y (m > 2).

Proposition 3.2. Let o' be an m-dimensional irreducible action of Z4(2) on X where a
parameter t = (t1,ta, -+ ,tn,) satisfies that ﬁ <t < ﬁ for alli and Y 1% t; = 1.
Then the following hold.

1. H(a') =37 n(t:).
2. H(a) attains the mazimum value logm if and only if o is a x-action.

3. For a two-dimensional irreducible action o' of Z4(2), H(at) has the minimum value
if and only if o' is equivalent to the regular action of Zq(2). O

4. For two-dimensional irreducible actions o' and at’ of Zy4(2), ot is equivalent to o' as

’

actions if and only if H(a') = H(a®).

Proof. (1) Since the invariant probability measure u® under the action af of Z,(2) on X
is

/_Lat == tl(szl + t2(5x2 + e + tm(sx

m?

we see that the entropy of ot is

(2) It is known that H(a') < logm. Moreover H(a') = > n(t;) = logm if and only
if t =ty =+ =t = =. This condition is equivalent to T,¢(61)* = Tyt (61), namely, o
is a *-action of Z4(2) in the sense of Sunder-Wildberger [SW].

(3) The two dimensional irreducible action o is parameterized by t = (¢,1 — t) such

q 1 e q 1 e s t
that T <t < Tr Under the condition that T <t< Trg it is easy to see that H(a")

has the minimum value if and only if £t = %q ort= %ﬂ. This condition implies that ot is
equivalent to the regular action of Z,(2).
(4) It is easy to see the statement (4) by the fact that af = ot if and only if ¢ = ¢’ or
t=1-—1t,see [KMTY].
O

Remark. Let o' (0 < t < 1) be a two-dimensional irreducible signed action of Z,(2) =
{0,1} and 7" be the representation of Z,(2) associated with the action af. The representing
matrix of 7¢(dy) is given by

_( (+at-q  (Q+oViVI—i
Tre (01) = ((1+q)\/7§\/17—t 1+q-1) —q> ’

Let u! be the unitary matrix such that

()" Toe (61)ul = (3 0 >

—-q
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Then ! is given by
ot Vi VIt
VI—t N

The entropy H(b') of the unistochastic matrix b defined by u’ is
H(') =n(t) +n(1 —1).

Let A be the maximal abelian *-subalgebra of Ms(C) which is generated by Ty (do)
and Ty+(61), and B be the diagonal algebra of Ms(C). Here we note that B = (u?)* Atul.
By the paper [C], M. Choda introduced the conditional entropy h(A!|B) and showed that
h(A!|B) = H(u') under the above situation. Then we have a remarkable fact :

H(a') = H(u') = h(A'|B).

4 Conditional entropy associated with a subhypergroup. First, we recall the clas-
sical conditional entropy. Let u be a probability measure of a finite set X = {xg,z1,- -,z }.
For a mapping v from X onto Y = {yo,y1," - , Ym }, we have a decomposition {By, By, -,
By} of X by B; =1~ !(y;) and the conditional probability measure u; on B; by

for € B;. Then the conditional entropy of the decomposition of (X, i) given by ¢ : X —
Y is defined by

m

Hy($: X|Y) = u(Bj)H (uy)
j=0

where

Hig) = 3 @) = 3 0 (K55 ).

z€B; z€B;

Let M be a finite commutative *-algebra with unit 1 such that M consists of linear hulls
of the minimal projections eg,eq,--- ,e, such that Z?:o e; = 1. Let N be a x-subalgebra
of M with the unit 1 of M. We denote the minimal projections of N by fo, f1 -+, fm such
that Z;nzo f; = 1. For each minimal projection e; of M, there exists the unique minimal
projection f; of N such that e; o f; = e;. Then, we define a mapping ¢ from {0,1,--- ,n}
onto {0,1,--- ,m} by e; o fy(;y = e;. We note that f; = ZiEU—l(j) e;. Let ¢ be a state of M.
Then, the conditional entropy of the conditional expectation ' from M onto N such that
¢ o E = ¢ is defined by

HY(MIN) =Y o(n =Y o(fi)Hs(o™ (7))
i=0 Jj=0

where
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Let H, IC, £ be finite commutative hypergroups. Let H be a subhypergroup of I and ¢
be a hypergroup homomorphism from C onto £ such that Kerp = H, namely,

1—H—K-25L£-—1

is exact. Then the hypergroup K is called an extension of £ by H. Let ex be the normalized
Haar measure of K.

Under the above situation, we define the conditional entropy H(K|L) of the decompo-
sition of (K, ex) given by ¢ : K — L by

H(K|L) := H, . (p: K|L).
We denote the conditional entropy HJ (K|H) of the conditional expectation E from M b(K)
onto the *-subalgebra M®(H) such that ¢ o E = ¢ for the canonical state ¢ of M®(K) by

HJ(K|H) == HJ (M"(K)|M"(H)).

Remark. In the case that IC,’H, L are finite commutative signed hypergroups, the above
two definitions of conditional entropy are also well-defined.

Let H, K, £ be the dual signed hypergroups of H, IC, L respectively. Then, we have the
dual exact sequence:

1— L — K- H— 1.
Let E be the conditional expectation from M?(K) onto M?(£) such that ¢ o E = ¢ for the
canonical state ¢ of M®(K).

Theorem 4.1. Let H be a subhypergroup of a finite commutative hypergroup K and L be
the quotient hypergroup K/H of K by H. Under the above situation, the following formulae
hold.

HEI) =Y Y D0 OV _ ey ey,

telcepr(e)

o HEK) =Y Y w%))logw(;)f( ) 00 - 1,00).

reH XEPTL(T)
3. H(KIH) = HF(K|H) and Hf(/qf:) = H(K|L).

Proof. (1) For each ¢ € L, the conditional probability measure s, of ex on ¢ ~1(¢) is given
by

Then we have

H(K|L)

Doexle T OHE) =Y > = > (MZ;U(?(@))

teL £EL cep—1(0)

(c) —1
_ Z Z (Z(C)( ))_

LeL cep—
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By the fact that w(¢o ™' (€)) = w(€)w(H) (see [IK2]), we get the desired formula.
(2) Let K = {xo0, - ,xn} and H = {79, -+ ,7m}. Then we have minimal projections
{ei}io in MP(K) and {f;}7-, in M*(H) which satisfy

Xp(ei) = 5171" Tq(fj) = 641]'

for x, € K and 7, € H respectively. We note that ¢(e;) = M and ¢(f;) = wiz) Let o

be the mapping from {0,1,--- ,n} onto {0,1,--- ,m} given by ez o fo(i) = €;. Hence,

HE(KIH) Xﬁ%)§:n<¢?> 2)§j¢ah%2@
2 5

ico—1(5) Jj=0ico—1(

_ wir) wlk)
-y = <wm>ww0'

j=0i€o—1(j)

It is easy to see that e; o f; = e; if and only if ¢(x;) = ;. This means that i € 071(j) if and
only if x; € ¢$~1(7;). By the fact that w(K) = w(H)w(L) (see [IK2]), we get the desired
conclusion.

(3) Applying the formula (1) to the exact sequence: 1 — [ — K2 H— 1, one

can obtain
Z Z w(x) w(T)w(ﬁ)
IqH TEH XEPT(T) w(l@) o w(x) '

Hence it is clear that H(K|H) = HJ(K[H) by the formula (2).
Moreover, we have

HE(K|L) = H(K|L) = H(K]|C)
by the above formula and the duality. O

Remark. (1) In the category of finite commutative signed hypergroups, the above state-
ments are also valid.

(2) For the regular action p* of a finite hypergroup K, let pﬁ be the action of X which
is the restriction of p* to H. Then pﬁ is decomposed as

pHa Z@ p@a 1

LeLl

where p, is an irreducible action of H on p~1(¢) for each ¢ € £ and py, = p’* because
0 1(ly) = H for the unit £y of £. Then, we know that the invariant probability measure
under the action p, on ¢~!(£) is the conditional probability measure of ex on ¢~ 1(f).
Therefore, the conditional entropy H(K|L) of the decomposition can be rewritten as

w(f)
HKIL) =3 2 1 ().
e

An application and an example for the extension problem.
We consider the exact sequence

11— H—K-25L£—1
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in the case of H = Z,(2)(0 < ¢ < 1) and £ = Z,(2)(0 < p < 1) where the order of
an extension hypergroup K is four. In the paper [KMTY], an extension K = K(¢,r) is
determined by two-dimensional irreducible actions p* and p" of Z,(2) and Z,(2) which are
parameterized by ﬁ <t< ﬁ and ffp <r< ﬁ respectively. Let ¢ and ¢’ be the
canonical states of M®(K) and M?(L) respectively. By the formula in Theorem 4.1, we have

H(H) = Ho(H) = log(1+ ) + 1~ 1(a)

H(L) = Hy(£) =log(1+ p) + 1 (p)

HK) = HUCIE) + H(£) = 75— () + 1 (0(t) + (1~ ) + H(L),

Ho(K0) = HE (KIH) + H(H) = T Hor(£) + - (0l0) + (01 = 7)) + Hy ().

Proposition 4.2. Under the above situation, For two extensions K1 = K(t1,71) and Ko =
K(te,r2) of Z,(2) by Z4(2), K1 is equivalent to Ko if and only if H(K1) = H(K2) and
H¢(/C1) = H¢(IC2) hold.

Proof. By the paper [IK1], it is known that Ky = KC(¢1,71) is equivalent to Ko = K(t2,72)
if and only if to = t; or to = 1 —t1, and ro = 71 or 1 = 1 — r1. The latter condition is
equivalent to H(K1) = H(K2) and Hy (K1) = Hy(K2). O

Remark. Two extensions KC(¢) and KC(¢') of Zy by Z,(2) are equivalent as extensions if and
only if H(K(t)) = H(K(t')) holds.

5 conditional entropy associated with a generalized orbital hypergroup We
modify the definition of a generalized orbital hypergroup in [FK].

Definition. Let K = (K, M®(K)) be a finite hypergroup and ¢ be the canonical state
of M®*(K). Let N be a #-subalgebra with the unit of M°(K). Let E be the conditional
expectation from MP(K) onto N such that ¢ o E = ¢. For a finite hypergroup K; =
(K1, M*(Ky)), if M®(K;) is isomorphic to N by a *-isomorphism ¥ from M®(K;) onto N
and for ¢ € K there exists b € Ky such that E(c) = ¥(b), then we say K; a generalized
orbital hypergroup of K by E and denote K; by KF.

We note that the above definition of a generalized orbital hypergroup is well-defined for
a finite signed hypergroup.

In the present paper, we identify N with M°(K¥) hereafter.

Lemma 5.1. Let ¢ be a mapping from K onto KF which is the restriction to IC of the
conditional expectation E. Then we have,

1wt (b)) = w(b) forbe KP,
2. w(K) = w(KE).



DUALITY OF CONDITIONAL ENTROPY 233

Proof. Take the Haar measure px = Y .c w(c)de of K and pce = Y, cicr w(b)dy of KF
respectively. For any v € M*(KF), vo E(ux) = E(v o ux) = E(ux) holds. Hence one can
write E(ux) = apgr for some a > 0. Since ¢(E(ux)) = ¢(ux) = 1 and ¢(uxr) = 1, we
get a = 1, namely E(ux) = pxcr. We obtain

E(ux) = Z Z Z c)0p,

ceK beKE cey—

so that we arrive at the equation (1). Moreover, it is easy to see the equality (2) by (1). O

In a similar way to the section 4, two kinds of entropy associated with a generalized
orbital hypergroup KF of K are defined by

H(KIKF) := He (¢ : KIKF) and HJ (K|KP) .= HF (M°(K)|M°(KF)).

Let K and KF be the dual signed hypergroups of IC and KF respectively. Then we have
a conditional expectation E from M?(K) onto Mb(ICE) given by E(x) = X|Mb(]CE) for a

character x of M?(K) and a mapping 1 from K onto KE by the restriction of E to K. We
note that ¢ o £ = ¢ for the canonical state ¢ of M?(K).

Theorem 5.2. Let KF be a generalized orbital hypergroup of a finite commutative hyper-
group K by the conditional expectation E such that ¢ o E = ¢ for the canonical state ¢ of
MPY(K). Under the above situation, the following formulae hold.

HEKK?) = > > ﬂ = H(K) — H(KP).

beKE ceyp— 1(b) (c)

2 HE(KIKP) = Y Y w(’f) log “) _ w1, 00) — H, ().
rek xepi(n U
3. H(KIKF) = HE(KIKE) and Hf(mﬁ) = H(K|KF).

Proof. (1) For each b € KF, the conditional probability measure u; of ex on ¥~1(b) is
given by

Then we have

HKIKE) = 3 ex@ ™ ODHm) = > > ”(iillcﬁb”n(w(i(fib»)

beKE bEKE ceyp—1(b)

(¢) —L(b
Z Z (t(c)( )).

beKE ceyp— 1(b

Since w(yp~1(b)) = (b) by (1) of Lemma 5.1, we get the desired formula.

(2) Let K and KE be K = {x0, ", Xn} and KE = {70, ,Tm} respectively. Then we
have minimal projections {e;}1; in M*(K) and {f; }To in MP(KCF) which satisfy

Xp(€i) = Opi, Tq(f) = bq;
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for x, € K and 7, € KCE respectively. We note that o(e;) = % and ¢(f;) = w(T%))

o be the mapping from {0,1,--- ,n} onto {0,1,--- ,m} given by e; o f,(;) = e;. Hence,

HE(KIKE) = o) > n(jfjj):Z 2 ¢<€i>logziﬁf§

=0 i€o—1(5) J=0ico=1(j)
D> w<>§i>10g<w<7j> _w</€>>.
oico () wK) w(kE) wlxi)

It is easy to see that e; o f; = e; if and only if TZJ(XZ) = 7;. This means that i € o=1(j) if
and only if x; € 1!;*1(7']-). Since w(K) = w(K¥) by (2) of Lemma 5.1, we get the desired
conclusion. - . .
(3) We can show that KF = KE holds. Applying the formula (1) to ¥ : K — KE, one
can obtain ) )
BN e E w(x w(r
H(KIKE) = HKIK") = Y Y (%) log 00"

TeKE xed—1(r)

Hence it is clear that H(I€|EE) = HJ(K|KF) by the formula (2).
Moreover, we have

HE(K|KE) = HE(RIKP) = H(EIRE) = H(RIKE) = H(KIKE)

by the above equality and the duality K =K and KE = kP, O

Remark. Let K* = {bg, b1, , by} be the orbital hypergroup by an action « of a finite
group G on a finite commutative hypergroup K. Let & be the action of G on the dual
signed hypergroup K defined by Gg(x)(c) == x(ag-1(c)) for g € G,x € K and ¢ € K. We
denote by O; a-orbit corresponding to b; € K. Let 9 be a mapping from K onto K¢ such
that ¢ ~1(b;) = O; and E be the conditional expectation from M®(K) onto M°(K®) such
that E|x = 1 and ¢ o E = ¢ for the canonical state ¢ of M°(K). We note that M®(K%)

is equal to the fixed point algebra M(K)® of M®(K) by a. Let Oj be the &—orbit in K
corresponding to 7; € K. We denote |O;| and |O%| by d; and d’; respectively.
Then we remark the following.

L H(KIK®) = Y7 204, log d;, where ¢ € O;.

2. HP(KIK™) =37, %,(é)))d; logd};, where x\9) € 0.
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