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New multiple weights and the Adams inequality on
weighted Morrey spaces
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Abstract. We introduce a new multiple weights class and generalize the Adams
inequality to the multilinear fractional integral operator on weighted Morrey spaces. We
also investigate the boundedness of the multilinear fractional integral operator from
weighted Morrey spaces to BMO or Lipschitz spaces.

1 Introduction It is well known that fractional integral operator plays important roles
in harmonic analysis and other fields, such as partial differential equations and quantum
mechanics. Also, weighted and Morrey norm estimates have relevance to partial differential
equations and quantum mechanics. On the other hand, there are many papers with respect
to multilinear operators, since A. P. Calderón proposed to the conjecture related to the
bilinear Hilbert transforms(cf. [3]).

Furthermore, multilinear fractional integral operators have been studied by Grafakos [2]
and Kenig and Stein [6].

In this paper, we investigate the boundedness of multilinear fractional integral operators
on product of weighted Morrey spaces.

1.1 Some preliminaries and notation We will use the following notation: For 1 <
p < ∞, we define p′ := p

p−1 . We write a ball of radius R centered at x0 by B(x0, R) :=
{x; |x − x0| < R} and aB(x0, R) := B(x0, aR), for any a > 0. We denote the characteristic
function of E by χE . |E| is the Lebesgue measure of E. We call a nonnegative locally
integrable function w on Rn a weight function. We denote w(E) =

∫
E

w(x)dx. The letter
C shall always denote a positive constant which is independent of essential parameters and
not necessarily the same at each occurrence.

Firstly, we need some preparatory definitions and works. In 1975, Adams [1] proved
the boundedness of the fractional integral operator Iα on classical Morrey spaces Lp,λ(Rn).
The definition of ordinary fractional integral operator Iα is as follows.

Definition 1.1. For 0 < α < n, we define

Iαf(x) :=
∫

Rn

f(y)
|x − y|n−α dy.

Moreover, the definition of classical Morrey spaces Lp,λ(Rn) is as follows.

Definition 1.2. For 1 < p < ∞ and 0 ≤ λ < 1,

Lp,λ(Rn) := {f ∈ L1
loc(Rn) : ‖f‖Lp,λ(Rn) < ∞},
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where

‖f‖Lp,λ(Rn) := sup
B⊂Rn

(
1

|B|λ

∫
B

|f(x)|pdx

) 1
p

.

Adams showed the celebrated theorem.

Theorem A. Let 0 < α < n, 0 < λ < 1− α
n , 1 < p < n

α (1−λ) and 1
q = 1

p − α
n · 1

1−λ . Then
there exists a constant C > 0 such that

‖Iαf‖Lq,λ(Rn) ≤ C ‖f‖Lp,λ(Rn) .

Remark 1. When λ = 0, Theorem A is the Hardy, Littlewood and Sobolev theorem.

To investigate Theorem A with respect to weighted norm inequalities, we define weighted
Lebesgue spaces.

Definition 1.3 (Weighted Lebesgue spaces). Let 0 < p < ∞. Suppose that w is a weight
function on Rn.

Lp(w) :=

{
f : ‖f‖Lp(w) :=

(∫
Rn

|f(x)|p w(x)dx

) 1
p

< ∞

}
.

The definition of Ap,q weight is as follows.

Definition 1.4. Let 1 < p, q < ∞. One says that a weight w is in the class Ap,q(Rn) if

sup
B⊂Rn

(
1
|B|

∫
B

w(x)qdx

) 1
q

(
1
|B|

∫
B

w(x)−p′
dx

) 1
p′

< ∞.

In 1974, as it is well-known, Muckenhoupt and Wheeden [11] characterized the weight w,
for which the fractional integral operator Iα: Lp(wp) → Lq(wq) for 0 < α < n, 1 < p < n

α
and 1

q = 1
p − α

n . That is, they showed the next theorem.

Theorem B. Let 0 < α < n, 1 < p < n
α and 1

q = 1
p − α

n . Then the inequality

‖Iαf‖Lq(wq) ≤ C ‖f‖Lp(wp)

holds if and only if w is in the class Ap,q(Rn).

To consider recent results with the boundedness of Iα, we define weighted Morrey
spaces(see [7]).

Definition 1.5 (Weighted Morrey spaces). Let 0 < p < ∞, 0 ≤ λ < 1 and u, v are weight
functions on Rn.

Lp,λ(u, v) :=
{

f : ‖f‖Lp,λ(u,v) < ∞
}

,

where

‖f‖Lp,λ(u,v) := sup
B⊂Rn

(
1

v(B)λ

∫
B

|f(x)|p u(x)dx

) 1
p

.

Recently, we have introduced Ãp,λ(Rn) (see [5]).
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Definition 1.6. Let 1 < p < ∞ and 0 < λ < 1. One says that a w is in the class Ãp,λ(Rn)
if

sup
B⊂Rn

(
1
|B|

∫
B

w(x)dx

)λ
p

(
1
|B|

∫
B

w(x)−
λp′

p dx

) 1
p′

< ∞.

We proved the Adams inequality on weighted Morrey spaces:

Theorem C (see [5]). Let 0 < α < n, 0 < λ < 1− α
n , 1 < p < n

α (1−λ) and 1
q = 1

p −
α
n · 1

1−λ .
If w ∈ Ãp,λ(Rn) then there exists a constant C > 0 such that

‖Iαf‖Lq,λ(wλ,w) ≤ C ‖f‖Lp,λ(wλ,w) .

According to Kenig and Stein [6], we define the multilinear fractional integral operator
Iα,m and modified multilinear fractional integral operator Ĩα,m.

Definition 1.7. Let 0 < α < mn and ~f := (f1, . . . , fm).
(1) We define the multilinear fractional integral operator:

Iα,m

(
~f
)

(x) :=
∫

Rmn

f1(y1) · · · fm(ym)
|(x − y1, . . . , x − ym)|mn−α d~y,

where
|(x − y1, . . . , x − ym)| :=

√
|x − y1|2 + · · · + |x − ym|2,

and d~y := dy1 · · · dym.
(2) We define the modified multilinear fractional integral operator:

Ĩα,m

(
~f
)

(x) :=
∫

Rmn

(
1

|(x − y1, . . . , x − ym)|mn−α

− 1
|(y1, . . . , ym)|mn−α χ{|(y1,...,ym)|≥1}(y1, . . . , ym)

)
f1(y1) · · · fm(ym)d~y.

To consider the boundedness of two multilinear operators on product of weighted Lebesgue
spaces, we define two multiple weights classes:

Definition 1.8. Let 1 < p1, . . . , pm < ∞, 1
p = 1

p1
+ · · · + 1

pm
and ~P := (p1, . . . , pm).

(1) (see [8]). One says that a vector of weights ~w := (w1, . . . , wm) is in the class A~P (Rn) if

sup
B⊂Rn

(
1
|B|

∫
B

v~w(x)dx

) 1
p

m∏
j=1

(
1
|B|

∫
B

wj(x)−
p′

j
pj dx

) 1
p′

j

< ∞,

where v~w(x) := w1(x)
p

p1 · · ·wm(x)
p

pm .
(2) (see [10]). Let 1/m < p ≤ q < ∞. One says that a vector of weights ~w is in the class
A~P ,q(R

n) if

sup
B⊂Rn

 1
|B|

∫
B

m∏
j=1

wj(x)qdx

 1
q m∏

j=1

(
1
|B|

∫
B

wj(x)−p′
j dx

) 1
p′

j
< ∞.
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Moen [10] extended Theorem B to multilinear fractional integral operator.

Theorem D (see [10]). Suppose that 0 < α < mn, 1 < p1, . . . , pm < ∞ and 1
p = 1

p1
+ · · ·+

1
pm

satisfies 1/m < p < n/α. Moreover q is defined by 1
q = 1

p − α
n . Then the inequality

∥∥∥Iα,m

(
~f
)∥∥∥

Lq((w1···wm)q)
≤ C

m∏
j=1

‖fj‖Lpj (w
pj
j )

holds if and only if ~w satisfies the A~P ,q(R
n) condition.

To consider the case p ≥ n
α (1 − λ), we define BMO and Lipschitz spaces.

Definition 1.9 (BMO and Lipschitz spaces). We define BMO and Lipschitz spaces.

BMO(Rn) :=
{

f ∈ L1
loc(Rn) : ‖f‖BMO(Rn) < ∞

}
,

where

‖f‖BMO(Rn) := sup
B⊂Rn

inf
c∈C

1
|B|

∫
B

|f(x) − c| dx.

For 0 < ε < 1,

Lipε(Rn) :=
{

f : ‖f‖Lipε(Rn) < ∞
}

,

where

‖f‖Lipε(Rn) := sup
x 6=y

|f(x) − f(y)|
|x − y|ε

.

Tang [14] proved the following theorems.

Theorem E. Let 0 < α < mn, 1 < p1, . . . , pm < ∞, 0 ≤ λ < 1 and ε := α +
n

(
λ−1
p1

+ · · · + λ−1
pm

)
.

(1) If ε = 0 and λ
p1

+ · · · + λ
pm

< 1, then we have

∥∥∥Ĩα,m

(
~f
)∥∥∥

BMO(Rn)
≤ C

m∏
j=1

‖fj‖Lpj,λ(Rn).

(2) If 0 < ε < 1, then we have

∥∥∥Ĩα,m

(
~f
)∥∥∥

Lipε(Rn)
≤ C

m∏
j=1

‖fj‖Lpj,λ(Rn).

In this paper, we introduce another multiple weights class which is a generalization of
w ∈ Ãp,λ(Rn) and extend the Adams inequality to Iα,m on product of weighted Morrey
spaces. We also extend Tang’s results to weighted Morrey spaces. These results show that
our multiple weights class adapt to the multilinear fractional integral operator Iα,m.

In Section 2, we define another multiple weights class and give main results. In Section
3, we prove main results.
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2 Main results We define the multiple weights class(cf. [5]).

Definition 2.1. Let 1 < p1, . . . , pm < ∞, 0 < λ < 1, ~P = (p1, . . . , pm) and 1
p = 1

p1
+ · · · +

1
pm

. One says that a vector of weights ~w is in the class Ã~P ,λ(Rn) if

sup
B⊂Rn

(
1
|B|

∫
B

v~w(x)dx

)λ
p

m∏
j=1

(
1
|B|

∫
B

wj(x)−
p′

j
pj

λ
dx

) 1
p′

j

< ∞,

where v~w(x) = w1(x)
p

p1 · · ·wm(x)
p

pm .

We have some remarks with respect to three multiple weights classes.

Remark 2.
(1) Let 1 < p1, . . . , pm < ∞ and 0 < λ < 1.

A~P (Rn) $ Ã~P ,λ(Rn).

(2) If ~w ∈ Ã~P ,λ(Rn) then we have (wλ
1 , . . . , wλ

m) ∈ A~P (Rn).
(3) A vector of weights ~w is in the class Ã~P ,λ(Rn) if and only if a vector of weights(

w
λ

p1
1 , . . . , w

λ
pm
m

)
is in the class A~P ,p/λ(Rn).

In the following, we always assume that 0 < α < mn, 0 < λ < 1 and 1 < p1, . . . , pm < ∞.
We denote 1

p := 1
p1

+ · · · + 1
pm

. We obtain the following results.

Theorem 1. If 0 < λ < 1 − α
mn , 1

q = 1
p − α

n
1

1−λ > 0 and ~w ∈ Ã~P ,λ(Rn), then we have

∥∥∥Iα,m

(
~f
)∥∥∥

Lq,λ(vλ
~w

,v~w)
≤ C

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

When p ≥ n
α (1 − λ), we obtain the following results.

Theorem 2. If 0 < λ < 1− α
mn , 1

p − α
n

1
1−λ = 0 < λ

p < 1 and ~w ∈ Ã~P ,λ(Rn), then we have

∥∥∥Ĩα,m

(
~f
)∥∥∥

BMO(Rn)
≤ C

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Remark 3. When m = 1, the above theorem is Theorem 2 for ε = 0 in Iida, Komori-Furuya
and Sato [5]. When w1 = · · · = wm = 1, Theorem 2 is corresponding to Theorem E (1).
Moreover, when m = 1 and w1 = 1, Theorem 2 is corresponding to the Peetre theorem([13]).

Theorem 3. Suppose that 0 < ε = α + n(λ−1)
p < 1 and ~w ∈ Ã~P ,λ(Rn), then we have

∥∥∥Ĩα,m

(
~f
)∥∥∥

Lipε(Rn)
≤ C

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Remark 4. When w1 = · · · = wm = 1, Theorem 3 is corresponding to Theorem E (2).

When m = 1, we have a corollary:
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Corollary 3.1. Let 0 < α < n, 0 < λ < 1 and 1 < p < ∞. Suppose that 0 < ε =
α + n(λ−1)

p < 1. If w ∈ Ãp,λ(Rn), then we have∥∥∥Ĩαf
∥∥∥

Lipε(Rn)
≤ C ‖f‖Lp,λ(wλ,w) .

Remark 5. Corollary 3.1 improves the condition of weights comparing with Theorem 3
and Theorem 2 for ε > 0 in Iida, Komori-Furuya and Sato [5]. Moreover, when w = 1,
Corollary 3.1 is corresponding to the Peetre theorem([13]).

3 Proofs of main theorems We use the following lemmas about weights.

Definition 3.1. One says that a weight w is in the class A∞(Rn) if there exist C > 0, ε > 0
such that for every balls B and all measurble subsets A of B,

w(A)
w(B)

≤ C

(
|A|
|B|

)ε

Note that if w ∈ A∞(Rn) then w satisfies doubling condition: w(2B) ≤ Cw(B).

Lemma 3.1 ([10]; Theorem 3.4). If ~w ∈ A~P ,q(R
n) then

∏m
i=1 wi

q ∈ A∞(Rn).

By Remark 2 (3) and Lemma 3.1 we obtain the next lemma.

Lemma 3.2. If ~w ∈ Ã~P ,λ(Rn) then v~w =
∏m

j=1 w
p

pj

j ∈ A∞(Rn).

3.1 Proof of Theorem 1 To prove Theorem 1, we use the following. Firstly according
to Lerner et al [8], we define two multi(sub)linear maximal operators.

Definition 3.2. Let 0 < θ < m and ~f = (f1, . . . , fm).

M
(

~f
)

(x) := sup
B3x

m∏
j=1

1
|B|

∫
B

|fj(yj)| dyj ,

Mθ

(
~f
)

(x) := sup
B3x

1

|B|θ
m∏

j=1

∫
B

|fj(yj)| dyj .

The following two lemmas are variants of the results by Adams [1] (see also [3], [4], [9]).

Lemma 3.3. Under the condition of Theorem 1, we have the pointwise inequality:∣∣∣Iα,m

(
~f
)

(x)
∣∣∣ ≤ CMm+ λ−1

p

(
~f
)

(x)1−
p
q M

(
~f
)

(x)
p
q .

Proof. For any x ∈ Rn and δ > 0, we have∣∣∣Iα,m

(
~f
)

(x)
∣∣∣ ≤ ∫

Rmn

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

=

(∫
|(x−y1,...,x−ym)|<δ

+
∫
|(x−y1,...,x−ym)|≥δ

)
|f1(y1)| · · · |fm(ym)|

|(x − y1, . . . , x − ym)|mn−α d~y

= I + II.
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Firstly we estimate I:

I =
∞∑

j=0

∫
2−j−1δ<|(x−y1,...,x−ym)|<2−jδ

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

≤ C
∞∑

j=0

1
(2−jδ)mn−α

∫
|(x−y1,...,x−ym)|<2−jδ

|f1(y1)| · · · |fm(ym)| d~y

≤ CδαM
(

~f
)

(x).

Secondly we estimate II:

II =
∫
|(x−y1,...,x−ym)|≥δ

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

=
∞∑

k=0

∫
2kδ≤|(x−y1,...,x−ym)|<2k+1δ

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

≤ C

∞∑
k=0

1
(2kδ)mn−α

(2k+1δ)n
“

1+ λ−1
p1

”

· · ·
(
2k+1δ

)n(1+ λ−1
pm

)

× 1

|2k+1B(x, δ)|m+ λ−1
p

m∏
j=1

(∫
|x−yj |≤2k+1δ

|fj(yj)| dyj

)

≤ Cδn(λ−1
q )Mm+ λ−1

p

(
~f
)

(x).

By taking

δ :=

Mm+ λ−1
p

(
~f
)

(x)

M
(

~f
)

(x)


1
n · p

1−λ

> 0,

we obtain the desired result.

Suppose that x0 ∈ Rn, r > 0, B = B(x0, r) and x ∈ B. Let f0
j (yj) = fj(yj)χ2B(yj),

f∞
j (yj) = fj(yj)χ(2B)c(yj) and

Vx

(
~f, ρ

)
:=

∫
|(x−y1,...,x−ym)|<ρ

|f1(y1) · · · fm(ym)| d~y.

Lemma 3.4. Under the condition of Theorem 1, we have

∣∣Iα,m(f0
1 , . . . , f0

l , f∞
l+1, . . . , f

∞
m )(x)

∣∣ ≤ C

∫ ∞

r

ρα−mn−1Vx(~f, ρ)dρ,

for l = 0, . . . ,m−1. When l = 0, we regard Iα,m(f0
1 , . . . , f0

l , f∞
l+1, . . . , f

∞
m )(x) as Iα,m(f∞

1 , . . . , f∞
m )(x).

Proof. Since
∏l

j=1(2B) ×
∏m

j=l+1(2B)c ⊂ {(y1, . . . , ym) : |(x − y1, . . . , x − ym)| > r} , we
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have ∣∣Iα,m(f0
1 , . . . , f0

l , f∞
l+1, . . . , f

∞
m )(x)

∣∣
≤

∫
|(x−y1,...,x−ym)|>r

|f1(y1) · · · fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

=
∞∑

k=0

∫
2kr<|(x−y1,...,x−ym)|<2k+1r

|f1(y1) · · · fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

≤
∞∑

k=0

1
(2kr)mn−α

(
Vx

(
~f, 2k+1r

)
− Vx

(
~f, 2kr

))
≤ C

∞∑
k=0

1
(2k+2r)mn−α

1
2k+2r

∫ 2k+2r

2k+1r

Vx

(
~f, ρ

)
dρ

≤ C

∫ ∞

r

ρα−mn−1 · Vx

(
~f, ρ

)
dρ.

Therefore we obtain the desired result.

Proposition 1 (see [8]). Let 1 < p1, . . . , pm < ∞ and 1
p = 1

p1
+ · · · + 1

pm
. Then the

inequality

∥∥∥M(
~f
)∥∥∥

Lp(v~w)
≤ C

m∏
j=1

‖fj‖Lpj (wj)

holds if and only if ~w is in the class A~P (Rn).

Finally, we will prove Theorem 1.

Proof of Theorem 1. For any x0 ∈ Rn and r > 0, let B = B(x0, r) ⊂ Rn, f0
j (x) =

fj(x)χ2B(x) and f∞
j (x) = fj(x)χ(2B)c(x). For any x ∈ B, we obtain

Iα,m

(
~f
)

(x) = Iα,m(f0
1 , . . . , f0

m)(x) +
∑

(l1,...,lm) 6=(0,...,0)

Iα,m(f l1
1 , . . . , f lm

m )(x)

= I +
∑

(l1,...,lm)6=(0,...,0)

IIl1,...,lm .

Firstly we estimate I. By Lemma 3.3 and the definition of Ã~P ,λ(Rn) we obtain a pointwise
inequality:

∣∣Iα,m(f0
1 , . . . , f0

m)(x)
∣∣ ≤ C

m∏
j=1

‖fj‖
1− p

q

Lpj,λ(wλ
j ,v~w)

M(f0
1 , . . . , f0

m)(x)
p
q .

By Remark 2 (2), we have (wλ
1 , . . . , wλ

m) ∈ A~P (Rn). Hence, we can use Proposition 1 for



69

the weights (wλ
1 , . . . , wλ

m). By Lemma 3.2, we obtain(∫
B

∣∣Iα,m(f0
1 , . . . , f0

m)(x)
∣∣q v~w(x)λdx

) 1
q

≤ C
m∏

j=1

‖fj‖
1− p

q

Lpj,λ(wλ
j ,v~w)

(∫
B

M(f0
1 , . . . , f0

m)(x)pv~w(x)λdx

) 1
p · p

q

≤ C
m∏

j=1

‖fj‖
1− p

q

Lpj,λ(wλ
j ,v~w)

m∏
j=1

(∫
2B

|fj(x)|pj wj(x)λdx

) 1
pj

· p
q

≤ Cv~w(B)
λ
q

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Secondly we estimate IIl1,...,lm . Firstly, we estimate Vx

(
~f, ρ

)
.

Vx

(
~f, ρ

)
≤

m∏
j=1

(∫
|x−yj |<ρ

|fj(yj)| dyj

)

≤
m∏

j=1

(∫
B(x,ρ)

|fj(yj)|pj wj(yj)λdyj

) 1
pj

w
−

p′
j

pj
λ

j (B(x, ρ))
1

p′
j

≤
∞∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w) · v~w(B(x, ρ))

λ
p ·

m∏
j=1

w
−

p′
j

pj
λ

j (B(x, ρ))
1

p′
j

≤ Cρn(m+ λ−1
p )

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Therefore by Lemma 3.4, we obtain

|IIl1,...,lm | ≤ C |B(x0, r)|
λ−1

q

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Thus, by Hölder’s inequality, we have the desired inequality:(
1

v~w(B)λ

∫
B

|IIl1,...,lm |q v~w(x)λdx

) 1
q

≤ C
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

3.2 Proof of Theorem 2 To prove Theorem 2, we use the next proposition.

Proposition 2 (see [12]). If w ∈ A∞(Rn), then we have

‖f‖BMO(Rn) ≈ sup
B⊂Rn

inf
c∈C

1
w(B)

∫
B

|f(x) − c|w(x)dx < ∞.

Proof of Theorem 2. For any x0 ∈ Rn, r > 0, let B = B(x0, r) ⊂ Rn, f0
j (yj) = fj(yj)χ2B(yj)

and f∞
j (yj) = fj(yj)χ(2B)c(yj).

Let

c0 := −
∫
|(y1,...,ym)|≥1

f0
1 (y1) · · · f0

m(ym)
|(y1, . . . , ym)|mn−α d~y,
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cl1,...,lm := Ĩα,m(f l1
1 , . . . , f lm

m )(x0) where (l1, . . . , lm) 6= (0, . . . , 0). Then we have∣∣∣∣∣∣Ĩα,m

(
~f
)

(x) − c0 −
∑

(l1,...,lm) 6=(0,...,0)

cl1,...,lm

∣∣∣∣∣∣
≤

∣∣Iα,m(f0
1 , . . . , f0

m)(x)
∣∣

+
∑

(l1,...,lm) 6=(0,...,0)

∫
Rmn

∣∣∣∣ 1
|(x − y1, . . . , x − ym)|mn−α − 1

|(x0 − y1, . . . , x0 − ym)|mn−α

∣∣∣∣
×

∣∣∣f l1
1 (y1)

∣∣∣ · · · ∣∣f lm
m (ym)

∣∣ d~y

= I +
∑

(l1,...,lm) 6=(0,...,0)

IIl1,...,lm .

We estimate IIl1,...,lm . For x ∈ B, we have

IIl1,...,lm ≤ Cr

∫
|(x0−y1,...,x0−ym)|>r

|f1(y1)| · · · |fm(ym)|
|(x0 − y1, . . . , x0 − ym)|mn−α+1 d~y

≤ Cr

∞∑
k=0

∫
2kr<|(x0−y1,...,x0−ym)|≤2k+1r

|f1(y1)| · · · |fm(ym)|
|(x0 − y1, . . . , x0 − ym)|mn−α+1 d~y

≤ Cr
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w)

∞∑
k=0

v~w(2k+1B)
λ
p

∏m
j=1 w

−
p′

j
pj

λ

j (2k+1B)
1

p′
j

|2kB|m−α
n + 1

n

≤ Cr
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w)

∞∑
k=0

∣∣2k+1B
∣∣λ−1

p +m

|2kB|m−α
n + 1

n

≤ C

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

We estimate I. By Remark 2 (3), we can use Theorem D for the vector of weights(
w

λ
p1
1 , . . . , w

λ
pm
m

)
. By Lemma 3.2, we have

1
v~w(B)

∫
B

I · v~w(x)dx

≤ 1
v~w(B)

(∫
B

∣∣Iα,m(f0
1 , . . . , f0

m)(x)
∣∣ p

λ v~w(x)dx

)λ
p

· v~w(B)
1

( p
λ )′

= v~w(B)−
λ
p

(∫
B

∣∣Iα,m(f0
1 , . . . , f0

m)(x)
∣∣ p

λ

(
w

λ
p1
1 · · ·w

λ
pm
m

)
(x)

p
λ dx

)λ
p

≤ Cv~w(B)−
λ
p

m∏
j=1

(∫
2B

|fj(yj)|pj · wj(yj)
λ
pj

·pj
dyj

) 1
pj

≤ C
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .
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Therefore we obtain

∥∥∥Ĩα,m

(
~f
)∥∥∥

BMO(v~w)
≤ C

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) ,

where

‖f‖BMO(v~w) := sup
B⊂Rn

inf
c∈C

(
1

v~w(B)

∫
B

|f(x) − c| v~w(x)dx

)

By Proposition 2, we obtain the desired result.

3.3 Proof of Theorem 3

Proof of Theorem 3. For any x 6= y ∈ Rn, let r = |x − y| > 0 and B = B(x, r). We will
prove a inequality:

∣∣∣Ĩα,m

(
~f
)

(x) − Ĩα,m

(
~f
)

(y)
∣∣∣ ≤ C |x − y|ε

m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Let f0
j (yj) = fj(yj)χ2B(yj) and f∞

j (yj) = fj(yj)χ(2B)c(yj). Same as in the proof of Theo-
rem 2 we write

∣∣∣Ĩα,m

(
~f
)

(x) − Ĩα,m

(
~f
)

(y)
∣∣∣

≤
∑

l1,...,lm∈{0,∞}

∣∣∣Iα,m(f l1
1 , . . . , f lm

m )(x) − Iα,m(f l1
1 , . . . , f lm

m )(y)
∣∣∣

= I +
∑

(l1,...,lm)6=(0,...,0)

IIl1,...,lm .

Since
∏m

j=1 B(x, 2r) ⊂ {(y1, . . . , ym); |(x − y1, . . . , x − ym)| < 2
√

mr}, by Hölder’s inequal-
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ity, we obtain∣∣Iα,m(f0
1 , . . . f0

m)(x)
∣∣

≤
∫
|(x−y1,...,x−ym)|<2

√
mr

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α d~y

≤
∞∑

k=0

1

(2−k
√

mr)mn−α

×

 m∏
j=1

(∫
|x−yj |<2−k+1

√
mr

|fj(yj)|pj wj(yj)λdyj

) 1
pj

·
m∏

j=1

w
−

p′
j

pj
λ

j (2−k+1
√

mB)
1

p′
j


≤ C

 m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w)


×

∞∑
k=0

v~w(2−k+1
√

mB)
λ
p

(2−k
√

mr)mn−α

m∏
j=1

w
−

p′
j

pj
λ

j (2−k+1
√

mB)
1

p′
j


≤ C |B|

ε
n

 m∏
j=1

‖fj‖Lpj,λ(wλ
j ,v~w)

 ∞∑
k=0

2−kε

≤ C |x − y|ε
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

The similarly estimate holds for Iα,m(f0
1 , . . . , f0

m)(y).
Lastly we estimate IIl1,...,lm . We have

|IIl1,...,lm |

≤ C|x − y|
∫
|(x−y1,...,x−ym)|≥2r

|f1(y1)| · · · |fm(ym)|
|(x − y1, . . . , x − ym)|mn−α+1 d~y

≤ C|x − y|
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w)

∞∑
k=1

v~w(2k+1B)
λ
p

∏m
j=1 w

−
p′

j
pj

λ

j (2k+1B)
1

p′
j

|2kB|m−α
n + 1

n

≤ C|x − y|
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w)

∞∑
k=1

∣∣2kB
∣∣ ε−1

n

≤ C|x − y|ε
m∏

j=1

‖fj‖Lpj,λ(wλ
j ,v~w) .

Therefore we obtain the desired result.
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