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ABSTRACT. In this paper, we first obtain a weak mean convergence theorem of Baillon’s
type for generalized hybrid mappings in a Hilbert space. Further, using an idea of mean
convergence, we prove a strong convergence theorem of Halpern’s type for generalized
hybrid mappings in a Hilbert space.

1 Introduction Let H be a real Hilbert space, let C' be a nonempty closed convex subset
of H and let T be a mapping of C' into itself. Then, we denote by F(T) the set of fixed
points of T. A mapping T : C — C is said to be nonezpansive if ||Tz — Ty|| < ||z — y|| for
all z,y € C. Baillon [4] proved the first nonlinear ergodic theorem in a Hilbert space.

Theorem 1.1. Let C' be a nonempty closed convex subset of H and let T' be a nonexpansive
mapping of C into itself with F(T) # 0. Then, for anyx € C, Sy = + ZZ;S T*2 converges
weakly to a fixed point of T.

We also know the following weak convergence theorem of Mann’s type; see, for instance,
[17], [18] and [23].

Theorem 1.2. Let C' be a nonempty closed convex subset of H and let T be a nonexpansive
mapping of C into itself with F(T) # (. For any x; = x € C, define a sequence {x,} in C by
Tpi1 = apTp+(1—an)Ta, forn =1,2,..., where {a,} C [0,1] satisfies Y oo an(1—av,) =
oo. Then {x,} converges weakly to a fized point of T.

The following strong convergence theorem of Halpern’s type was proved by Wittmann;
see [9], [23] and [28].

Theorem 1.3. Let C' be a nonempty closed convex subset of H and let T' be a nonexpansive
mapping of C into itself with F(T) # 0. For any 1 = x € C, define a sequence {x,} in
C by zpy1 = apz + (1 — ap)Txy, for n = 1,2,..., where {a,} C [0,1] satisfies a,, — 0,
S o =00 and Y oL |a — apy| < oo Then {zn} converges strongly to a fized point
of T.

An important example of nonexpansive mappings in a Hilbert space is a firmly nonex-
pansive mapping. A mapping F': C — C is said to be firmly nonezpansive if

|Fa — Fy||* < (z —y, Fx — Fy)

for all z,y € C; see, for instance, Browder [6] and Goebel and Kirk [8]. It is also known that
a firmly nonexpansive mapping F' is deduced from an equilibrium problem in a Hilbert space;
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see [5] and [7]. Kohsaka and Takahashi [15] introduced the following nonlinear mapping: A
mapping S : C — C is called nonspreading if

2|8z — Sy||* < [[Sz — yll* + ||z — Syl®

for all z,y € C. A nonspreading mapping was first defined in a Banach space; see also [14].
A nonspreading mapping in a Hilbert space is also deduced from a firmly nonexpansive
mapping; see [10], [11], [15] and [25]. Kurokawa and Takahashi [16] proved a nonlinear
ergodic theorem of Baillon’s type and a strong convergence theorem of Halpern’s type
for nonspreading mappings in a Hilbert space. Takahashi [25] defined another nonlinear
mapping which is deduced from a firmly nonexpansive mapping in a Hilbert space: A
mapping T : C' — C' is called hybrid if

31T = Ty|* < o — yl* + |Tx — yl* + | Ty — =]

for all z,y € C. Motivated by the classes of nonexpansive mappings, nonspreading mappings
and hybrid mappings, Aoyama, Iemoto, Kohsaka and Takahashi [2] introduced a class of
mappings called A-hybrid and then obtained a generalization of Baillon’s nonlinear ergodic
theorem; see also Takahashi and Yao [27]. Very recently, Kocourek, Takahashi and Yao
[13] introduced a more wide class of nonlinear mappings containing the class of A-hybrid
mappings. Then, they proved fixed point theorems and weak convergence theorems of
Baillon’s type and Mann’s type for the mappings in a Hilbert space.

In this paper, motivated by these results, we first obtain a nonlinear mean ergodic theo-
rem of Baillon’s type for generalized hybrid mappings which generalizes Akatsuka, Aoyama
and Takahashi [1], Kurokawa and Takahashi [16] and Kocourek, Takahashi and Yao [13] in
a Hilbert space. Further, using an idea of mean convergence by Shimizu and Takahashi [19]
and [20], we prove a strong convergence theorem of Halpern’s type for generalized hybrid
mappings in a Hilbert space.

2 Preliminaries Throughout this paper, we denote by H a real Hilbert space with inner
product (-,-) and norm || - ||. We also denote by N the set of natural numbers. In a Hilbert
space, it is known that

(2.1) lyll* = ll=)l* < 2{y — )

for all z,y € H; see, for instance, [24]. Let {z,} be a sequence in H and let © € H. Weak
convergence of {x, } to z is denoted by z,, — x and strong convergence by z,, — x. Let C
be a nonempty closed convex subset of H. We can define the metric projection of H onto
C: For each x € H, there exists a unique point z € C such that

[ = 2| = min{[lz — y|| : y € C}.

For each = € H, such a point z is denoted by Px and P is called the metric projection of
H onto C. It is known that

(2.2) (x — Pz,Px—y) >0

for all z € H and y € C; see [22] for more details. Let T be a mapping from C into itself.
The set of fixed points of T is denoted by F(T'). A mapping T is said to be nonspreading [15]
if

2Tz — Ty < | Tz — yl* + llo — Tyl
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for all 2,y € C. Temoto and Takahashi [10] proved that T : C' — C is nonspreading if and
only if

(2.3) |IT2 = Tyl* < llz — ylI* + 2{x — Tz,y — Ty)

for all x,y € C. A mapping T : C — C is called quasi-nonezxpansive if F(T) # () and
1Tz — u|| < ||z —wu| for all z € C and u € F(T). If T is a nonspreading mapping from C
into itself and F'(T') is nonempty, then T is quasi-nonexpansive. Further, we know that the
set of fixed points of a quasi-nonexpansive mapping is closed and convex; see [12]. Then
we can define the metric projection of H onto F(T). A mapping T : C — C' is called
generalized hybrid [13] if there are «, 8 € R such that

(2.4) a|Tz = Ty|* + (1 - a)|lz — Ty||* < BTz — ylI* + (1 - Bz -yl

for all z,y € C. We call such a mapping an («, 3)-generalized hybrid mapping. Notice that
the class of the mappings above covers classes of several well-known mappings. For example,
an (o, B)-generalized hybrid mapping is nonexpansive for « = 1 and § = 0, nonspreading
for « = 2 and § = 1, and hybrid for o = % and 3 = % We can also show that if z = Tz,
then for any y € C,

allz =Tyl + (1 - a)lle = Ty|* < Blla -yl + 1 = Bz - y*

and hence || —Ty|| < ||z —yl||. This means that an (o, 3)-generalized hybrid mapping with
F(T) # 0 is quasi-nonexpansive. To prove our main results, we need the following lemmas:

Lemma 2.1 (Aoyama-Kimura-Takahashi-Toyoda [3]). Let {s,} be a sequence of nonnega-
tive real numbers, let {av,} be a sequence of [0, 1] with Y~ | o, = o0, let {B,} be a sequence
of nonnegative real numbers with Y.~ | B, < 0o, and let {v,} be a sequence of real numbers

with lim sup,, _, .o vn < 0. Suppose that
Spt1 < (1 - an)sn + apyn + ﬁn
foralln =1,2,.... Then lim, . s, =0.

Lemma 2.2 (Takahashi-Toyoda [26]). Let D be a nonempty closed convex subset of a real
Hilbert space H. Let P be the metric projection of H onto D and let {x,,} be a sequence in
H. If |xnse1 —u|| < ||lzn — u|| for alluw € D and n € N, then {Px,} converges strongly.

3 Weak Convergence Theorem In this section, using the technique developed by
Takahashi [21], we prove the following weak convergence theorem for generalized hybrid
mapping which generalizes Akatsuka, Aoyama and Takahashi [1], Kurokawa, Takahashi
[16], and Kocourekand, Takahashi and Yao [13].

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T

be a generalized hybrid mapping from C into itself. Define two sequences {x,} and {z,} in
C as follows: xr1 =x € C and

Tpt1 = Ty + (1 — ap) Tz,

1 n
Zn = — E Tk
n
k=1
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for alln € N, where 0 < a, < 1 and o, — 0. If F(T) # 0, then {z,} converges weakly
to z € F(T), where z = lim,,_,oc Pz, and P is the metric projection of H onto F(T). In
particular, for any x € C, define

Spx = 1 TST’“Q:
" ™ =0 '
Then, {Spx} converges weakly to z € F(T'), where z = lim,,_.o, PT"x.
Proof. Since T': C — (' is a generalized hybrid mapping, there are a, 3 € R such that
3.1) a|Tz —Ty|* + (1 - a)|z — Tyl]* < BTz — ylI* + (1 - B)lz -yl

for all ,y € C. Since a generalized hybrid mapping T with F(T') # ) is quasi-nonexpansive,
we have that for all v € F(T),

|Zns1 —ul = [anzn + (1 — an)Tr, — ull
(3-2) < apllen —ull + (1 — ap) [Tz, — ul|
< lzn — ull-

So, limy, 0o ||, — u|| exists. Then, {z,} and {Tz,} are bounded. So {z,} is bounded. Let
{zn,} be a weakly convergent subsequence of {z,} such that z,, — v. Then, we can show
v € F(T). In fact, for any y € C and k € N, we have that

0 < BTz —ylI> + (1= B)|lzx —yl?

— o Ty, — Ty|l> — (1 - a)llax — Tyl

= B{|| Tz, — Tyl + 2(Tz — Ty, Ty — y) + | Ty — y|I*}
+ (1= B){llex — Tyl> + 2 (z — Ty, Ty — y) + [Ty — y[*}
— a|| Tz — Tyl]> — (1 — o) ||z — Tyl

=Ty — ylI> +2(BTx + (1 — B)ar — Ty, Ty — y)
+ (B — a){|| Tz, — Tyl — |lzx — TylI*}

=Ty —ylI> +2(zp — Ty + B(Txr — x1), Ty — y)
+ (B — a){|| Tz, — Tyl|* — ||z — Tyl* }-

Since Txy = g1 + ag(Tay — xy) and (1 — oy )(Txg — ) = 41 — Tk, we have that

0 < Ty =yl + 2 (xx — Ty, Ty — y) + 2801 — ar) ™! (we1 — 2k, Ty — y)

+ (8 = ) {llzrsr — Ty + an(Tay, — x)||” — [lax — Tyl }

= |Ty — ylI> + 2 (&, — Ty, Ty — y) + 26(1 — o) ™" (wp11 — 2, Ty — y)
+ (B — a){llzrs1 — Tyl* + 204 (ws1 — Ty, Txp — 1)
+ llew (Tay — z)|I” = llzx — Tyl1*}

= || Ty = yl* + 2z, — Ty, Ty —y) + 2801 — ar) ™" (wp1 — 21, Ty — y)
+ (B = a){l|lzesr — Tyl = llzx — Tyll? + 2an(zpsr — Ty, Ty — 1)
+ |l (Tar, — i) [}

From 1 — a; > 0, we also have

0< (1—ap)|Ty—yl* +2(1 — o) (@i — Ty, Ty — y) + 28 (Tps1 — 2, Ty — )
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+ (8= a)(1 = ax){l|lzrr1 — Tyl]* = lzx — Tyl + 20 (xr41 — Ty, Ty — )
+ |k (Tay — )]}

= |7y — ylI”> + 2 (@ — Ty, Ty — y) + 268 (whs1 — 21, Ty — y)
+ (8= a){llzrsr — Tyll® = lzx — TylI*} — axl Ty — y]?
—2ay, (x, — Ty, Ty —y) — (B — ) aw{|larir — Tyll* — [lar — Ty[*}
+ (B =) (1 — ap){2ay (xr11 — Ty, Ty — o) + o | Ty, — x4}

< Ty —yl* +2(xx — Ty, Ty —y)
+ 28 (@hpr — 2k, Ty —y) + (B — ) {lzrrs — Tyll* — llox — Tyl1*}
+ar{ =2 =Ty, Ty —y) — (8 — a)(|[xrs1 — Tyl]* — [lox — Tyl*)}
+ ol B — a|2 (xp1 — Ty, Tay — x1) + apl|Teg — 21|

<\ Ty = yl* + 2 (xx = Ty, Ty —y) + 26 (w141 — 22, Ty — y)
+ (B — ) {llzrs1 — Tyl® — = — Tyl*} + axM + ax| 8 — al K,

where
M = 225{_2 (wx =Ty, Ty —y) — (B = &) (lzrsr = Tyl = 2w — Tyl*)}
and
K= igg{p (g1 — Ty, Ty — xx) + agl| Ty, — 2]}
Summing up these inequalities with respect to k =1,2,...,n,

0 SnIITy—y||2+2<Zwk—nTy,Ty—y> + 26 (xp1 — 21, Ty — y)
k=1

+ (8= a){lenry = Tyl® = lor = Ty} + DM + Yl - af K.
k=1 k=1

Deviding this inequality by n, we have
9 1
0< [Ty —yll +2<zn7Ty,Tyfy>+526<xn+1—xl,Tyfy>

1 ) A 1 &
Bl — Tyl = =Ty} + 53 S awhd + 23 el ol

where z, = %22'21 xk. Replacing n by n,; and letting n; — oo, we obtain from z,, — v
and «,, — 0 that
0<|ITy —yl> +2(v—Ty, Ty —y).

Putting y = v, we have 0 < —||Tv — v||? and hence Tv = v. To show that {z,} converges
weakly to a fixed point of T', we first show that lim,,_,., Pz, exists. Since F(T) # 0, from
(3.2) we have that for all u € F(T),

[Znt1 = ull < lzn —u].

On the other hand, since T' is quasi-nonexpansive, F'(T) is closed and convex. So, we can
define the metric projection P of H onto F(T'). Putting D = F(T') in Lemma 2.2, we have
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that lim,,_, ., Pz, converges strongly. Put z = lim,,_,,, Px,,. Then we can prove z, — z.
In fact, let {z,,} be a subsequence of {z,} such that z,, — w. From the above argument,
we have w € F(T). To complete the proof of the first part, it is sufficient to prove z = w.
From w € F(T) and (2.2), we have

(w— z,x, — Pxy) = (w — Py, x; — Pxg) + (Pxy — 2,2, — Pxy)
< (Pzxj — z,x — Pxy)

for all k € N, where L = sup{||z; — Pxg| : k € N}. Summing these inequalities from k = 1
to n; and dividing by n;, we have

1 & 1 &
<w — 2, 2n, — o kz_lpxk> < n—z; ||Pxy — z|| L.

Since z,, — w as i — oo and Pz, — z as n — 0o, we have (w — z,w — z) < 0. This
implies z = w. This completes the proof of the first part. In particular, putting a,, = 0
for all n € N, we see that z,y; = T"z and 2z, = 1/n Z;é Tkgz for all n € N, where
TY = I. So, we obtain S,z = z,. Therefore, {S,z} converges weakly to z € F(T'), where
z =1lim,_, o, PT"z. So, we get the desired result. O

Using Theorem 3.1, we obtain the following results proved by Akatsuka, Aoyama and
Takahashi [1] and Kurokawa and Takahashi [16].

Theorem 3.2 (Akatsuka, Aoyama and Takahashi [1]). Let C' be a nonempty closed convex
subset of a real Hilbert space H. Let T be a nonexpansive mapping from C' into itself. Define
two sequences {x,} and {z,} in C as follows: ©1 = x € C and

Tnt+l = OpTp + (1 - an)Txna
1 n

Zn = — Zxk
n k=1

for alln € N, where 0 < a, < 1 and o, — 0. If F(T) # 0, then {z,} converges weakly
to z € F(T), where z = lim,,_,oc Pz, and P is the metric projection of H onto F(T). In
particular, for any x € C, define

n—1
1
Spx ==Y TFrz.
T ”kz—o T

Then {Spx} converges weakly to z € F(T'), where z = lim,,_.o, PT"z.

Proof. Since an («, )-generalized hybrid mapping is nonexpansive for « = 1 and 8 = 0,
we obtain the desired result from Theorem 3.1. O

Theorem 3.3 (Kurokawa and Takahashi [16]). Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let T be a monspreading mapping from C into itself. Define two
sequences {x,} and {z,} in C as follows: x1 =z € C and

Tntl = QnTp + (1 - Oén)Tzna

1 n
Zn = — E Tk
n

k=1
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for alln € N, where 0 < a, < 1 and o, — 0. If F(T) # 0, then {z,} converges weakly
to z € F(T), where z = lim,, .o Pz, and P is the metric projection of H onto F(T). In
particular, for any x € C, define

n—1
1
Spx ==Y Trz.
T n’; T

Then {Spx} converges weakly to z € F(T'), where z = lim,,_.o, PT"x.

Proof. Since an («, [§)-generalized hybrid mapping is nonspreading for & = 2 and 8 = 1,
we obtain the desired result from Theorem 3.1. O

4 Strong Convergence Theorem In this section, using an idea of mean convergence
by Shimizu and Takahashi [19] and [20], we prove the following strong convergence theorem
for generalized hybrid mappings in a Hilbert space.

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space H. Let T
be a generalized hybrid mapping of C into itself. Let u € C' and define two sequences {x,}
and {z,} in C as follows: v1 =z € C' and

Tnt1 = Qpt + (1 — )2,
-1
1 n
Zn = — g Tkxn
n
k=0

for alln =1,2,..., where 0 < a, <1, a, — 0 and .2 o, = 00. If F(T) is nonempty,
then {x,} and {z,} converge strongly to Pu, where P is the metric projection of H onto
F(T).

Proof. We follow Kurokawa and Takahashi [16] for the proof. Since T : C' — C be a
generalized hybrid mapping, there are o, 8 € R such that

(4.1) a| Tz =Tyl + (1 - a)llz — Ty|* < BTz — y|* + (1 = B)lla - y|?
for all x,y € C. Since F(T) # (), T is quasi-nonexpansive. So, we have that for all ¢ € F(T)
andn=1,2,3,...,

1 n—1 1 n—1
||ZTL_qH = EZTkIn_q < EZHTIC%—QH
k=0 k=0

1 n—1
< > llwn —all = llzn —all
k=0

(4.2)

Then we have

|Zn+1 —qll = [lanu + (1 — an)zn — 4|
< apllu—ql + (1 —an)llz. — 4|
<aplu—q| + (1 —an)llzn —qll-

Hence, by induction, we obtain

lzn — gl < max {llu—ql|, [l — ql[}
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for all n € N. This implies that {z,} and {z,} are bounded. Since ||T"z, —q| < ||z» — ¢|,
we have also that {T"xz,} is bounded. Let n € N. Since T is generalized hybrid, we have
that for all y € C and £k =0,1,2,....n — 1,
0 < BIT* ey —yl* + (1 = B)IT 20 — ylf?
—al|T" 2y — Ty|* — (1 - )| T @, — Tyl
= BT = Tyl +2(T" = Ty, Ty —y) + [Ty — yl*}
+ (1= B){IIT* 20 = Ty||* + 2 (T n = Ty, Ty —y) + | Ty — y]*}
— | T* = Ty|* = (1 — o) T a2y — Ty
= 1Ty = yl* + 2{BT* 2p + (1 = HT" z, = Ty, Ty — y)
+ (B = ) {IT* 2y = Tyl* — | T 2, — Ty|*}
=Ty = yl* +2(T e = Ty + BT 2y = Th2y), Ty — )
+ (8= a){IT* 2y — Tyl* — IT" 2, — Tyl*}.

Summing these inequalities from k£ = 0 to n — 1 and dividing by n, we have
1
0 <||Ty = y|* +2(20 = Ty, Ty — y) + 26— (T"wp — 2, Ty — y)
1 mn
+ (8= a) T ~ Tyl ~ o — TolI?}.

Since {z,} is bounded, there exists a subsequence {z,,} of {z,} such that z,, = w € C.
Replacing n by n;, we have

0 <ITy = yll* + 2{zn, — Ty, Ty —y) + 26% (T, —xn, Ty —y)
+ (8= @) (T, = Tyl = o, — Ty}
Since {z,} and {T"x,} are bounded, we have that
0< Ty —yl* +2(w — Ty, Ty — y)
as 1 — 0o. Putting y = w, we have
0 < ||Tw—w|?*+2(w — Tw, Tw — w) = —||Tw — w||*.

Hence, w € F(T). On the other hand, since @1 — 2, = an(u — z,), {25} is bounded and
ay, — 0, we have lim, o0 | n4+1—2n|| = 0. Let us show limsup,, . (u—Pu, x,41 —Pu) <0.
We may assume without loss of generality that there exists a subsequence {41} of {zp41}
such that

lim sup(u — Pu, Zp4+1 — Pu) = lim (u — Pu, xp,+1 — Pu)

n—00 100
and =, 41 — v. From ||2,41 — 2,|| — 0, we have z,, — v. From the above argument, we
have v € F(T). Since P is the metric projection of H onto F(T), we have
lim (v — Pu,zp, 41 — Pu) = (u — Pu,v — Pu) <0.

11— 00
This implies

(4.3) lim sup(u — Pu, 2,41 — Pu) < 0.

n—00
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Since xp41 — Pu = (1 — o) (2, — Pu) + an(u — Pu), from (2.1) and (4.2) we have
[(1 = an)(zn — Pu) + an(u — Pu)||2

(1 - Ckn)2HZn - ]Du”2 + 20‘n<u - Puvanrl - P’LL>

(1 = an)llzn — Pull* + 205 (u — Pu,2n41 — Pu).

|1 — Pull?

IN A

Putting s,, = ||z, — Pul|?, 8, = 0 and v, = 2(u — Pu, 2,41 — Pu) in Lemma 2.1, from
>0y = 00 and (4.3) we have

lim ||x, — Pu| = 0.
n—oo
By lim,, o0 ||Zn — 2zn]| = 0, we also obtain z,, — Pu as n — 0. O

Using Theorem 4.1, we can show the following result obtained by Kurokawa and Taka-
hashi [16].

Theorem 4.2 (Kurokawa and Takahashi [16]). Let C' be a nonempty closed convex subset
of a real Hilbert space H. Let T' be a nonspreading mapping of C into itself. Let u € C and
define two sequences {x,} and {z,} in C as follows: x1 = x € C and

Tnt1 = apu+ (1 — ) 2n,
-1
1 n
Zn = — E Tkxn
n
k=0

for allmn =1,2,..., where 0 < o, <1, o, — 0 and > o2 | a,, = 0o. If F(T) is nonempty,
then {x,} and {z,} converge strongly to Pu, where P is the metric projection of H onto

F(T).

Proof. Since an («, f)-generalized hybrid mapping is nonspreading for « = 2 and 8 = 1,
we obtain the desired result from Theorem 4.1. O

Remark. We do not know whether a strong convergence theorem of Halpern’s type for
generalized hybrid mappings holds or not.
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