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EXISTENCE THEORY FOR IMPULSIVE PARTIAL HYPERBOLIC
FUNCTIONAL DIFFERENTIAL EQUATIONS INVOLVING THE
CAPUTO FRACTIONAL DERIVATIVE

SATD ABBAS®, MOUFFAK BENCHOHRA? AND LECH GORNIEWICZ®

Received March 27, 2010

ABSTRACT. In this paper we investigate the existence and uniqueness of solutions of
a class of partial impulsive hyperbolic differential equations with fixed time impulses
involving the Caputo fractional derivative. Our main tool is a fixed point theorem.

1 Introduction This paper concerns the existence results to fractional order initial
value problems (IV P for short), for the system

(1) (CDSU)(J:7 y) = f(x7 y7 u(x7 y))7 if (x7 y) E J7 X # xk7 k = 17 AR 7m)

(2) w(zl,y) =u(zy,y) + L(u(zy ), ifyel0,b], k=1,...,m,

(3) u(z,0) = p(x), u(0,y) =¢(y), if x €[0,a] and y € [0, ],

where J = [0,a] x [0,b], a,b > 0, ©Dj is the fractional Caputo derivative of order r =

X
(r1,72) € (0, 1]><( 1, 0=2p <21 < < Ty < Tpg1 =a, f:JxR*" - R" and Iy, :
R" - R™" k = 0,1 ,m are given functions, ¢ : [0,a] — R™, % : [0,b] — R™ are
absolutely contlnuous functions with ¢(0) = ¢(0).

Next we consider the following nonlocal initial value problem

(4) (“Diu)(z,y) = flz,y,u(z,y)), if (v,y) €J, £z, k=1,... ,m,
(5) u(zy,y) = u(zy,y) + I(u(zy,y), ifyel0,d], k=1,...,m,

(6) u(a:,O) + Q(u) = 90(33), U(O,y) + K(u) = w(y)’ ifze [Ov a] and y € [Ov b]7

where f, ¢, ¥, Ii;; k= 1,...m, are as in problem (1)-(3) and @, K : PC(J,R") — R™ are
continuous functions. PC(J,R") is a Banach space to be specified later (see Section 3).

The problem of existence of solutions of Cauchy-type problems for ordinary differential
equations of fractional order in spaces of integrable functions was studied in [18], a simi-
lar problem in spaces of continuous functions was studied in [31]. We can find numerous
applications of differential equations of fractional order in viscoelasticity, electrochemistry,
control, porous media, electromagnetic, etc. (see [14, 17, 25]). There has been a significant
development in ordinary and partial fractional differential equations in recent years; see
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the monographs of Kilbas et al. [20], Lakshmikantham et al. [22], Miller and Ross [23],
Podlubny [27], Samko et al. [29], the papers of Agarwal et al. [3, 4], Abbas and Benchohra
[1, 2], Belarbi et al. [8], Benchohra et al. [9, 10, 12], Diethelm [14, 15], Kilbas and Marzan
[19], NGuérékata [24], Shi and Zhang [30], Vityuk and Golushkov [32], Zhang [33], Zhou et
al. [34], and the references therein.

The theory of impulsive differential equations have become important in some mathe-
matical models of real processes and phenomena studied in physics, chemical technology,
population dynamics, biotechnology and economics. There has been a significant devel-
opment in impulse theory in recent years, especially in the area of impulsive differential
equations and inclusions with fixed moments; see the monographs of Benchohra et al. [11],
Lakshmikantham et al [21], and Samoilenko and Perestyuk [28], and the references therein.

Very recently, some extensions to impulsive fractional order differential equations have
been obtained by Agarwal et al. [5], Ahmad and Sivasundaram [6], Ait Dads et al. [7],
Benchohra and Slimani [13].

In this paper, we shall present existence and uniqueness results for our problems. Our
results initiate the study of hyperbolic fractional differential equations subject to impulsive
effect. We present two results for the problem (1)-(3), the first one is based on Banach’s
contraction principle (Theorem 3.4) and the second one on the nonlinear alternative of
Leray-Schauder type (Theorem 3.5). As an extension to nonlocal problems, we present two
similar results for the problem (4)-(6). Finally we present an illustrative example.

2 Preliminaries In this section, we introduce notations and definitions which are used
throughout this paper. By L'(J,R™) we denote the space of Lebesgue-integrable functions

f+J — R" with the norm
a b
15l = [ [ 1wy,
o Jo

where ||.|| denotes a suitable complete norm on R”.
Let a1 € [0,a], z* = (a1,0) € J, J. = [a1,a] x [0,b], r1,r2 > 0 and 7 = (r1,rs). For
f € L'(J,,R"), the expression

(12 N9) = T / / M@= sy — 6y (s, t)drds,

where T'(.) is the Euler gamma function, is called the left-sided mixed Riemann-Liouville
integral of order r.
92
Denote by Dgy = %é)y the mixed second order partial derivative.

Definition 2.1 ([82]). For f € L'(J.,R") where D2, f is Lebesque integrable on [z, x4 1]X
[0,0], E=0,...,m, the Caputo fractional-order derivative of order r is defined by the ex-
pression (D7, f)(wy) = (17" D2, £)(z,1).

3 Main Results In what follows set
I = (@k, T41] % [0,0].
To define the solutions of problems (1)-(3), we shall consider the space
PC(J,R") ={u:J - R":u e C(Jp,R"); k=0,1,... ,m, and there
exist u(x, ,y) and u(mg,y); k=1,...,m,

with u(z,,y) = u(wk, y) for each y € [0,0]}.
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This set is a Banach space with the norm

[ullpc = sup |lu(z,y)l|.
(zy)€J

Set
JI = J\{(w17y)7"'7(xm7y)7 ye [O7b}}-
Definition 3.1 A function v € PC(J,R™) whose r-derivative exists on J’ is said to be a

solution of (1)-(3) if u satisfies (“Dju)(x,y) = f(z,y,u(x,y)) on J' and conditions (2), (3)
are satisfied.

Let h € C([zg, Tr41] % [0,0],R™), zx = (2, 0), and
() = u(z,0) + u(z,y) — uz},0), k=0,...,m.
For the existence of solutions for the problem (1) — (3), we need the following lemma:

Lemma 3.2 A function u € AC([xk, xg+1] X [0,0],R™); k= 0,...,m is a solution of the
differential equation

(CDZ;U)(%ZJ) =h(z,y); (x,y) € [wk, Trta] x [0, 0],
if and only if u(x,y) satisfies
(7) w(@,y) = p(,y) + (I h) (2, y); (2,y) € [2x, 2] X [0, 0]
Proof: Let u(z,y) be a solution of

(“Dru)(z,y) = h(z,y); (2,y) € [, 2] < [0, 0].

Then, taking into account the definition of the derivative (CD”Z"+u) (z,y), we have
k

Izlg’"(DiyU)(m,y) = h(z,y).

Hence, we obtain
IT‘F(Il:r‘Eiyu)(may) (IT-%—h)(wvy)v
zZy Nz EN

then
Since
we have

u(w,y) = pi(,y) + (I h) (2, y).
Now let u(z,y) satisfies (7). It is clear that u(z,y) satisfy
("D yu)(z,y) = h(z,y), on [zx, Tr+1] x [0, 6].

In all what follows set
po(z,y) = p(z,y), (z,y) € J.
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Lemma 3.3 Let 0 < r1,79 < 1 and let h : J — R™ be continuous. A function u is a
solution of the fractional integral equation

wlz,y) + m Iy S @ = s) =My — t)"2 " h(s, t)dtds;
if (x,y) € [0, 1] x [0, ],

_ e y) + X ((ule ) = Liu(e,0)
(8) u(x,y) +F(r1)1F - Sk Yy — sy — )72 k(s tdtds
T D ka Jo (@ = s) 1=y — t)2 (s, t)dtds;
if (x,y) € (xg, Tp+1] X [0,0], k=1,...,m,

if and only if u is a solution of the fractional IVP

(9) CD:+u(x,y):h(ﬂc,y), (‘ray) €J,a k:]-a"'vm
k

(10) u(ay,y) = ulzy,y) + Ll(u(zy,y), y €[04, k=1,....m
Proof. Assume u satisfies (9)-(10). If (x,y) € [0, 1] x [0, b] then
“Dou(z,y) = h(z,y).

Lemma 3.2 implies

1 * Y ri1—1 _ p\r2—1 s s
u(x,y)—u<x,y>+m/0/0<x—s> (y — t)= (s, t)dtds.

If (z,y) € (x1,22] x [0,b] then Lemma 3.2 implies

u(z,y) = p(x,y) + (T () // (2 — 8)" Ly — )" h(s, t)dtds

= u(z, 0)+ux1,y (xl,

(a: 0) +u(zy,y) —u(zy,0) + I (u(z],y)) — I (u(z],0))

ToOT(a) / / x—8)" "y —t)"2 " h(s, t)dtds
((E 0)+u r1,Y —u($1,0)+11( ($1_,y))—11(u($1_,0))

7’1 1 _ 7’271
A /x | / 1721 h(s, t)dtds

w(z, y)+Il u(zy,y)) — Li(u(zy,0))
1
/ / x1 —8)" "y — )2 h(s, t)dtds
7“1 7“2

+ W/m/o (. — )"y — )" h(s, t)dtds.
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If (z,y) € (2, 23] x [0,b] then from Lemma 3.2 we get

u(z,y) = p2(z,y) + / / Y1y — )2 h(s, t)dtds
7“1 7“2
= u(x, O)—i—uxQ,y u(z3,0)

/ / x— )"y — )2 h(s, t)dtds

u( 0) 1’2 ay (1'2 70) + IQ( (x2_7y)) - IQ(U(ICQ_,O))

// )y — t)"2 (s, t)dtds

ZU(%O) w(@2,y) = u(z2,0) + I(u(zy,y)) = I2(u(z3,0))

T

(x y)+12 w(zy,y)) — L(u(zy,0) + I (u(zy,y) — L (u(z],0))
T(r1)T(r2) / / (21— 8)" My — )" h(s, t)dtds

’ W/ [ o2 0 Gy
1 Ty gy r—The .
+ L(r1)L(rs) /952/0 ( ) (y—1) h(s,t)dtds.

If (z,y) € (x, xp+1] X [0,b] then again from Lemma 3.2 we get (8).
Conversely, assume that u satisfies the impulsive fractional integral equation (8). If
(x,y) € [0,z1] x [0,b] and using the fact that °D", is the left inverse of I, we get
%k 2k

—8)" 7y —t)"2 " h(s, t)dtds

‘Dyu(z,y) = h(z,y), for each (z,y) € [0,z1] x [0, b)].

If (x,y) € [xg, xk+1) X [0,0], k =1,...,m and using the fact that CD;C =0, where C'is a
k
constant, we get

CDZ:u(x,y) = h(z,y), for each (z,y) € [z, xx+1) X [0, D].
Also, we can easily show that
u(a:g,y) =u(zy,y) + I(u(z, ,y), yel0b,k=1,... ,m.
Our first result is based on Banach fixed point theorem.

Theorem 3.4 Assume that

(H1) There exists a constant | > 0 such that

| f(z,y,uw) — f(z,y,@)|| <lu—1l|, for each (z,y) € J, and each u,w € R™.

(H2) There exists a constant I* > 0 such that

(i (uw) — Ip(@)| < I*||luw—1l|, for eachu,weR", k=1,...,m.
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If

2la™ b
11 oml* + <1,
( ) F(Tl + 1)F(’I"2 + 1)

then (1)-(3) has a unique solution on J.

Proof. We transform the problem (1)-(2) into a fixed point problem. Consider the
operator F': PC(J,R") — PC(J,R™) defined by

F(u)(z,y) = pla,y) + D i(uley,y)) = Liu(zy,0)))

O<zp <z

—|— Z / / T —8)" Ty — ) f (st u(s, t))dtds
7"1 7“2 0<zp<zT

T x— )y — )27 (s, t, u(s s.
+ F(Tl)F(TQ) /xk/o ( ) (y t) f( 7t7 ( 7t))dtd

Clearly, the fixed points of the operator F' are solution of the problem (1)-(3). We shall use
the Banach contraction principle to prove that F' has a fixed point. We shall show that F
is a contraction. Let u,v € PC(J,R™). Then, for each (z,y) € J, we have

[1E(u)(z,y) = F(v)(z,y)||
Z(ka( w(zy,y)) = Ie(v(z, )| + [Hr(u(zy, 0) = Te(v(zy, 0)]])

L(ra) Z/xk 1/ Yy — )2 f (s, tu(s, t) — fs,t,v(s, t))||dtds
I(r2) / / Yy — )2 Y| f (s, uls, t) — fs,t,v(s, t))||dtds

T(r1)T(r)
Z (lulzy s y) = oz, )l + ulzy, 0) — ol 0)])

+ / / Yy — )2 (s, t) — (s, t)||dtds
Tk—1
T1 1 tm—l t) — t)||dtd
I'(ry)T(re) / / )" luls, 1) — (s, t)|dtds
la™1b"2 la™ b
< [2ml* o
< [2ml” + L(ri+ D (r2 +1) " L(ry+ DI(r2 + 1)]||u !
2la™ b
< 2 Z* - oo
< [2ml” + L(ry + DT (rg + 1)] =l

By the condition (11), we conclude that F' is a contraction. As a consequence of Banach
fixed point theorem, we deduce that F' has a fixed point which is a solution of the problem
(1) - (3).

In the following theorem we give an existence result for the problem (1)-(3) by applying
the nonlinear alternative of Leray-Schauder type.

Theorem 3.5 Let f(-,-,u) € PC(J,R™) for each u € R™. Assume that the following
conditions hold:
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(H3) There exists ¢y € C(J,Ry) and 9. : [0,00) — (0,00) continuous and nondecreasing
such that

1/ (g, W)l < &5 (@, y)u(ffull) - for all (z,y) € J, u € R™.

(H4) There exists v* : [0,00) — (0,00) continuous and nondecreasing such that

1 1e(w)|| < *(JJul) for all u € R™.

(H5) There exists an number M > 0 such that

M

. 2ar1b72 0 N M
||M‘|oo+2m¢*(M)+w

T'(ri1+1)I'(ra+1)
where ) = sup{dy(v,) 5 (a,5) € J}.
Then (1)-(3) has at least one solution on J.

> 1,

Proof: Consider the operator F' defined in Theorem 3.4.
Step 1: F' is continuous.

Let {un} be a sequence such that u, — u in PC(J,R™). There exists n > 0 such that
|lun|l < 1. Then for each (z,y) € J, we have

1E (un) (2, y) — F(u)(z, y)|

NE

< 3 (Meon (i 9)) = (g, )|+ o, 0)) = T, )]

k=1

1 [ Ly — 2| f (s, b un (s — f(s,t,u(s s
e oo L, T 7 st ) = St e

1 T ry ri—1 _p\re—1 s w (s i s uls s
e L T = 0 e, ) = S (s ) s,

Since f and Iy, k= 1,...,m are continuous functions, we have
|1 E'(upn) — F(u)|loo = 0 asn — oo.

Step 2: F' maps bounded sets into bounded sets in PC(J,R™).

Indeed, it is enough to show that for any n* > 0, there exists a positive constant £ such
that for each u € By» = {u € PC(J,R") : ||ul]loc < n*}, we have |F(u)||oc < ¢. (H4) and
(H5) implies that for each (z,y) € J,

£ (u) (2, y)| e )l + DM Culyy )+ (1l 0))

IA

_|_

k=1
! [ "ty — 2T £ (s, t u(s 5
T / / (e — )" (g — 07 (s, tyuls, 0)) e

= e =Ly — 2T £ (s, t u(s 5
+ W//mw (v — )Y (5.1, u(s, ) | ded

R i e L I
H/‘”oo + def (77 )+ F(’I“l + 1)F(r2 + 1) T

IA
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Step 3: F' maps bounded sets into equicontinuous sets of PC(J,R"™).

Let (71,91), (72,92) € [0,a] x [0,b], m < 72 and y1 < y2, By« be a bounded set of
PC(J,R") as in Step 2, and let v € B,~. Then for each (z,y) € J, we have

[ F(u)(2,y2) — F(U)(Tlayl)ﬂ

< H/L(Tlvyl) TQayQ H +Z HIk mk » Y1 ) Ik(“(%;?ﬁ))”)

x f(s,t,u(s,t))dtds

1 mo oz Y2 ri—1 _ p\ra—1 st uls 5
+WZ/ /(xk—5> (42— £ £ (s (s 1))

—=17%k—1 YY1

Y1
rl r2 / / rl—l(yz o t)m—l o (7_1 _ s)rl—l(yl o t)m—l]
xf(s t,u(s,t))dtds

yz
/ / T —8)" " Hyg — )2 | f(s,t, u(s, t))dtds||
7“1 7“2 i U1
PAG
2t

rl)lf (r2) / ) y2 = O f (st u(s, t)dtds|
Y1
+m / / (r2 — 8)1 Yy — )72~ Y|f (5, 8, uls, ¢))dtds)|

< (1, y1) — p(T2,y2)| H’Z (Me(w(zy, , y1)) — Te(u(zy , y2))l)

0 * m Tk Y1
LS [ [ s 0 = - 0

k=17%k—1 0

01/)*(7]*) m Tk Y2

! ri—1 ro—1 S
+F(r1)I‘(r2) ;/W /y1 (zk —8)" " (y2 — 1) dtd

Gbu(r) [ o

f r1—1 ro—1 m s)" 1 ro—1 s
+F(T1)F(T2)/o /0 (72 =) (w2 = 1) ( )y — )2 dtd

Qo (n*) [ (v

! ri—1 ro—1 s
T / /y 1 (12 =) (y2 =) did

As 11 — 73 and y; — yo, the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3 together with the Arzeld-Ascoli theorem, we can
conclude that F': PC(J,R") — PC(J,R") is completely continuous.
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Step 4: A priori bound.

For XA € [0,1], let u be such that for each (z,y) € J we have u(z,y) = M Fu)(z,y).
For each (x,y) € J, then from (H3) and (H4) we have

[/l oo

<1.
* 2a"1672¢% P (lull) —
|l oo + 2map* ([|ull) + F(r1+1){“(rz+1)

By condition (H5), there exists M such that ||ul|o # M. Let
U={uc PC(J,R"): ||lulloc < M}.

The operator F : U — PC(J,R") is continuous and completely continuous. From the choice
of U, there is no u € 9U such that u = A\F(u) for some A € (0,1). As a consequence of the
nonlinear alternative of Leray-Schauder type [16], we deduce that F' has a fixed point u in
U which is a solution of the problem (1)-(3).

Now we present two existence results for the nonlocal problem (4)-(6). Their proofs are
similar to those for problem (1)-(3).

Definition 3.6 A function u € PC(J,IR"™) whose r-derivative exists on J' is said to be a
solution of (4)-(6) if u satisfies (“Dyu)(z,y) = f(z,y,u(x,y)) on J and conditions (5), (6)
are satisfied.

Theorem 3.7 Assume (H1),(Hs2) and the following conditions
(H}) There exists [ > 0 such that
1Q(w) = Q)| < Ilu =], for any u,v € PC(J,R").

(HY) There exists I* > 0 such that
1K (w) = K(u)|| < T |lu— |, for any u,v € PC(J,R")

hold. If

2la™ b"?
L(ri +1)T(re + 1)
then there exists a unique solution for IVP (4)-(6) on J.

Theorem 3.8 Let f(-,-,u) € PC(J,R") for each u € R™. Assume (H3),(Hs) and the
following conditions

(H4) There exists d > 0 such that
IRl < d(1 + [[ul), for any u € PC(J,R").

[+1*+2ml* +

<1,

(HY) There exists d* > 0 such that
K )] <d*(1+[lul), for any u e PC(J,R").

(HY") There exists an number M, > 0 such that

M,

— > 1
7 7 « (T 2071672 $9 . (M..) ’
(d+d*)(1+ M) + [|ulloc + 2me* (M) + Frotmar

hold, then there exists at least one solution for IVP (4)-(6) on J.
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4 An Example As an application of our results we consider the following impulsive
partial hyperbolic differential equations of the form

(12)

°Dju)(z, y) = -

(10e*+9+2)(1 + [u(z, y)|)’

1
(Ger v+ ) (1 + [u(zy, y))

(13) u(xl,y) = ulzy,y) + , ifyel0,1], k=1,...,m,

(14) u(z,0) = 2, u(0,y) =y?, if =€[0,1] and y € [0, 1].

Set
1

(10e7+¥+2)(1 + [ul)’
1
(Ge ) (1 + [u(zy, y)l)

For each u, € IR and (z,y) € [0,1] x [0, 1] we have

flx,y,u) =

(z,y) € 10,1] x [0, 1],

Ik(u(xlzay)) = NS [Oa 1]

_ 1 _
|f(.13,y,u) _f('r7y7u)| S @W—UL

and )
() = 1o(@)| < o lu =7,

1 1
Hence condition (H7) and (H2) are satisfied with [ = Toc2 and [* = 6ot We shall show

that condition (11) holds with a = b = 1. Indeed, if we assume, for instance, that the
number of impulses m = 3, than we have
2la™b"™ 1 1

2l S
M R A T e+ 1) & @ 5T (m + (s + 1)

<1,

which is satisfied for each (r1,r2) € (0,1] x (0,1]. Consequently Theorem 3.4 implies that
problem (12)-(14) has a unique solution defined on [0, 1] x [0, 1].
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