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ABSTRACT. In this paper we show the way we pass from ordered semigroups to ordered
I'-semigroups. Moreover we show that, exactly as in ordered semigroups, in the results
of ordered I'-semigroups based on right (left) ideals, quasi-ideals and bi-ideals, points
do not play any essential role, but the sets, which shows their pointless character.
Under the methodology using in this paper, all the results of ordered semigroups can
be transferred into ordered I'-semigroups.

1. Introduction and prerequisites. The notion of a I'-ring, a generalization of
the notion of associative rings, has been introduced and studied by N. Nobusawa in [6]. T-
rings has been also studied by W.E. Barnes in [1]. J. Luh studied many properties of simple
I-rings and primitive I'-rings in [5]. The concept of a I'-semigroup has been introduced by
M.K. Sen in 1981 as follows: A nonempty set S is called a I'-semigroup if the following
assertions are satisfied: (1) aab € S and aaf € I' and (2) (aad)Bc = a(abf)c = aa(bfc)
for all a,b,c € S and all o, € T' [8]. In 1986, M.K. Sen and N.K. Saha changed that
definition considering the following more general definition: Given two nonempty sets M
and T, M is called a I'-semigroup if (1) aab € M and (2) (aad)Bc = aa(bfBc) for all
a,b,c € M and all o, € T [9]. One can find that definition of I-semigroups in [12], where
the notion of radical in I'-semigroups and the notion of I'S-act over a I'-semigroup has been
introduced, in [10] and [11], where the notions of regular and orthodox I'-semigroups have
been introduced and studied. With that second definition, a semigroup (S, .) can be viewed
as a particular case of a I'-semigroup, considering I' = {7} (v € M) and defining avb := a.b.
Moreover, let M be a I-semigroup, take a (fixed) v € T', and define a. b := a~b, then
(M, .) is a semigroup. Later, in [7], Saha calls a nonempty set S a I'-semigroup if there is a
mapping S x I' x § — S | (ayb) — a~yb such that (aab)Bc = aa(bfc) for all a,b,c € S and
all o, 8 € T', and remarks that most usual semigroup concepts, in particular regular and
inverse I'-semigroups have their analogous in I'-semigroups. Although his first definition
with Sen, where I" plays the role of binary relations was better than his second one given by
means of a mapping, the uniqueness condition was missing from the first one. Many authors
tried to transfer results of semigroups or ordered semigroups to I'-semigroups or ordered
I-semigroups (shortly po-I'-semigroups) some of them using the definition of a I'-semigroup
introduced by Sen in 1981, others the second one given by Sen in 1986. The reason that
they used the two definitions is that in an expression of the form avybucvdpe, for example,
where a,b,c,d,e € M and ~, u,v,p € I, it was not clear were to put the parenthesis. On
the other hand, it is more convenient, of course, to define the I'-semigroup M via a set
I" of binary relations than to define it as a mapping of M x I x M into M. Adding the
uniqueness condition in the definition given by Sen and Saha in [9], we avoid to define it via
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mappings. An ordered I'-semigroup (shortly po-T'-semigroup) defined by Sen and Seth in
[13], is a I-semigroup together with an order relation < such that a < b implies aye < byc
and cya < cyb for all c € M and all v € T.

A nonempty subset A of a po-I'-semigroup M is called a right (resp. left) ideal of M
it (1) ATM C A (resp. MTAC A) and (2) Ifa € Aand M 5b<a,thenbe A. Ais
called an ideal of M if it is both a right and a left ideal of M. For H C M, we denote
(Hl={te M |t <a for some a € H}. Using that notation, the second property of a right
(left) ideal A can be obviously written as (A] = A. A po-T-semigroup M is called right
(resp. left) duo if its right (resp. left) ideals of M are two-sided. It is called duo if it is
right duo and left duo. A po-I'-semigroup M is called commutative if AT'B = BT'A for all
A,B C M. A subset A of an ordered I'-semigroup M is called idempotent if A = (AT A].

L. Kovécs was the first who observed that the regular rings (introduced by J.v. Neu-
mann) can be characterized by the property AN B = AB for every right ideal A and every

left ideal B, where AB is the set of all finite sums of the form > a;b;; a; € A, b; € B

[4]. K. Iséki studied the same for semigroups and characterized the regular semigroups as
semigroups satisfying the property A N B = AB for all right ideals A and all left ideals B
[3]. Theorem 3 below is the analogous of the characterization of regular semigroups given
by J. Calais in [2].

In this paper we consider the definition of I'-semigroup defined by Sen and Saha in 1986 in
which we add the uniqueness condition (which is absolutely necessary for the investigation).
The aim is to show the way we pass from ordered semigroups to ordered I'-semigroups,
to point out that the results of ordered semigroups can be transferred into ordered I'-
semigroups, and emphasize the fact that, exactly as in ordered semigroups, in many results
of po-I'-semigroups points do not play any essential role but the sets. In this purpose, some
well known results of ordered semigroups in case of ordered I'-semigroups are examined.

2. Main results. For two nonempty sets M and I', define MI'M as the set of all
elements of the form miymso, where my,ms € M, v € I'. That is,
MTM :={myymg | my,mg € M,y €T}.

Definition 1. Let M and I" be two nonempty sets. The set M is called a I'-semigroup if
the following assertions are satisfied:
(1) MTM C M.
(2) If m1,ma,m3,ma € M, 71,72 € I" such that mq = ms, 71 = 72
and mo = my, then miy1ms = mgyamy.
(3) (m1y1ma)yams = myy1(mayams) for all mq, ma, mg € M and all y1,72 € T.

In other words, I' is a set of binary operations on M and the following condition is
satisfied:
(m1y1ma)y2ms = miy1(meyems) for all my, mo, ms € M and all v1,72 € T'.

According to that ”associativity” relation, each of the elements (miy1ma)yams,
and mi7y1(mayems) is denoted as mqy1mayams.
That is,

(3") miyimayams := (miy1ma)yams = mayi(mayams).
There are several examples of I'-semigroups in the bibliography. However, the example
below based on Definition 1 above, shows clearly what a I'-semigroup is.

Example 2. (A) Consider the two-elements set M := {a, b}, and let I' = {, u} be the set
of two binary operations on M defined in the tables below:
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5y a b u a b
a a b a b a
b b a b a b

One can check that (zpy)wz = zp(ywz) for all z,y,z € M and all pw € I'. So M is a
I'-semigroup.

(B) Consider the set M := {a,b,c}, and let I" = {7, u} be the set of two binary operations
on M defined in the tables below:

ol |2
ol |
Q0|
ST EST Nl e
SEESAESERS
QIO|[TS
> e|lo o
SEESAESRES

Since (zpy)wz = xp(ywz) for all x,y,z € M and all p,w € T, M is a I'-semigroup.

Using conditions (1)—(3) one can prove that for an element of the form
mi1y1May2Mmsy3my one can put a parenthesis in any expression beginning with some m;
and ending in some m;, that is,

miy1iMmoY2amaysmy : = (miyime)yemayzmy = miy1(mayams)yzma
= ml“/1m2“/2(m3’73m4) = (m171m272m3)73m4

= mayi(meyamsyzma) = (Mmiyima)y2(msyzma).

In general, for any element of the form

m17y1Mm27y2M37y3my........ Tn—1MnYnMnp41,
one can put a parenthesis in any expression beginning with some m; and ending in some
m;, that is, for example, in

m1y1(May2ms)y3my........ V1M Y M1 1 OT

myyimayz(msay3my........ Yr—1Mn) Yn Mo 41
In this paper we will mainly use expressions of type M1y Mo’ M3 and M1T'y Moo M3T's My.
For expressions with more that seven words, we work in a similar way.

One can easily prove that condition (3') can be equivalently defined as follows:

M1F1M2F2M3 = (erlMg)F2M3 = erl(M2F2M3) for all Ml,Mg, M3 g M

and all Fl,rg - I.
As far as the M1y Moo M3T's My is concerned, the following are equal to each other:

(M Ty Mo)ToM3l3s My, My (Moo M3)l3My, My MoT'y(MaI'3sMy),

(MT'y Moo M3)Ts My, M1y (MaToMsTsMy), (M1 Ma)To(MsI's My).

For a nonempty subset A of M, we denote by R(A) (resp. L(A)) the right (resp.
left) ideal of M generated by A and by I(A) the ideal of M generated by A. We have
R(A) = (AUAT M]. Indeed: First of all, the set (AU AT'M] contains A, and it is nonempty.
Moreover,

(AUATMITM = (AUATMII(M] C ((AU AT M)T'M]

(ATM U (ATM)T M) = (AT M U AT (MT M)
(ATM] C (AU ATM],

and ((AU AT'M]] = (AU AT'M], that is, (AU AT'M] is a right ideal of M containing A.
Now, if T is a right ideal of M containing A, then (AU ATM] C (T UTTM]| = (T] =T.
Similarly, L(A) = (AU MTA], I(A) = (AU ATM U MTAU MTATM].
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An ordered semigroup S is called regular if for every a € S there exists € S such
that a < axa. An ordered semigroup S is called intra-regular if for every a € S there exist
z,y € S such that a < za?y. An ordered I'-semigroup M is called regular if for every
a € M there exist x € M and 71,72 € I such that a < ay12v2a. An ordered I'-semigroup
M is called intra-regular if for every a € M there exist x,y € M and v1,72,73 € I such
that a < zy1a7v2a7v3y. As one can easily see, a po-I'-semigroup M is regular if and only if
a € (a'MTa] for all a € M, equivalently, if A C (ATMT A] for all A C M. It is intra-regular
if and only if a € (MTal'al'M] for all a € M, equivalently, if A C (MTATAT'M] for all
ACM.

On the other hand, an ordered semigroup S is regular if and only if for every right ideal
A and every left ideal B of S, AN B C (AB], equivalently, AN B = (AB]. This result
can be naturally transferred into ordered I'-semigroups as follows: An ordered I'-semigroup
M is regular if and only if for every right ideal A and every left ideal B of M, we have
AN B C (AT'B], equivalently, AN B = (AT'B]. In fact, suppose A be a right ideal and B a
left ideal of M. If M is regular, we have

ANB (AN B)TMT(AN B)] C ((ATM)T'B] C (ATB]
n

(ATM] N (MTB] C (A]n(B] = AN B.

N 1N

For the converse statement, we see that

A C RANL(A) C(R(ATL(A)] = (AUATM|T (AU MT A]]
= ((AUATM)T(AUMTA)]=(ATAUATMTAU (AT (MTM)T A]
(ATAU AT MT A,
from which
ATA C (ATAUATMTA|T(A] C (ATATAU AT (MTA)T 4]
C (ATMTA].

Then A C ((ATMTAJU ATMT A] = ((ATMT'A]] = (ATMT A], so M is regular.

If M is a duo po-I'-semigroup and the ideals of M are idempotent, then M is regular.
In fact, let A be a right ideal and B a left ideal of M. Since M is a duo A and B are ideals
of M. Then AN B is an ideal of M and

ANB=((ANB)I'(ANB)] C (ATANBTANATBN BT'B] C (AT'B],
so M is regular.

An ordered semigroup S is intra-regular if and only if for every right ideal A and every
left ideal B of S, we have AN B C (BA]. An le-semigroup is intra-regular if and only if
for every right ideal element a and every left ideal element b of S, we have b A a < ba. The
corresponding result on ordered I'-semigroups is the following: An ordered I'-semigroup M
is intra-regular if and only if for every right ideal A and every left ideal B of M, we have
AN B C (BT'A]. Exactly as in the case of regular ordered I'-semigroups, this result can be
proved using only sets.

A nonempty subset B of an ordered semigroup S is called a bi-ideal of S if (1) BSB C B
and (2) If a € B and S 50 < a, then b € B. A nonempty subset @ if an ordered semigroup
S is called a quasi-ideal of S if (1) (@S]N (SQ] C Q and (2) If a € Q and S 5 b < a, then
b € Q. A nonempty subset B of an ordered I'-semigroup M is called a bi-ideal of M if (1)
BI'MTB C B and (2) If a € B and M 5 b < a, then b € B. A nonempty subset @ of an
ordered I'-semigroup M is called a quasi-ideal of M if (1) (QTM]N (MTQ] C @ and (2) If
a€@and M >3b<a,thendbe Q.
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Each quasi-ideal of an ordered semigroup S is also a bi-ideal of S. Analogous result for
an ordered I'-semigroup M also holds. In fact, if Q be a quasi-ideal of M, then

QTMTQ C QT(MTM)N(MTM)IQ
C QI'MNMTQ C (QTM]n (MTQ] C Q.

In regular po-I'-semigroups the concepts of bi-ideals and quasi-ideals coincide. In fact:
Let M be a regular po-I'-semigroup and B a bi-ideal of M. Then BTMT'B C B and
B C (BTMT'B]. Since BTMTB C B, we get (BTMT'B] C (B] = B, so B = (BI'MT'B].
Moreover, M is idempotent. Indeed, since M is regular, we have M C ((MTM)T'M] C
(MT'M] C (M] =M, so M =(MTM]. On the other hand, since M is regular and (BI'M]|
(resp. (MT'B)) is a right (resp. left) ideal of M, we have

(BTM]N (MTB] = ((BTM|T(MTB]| = (BTMTMTB]
BT (MTM]TMT B] (since M is idempotent)
BI(MT M) MTB]

BIMTB] = B.

o~ o~~~

c

Theorem 3. An ordered T'-semigroup M is reqular if and only if the right and the left
ideals of M are idempotent and for every right ideal A and every left ideal B of M, (AT B|
18 a quasi-ideal of M.

Proof. =>. Let A be a right ideal of M. Since M is regular, we have A C (AI'(MT A)] C
(AT'A] C (AT'M]. Since A is a right ideal of M, (ATM] C (A] = A. Thus A = (AT'4], and
A is idempotent. Similarly, the left ideals of M are idempotent.

Let now A be a right ideal and B a left ideal of M. Then (AT'B] is a quasi-ideal of M.
In fact, since M is regular, we have AN B = (AT'B], so it is enough to prove that AN B is
a quasi-ideal of M. First of all, AN B # (. Indeed, let a € A, b€ B,y €T (4,B,T #0),
then ayb € ATM C A and ayb € MT'B C B, thus ayb € AN B. Moreover,

(AN B)TM] N (MT(AN B)] C (ATM] N (MTB] C (A]n (B] = AN B,

andifx € ANB and M >y <z, then y € AN B. Hence AN B is a quasi-ideal of M.
<. Let A C M. Since R(A) is a right ideal of M, it is idempotent, so

)
ACR(A) = (RATR(A)] = (AU ATM]T(AU ATM]
= ((AUATM)D(AUATM)]
(ATA U AT(MT A) U AT(ATM) U AT(MT A)T M]
(AT'M].

-

Similarly, A C (MTA], so A C (ATM] N (MTA]. As (ATM], (MTA]) are right and left
ideals of M, respectively, they are idempotent, that is,

(ATM] = (ATMT(ATM]] and (MTA] = (MTAJT(MT A]).
Therefore, we have

A C ((ATM]D(ATM]] N ((MTAT(MTA]|
((ATMT AT M) N (MT(ATMT A]].

Since M is a right ideal of M, by hypothesis, it is idempotent i.e. M = (MTM]. Thus
we have (ATMTA] = (AT(MTMT'A] = ((ATM]T(MTA]]. Since (AT'M] is a right ideal
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and (MT'A] a left ideal of M, by hypothesis, (AT M|I'(MTA]] is a quasi-ideal of M. Then
(AT MT A] is a quasi-ideal of M, that is,

((ATMTA]TM] N (MT(ATMT A]] C (ATMT A.
Thus we obtain A C (ATMT A], and M is regular. O

As a consequence, a duo (and so a commutative) po-I-semigroup M is regular if and
only if the ideals of M are idempotent.

Proposition 4. Let M be a po- T'-semigroup, R (resp. L) a right (resp. left) ideal of M
and ) # A C M. Then (RTA] (resp. (AT'L)) is a bi-ideal of M.

Proof. First of all, (RT'4] is a nonempty subset of M. Moreover,
(RTAITMT(RTA] C (RTAT(M|T(RTA] C ((RTA)TMT(RTA)]

(RT(ATM)T'RT A] C ((RTM)TRT 4]

(RTRT'A] C ((RTM)T'A) C (RTA],

so (RT'A] is a bi-ideal of M. If a € (RT'A] and b € S such that b < a, then b € (RTA].
Similarly, (AT'L] is a bi-ideal of M. O

N

Theorem 5. Let M be a reqular ordered I'-semigroup. Then B is a bi-ideal of M if and
only if there exists a right ideal R and a left ideal L of M such that B = (RT'L].

Proof. =>. Let B be a bi-ideal of M. Since M is regular, we have B = (B MTB], and
M = (MTM]. Hence we obtain

B = (BTMTB] = (BT(MTM]|T'B] = (BT M|T(MTB]],

where (BI'M] is a right ideal and (MT B] a left ideal of M.
<. If R is aright ideal and L a left ideal of M then, by Proposition 4, (RT'L] is a bi-ideal
of M. O

Proposition 6. A po-TI'-semigroup M is reqular if and only if for every right ideal R, every
left ideal L and every bi-ideal B of M, we have RN BN L C (RT'BT'L].

Proof. We first remark that the property
A C (ATMTATMT AT MT A] for every A C M
characterizes the regular po-I'-semigroups. In fact: Since M is regular, we have

A C (ATMTA]C ((ATMTATMT (AT MTA]|
= (ATMTATMTATMTAJ.

Conversely, if A C (ATMTATMTATMT A], then we have

A C (AT(MTAT(MTATMTA] C (ATMTMTMT A
= (AT(MTM)TMTA] C (ATMTMTA]
(AT(MTM)TA] C (ATMT A],
and M is regular.
—>. Let R be a right ideal, L a left ideal, B a bi-ideal of M. Since M is regular, we have
RNBNL C (RNBNLYI'MT(RNBNLTMIRNBNLIT'MI'(RNBNL)
(RTMTBTMTBTMTL] = ((RTM)I'(BTMT'B)I'(MTL)]

C
C (RUBTL.
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<. Let R be a right ideal, L a left ideal of M. Then RN L C (RT'L]. Indeed: Since M is
a bi-ideal of M, by hypothesis, we have RN L C (RTMT'L] C (RT'L]. O
In a similar way we prove the following

Proposition 7. A po-I'-semigroup M is intra-regular if and only if for every right ideal R,
every left ideal L and every bi-ideal B of M, we have
RNBNLC(LTBTR].

Proposition 8. A po-T'-semigroup M is both reqular and intra-regular if and only if for
every right ideal R, every left ideal L and every bi-ideal B of M, we have RN BN L C
(BTRT'L).

Proposition 9. A po-TI'-semigroup M is intra-reqular and the left ideals of M are idempo-
tent if and only if for every right ideal R, every left ideal L and every bi-ideal B of M, we
have RNBNL C (LI'RT'B].

Proposition 10. A po-I'-semigroup M is intra-reqular and the right ideals of M are
idempotent if and only if for every right ideal R, every left ideal L and every bi-ideal B of
M, we have RN BN L C (BTLI'R].
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