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ABSTRACT. Borrowing a technique due to Ando-Li-Mathias, we define a geometric mean
of (k4 1) (positive invertible) operators from that of k (or a k-tuple of) operators with
a parameter A € (0,1]. If A = 1, then the corresponding geometric mean G (= G1) of
(k 4+ 1) operators is one defined by Ando-Li-Mathias, and if A = 2/3, then G, is one
given by one of the authors in the preceding paper. We also show that a formula due
to Yamazaki of the geometric mean for a 3-tuple of 2 X 2 matrices satisfying a trace
condition does not depend on any choice of a parameter in construction.

1. INTRODUCTION

Borrowing a technique presented in Ando-Li-Mathias [2], based on the Riccati equation,
one of the authors defined new geometric means of more than two (positive invertible)
operators on a Hilbert space [9]. In succession of the paper we shall define such geometric
means with parameters.

Let A and B be operators on a Hilbert space H. Then the weighted geometric (or a-
power) mean Aff, B for « € (0,1] is defined [6] by

AfoB = A3(A"2BA"7) A3,

The usual geometric mean AfB is given as the case o = 1/2. For three operators A, B,C
and for A € (0,1], let us define three sequences {Ax .}, {Ban} and {Cy,}, by Ax1 =
Aa B)\,l = Bv C)\,l = Ca

A)\,n+1 = A)\,nlj)\(B)\,nle)\,n)v
(1.1) Bxn+1 = Banfa(CxnffAr,) and

C/\,n+1 = C,\7nﬁ)\(A,\7nﬁB,\7n) forn > 1.
Then we shall obtain a common limit of them, which we define a geometric mean G =
G (A, B, C) with a parameter A. If A = 1, then the geometric mean G (= G1) is one defined
in [2], and if A = 2/3, then G is one defined in [9].

The above technical device using sequential limits due to Ando-Li-Mathias causes the
geometric mean G to satisfy a property, permutation invariance (P3, below) for three
operators. In [2], Ando-Li-Mathias stated the following ten postulates for a geometric mean

G(Ay, ..., Ag) of k (or a k-tuple of) operators Aq, ..., Ax to be a reasonable one, (the usual
geometric mean G(A;1, As) = A1fAs is reasonable):

P1 Consistency with scalars. If Ay, As, ..., Ay commute then

G(A1, Ay, .. Ap) = (A1 Ay .. Ag)F.
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k
—
P1’ This implies G(A4,... ,A) = A.
P2 Joint homogeneity. G(a1A1,a2d4s,... ,axA;) = (a1az2--- ak)%G(Al, Ag,... Ag) for
a; >0 withi=1,... k.
P2’ This implies G(aA1,aAs, ... ,aAr) = aG(A1, As, ..., Ax) (a >0).

P3 Permutation invariance. For any permutation m(Aj, Ag, ..., Ag) of (A1, Aa, ..., Ag),
G(A1,As, ... Ar) = G(m(Ay, As, ..., Ag)).

P4 Monotonicity. The map (41, Aa, ..., A,) — G(A1, A, ..., A,) is monotone, i.e., if
Ai 2 Bl for i = 1,...,]{), then G(Al,AQ,... ,Ak) 2 G(Bl,BQ,... ,Bk).

P5 Continuity from above. If {Agn)}, {Aén)}7 . ,{A,in)} are monotonic decreasing
sequences converging to Aj, As, ..., Ay, respectively, then {G(Agn)7 Ag"), ... ,A,(C"))}
converges to G(Aj, As, ..., Ag).

P6 Congruence invariance. For any invertible S,
G(S*A18,5" A8, ... 8" ARS) = S*G(A1, Ag, ..., Ak)S.
P7 Joint concavity. The map (A;, Ag, ..., Ax) — G(A1, Aa, ..., Ai) is jointly concave:
GAAL + (1= NAL M + (1= NA, . A+ (1= N A7)

> ANG(A1, Ag, . AR) + (1= NG(AL AL, .. AL (0< A< 1),
P8 Self-duality. G(A1, Ag, ..., Ax)* = G(A1,As, ..., Ag). The dual G(A1, Ag, ..., Ag)* is
defined by
G(A1, Ag, ... AR)* = G(ATH ALY, AL
P9 (In case Ay, As, ..., A are matrices.) Determinant identity.
det G(A1, Ao, ..., Ag) = (det A; - det Ay - - - - det Ay)®
P10 The arithmetic-geometric-harmonic mean inequaility.

Ay 4 Ay + -+ Ay A;1+A51+---+A;1)—1
k k '

In this note, we define a geometric mean of (k+1) operators with a parameter A which still
satisfies the above properties P1-P10 from a given geometric mean of k operators satisfying
all properties. Based on a method in [2], Yamazaki [11] obtained a formula of the geometric
mean of 2 X 2 matrices under a trace condition. We shall show that the formula does not
depend on any special choice of a parameter in the process of construction.

Without occurrence of ambiguity, we shall often abbreviate the letter A. All operators
(or matrices) are assumed to be positive invertible (or positive definite) if stated otherwise.

> G(A1, As,e, Ar) =

2. DEFINITION OF GEOMETRIC MEANS OF MORE THAN TWO OPERATORS

Let Q be the set of all (positive invertible) operators on H. Then the Thompson metric
on § is defined ([10], [3], [4]) by

d(A, B) = max{log M(A/B), log M(B/A)} for A,B € Q,

where

M(A/B) =inf{u>0: A< uB} (=| B"V/2AB~/?|)).
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We remark that € is complete with respect to the Thompson metric topology. As a basic
inequality with respect to the metric, the following inequality for a weighted geometric mean
of two operators holds [3], [4]:

(AlﬁaA2vBlﬁaB2) (1 _a) (AlvBl) +ad(A2aB2)

2.1
( ) for Al,Ag,Bl,BQEQandozE(O,l).

Now in order to define our geometric mean G (Ay, ..., Ag+1) of (k+ 1) operators from a
given one of k (> 2) operators, we want to assume a useful inequality:

k
Z (A, BY)

(2.2) d(G(Ay, ..., Ay),G(By, ... B

P?'I'—‘

for another k-tuple of operators By, ..., Bg.

Theorem 2.1. The geometric mean Gx(Aq, ... Ak+1) is always defined as the common
limit of the following (k + 1) sequences {AY)}, {Akﬂ} of (k+1) operators Ay, ..., Apt1:

Agl) =A; for i=1,...,k+1, and
(23) AT = APBGAT) 20 (= AVRGAT o AT AR AR
forr>1,i= 1,...,k—|—1.

where X € (0,1] and G(Aq,..., Ag) is a geometric mean of k operators satisfying P1-P10
and the inequality (2.2). The geometric mean Gx(Ax, ..., Ax11) satisfies P1-P10, and fur-
thermore, the following inequality holds:

k+1
1
(2.4) d(GA(A1, ...y Apy1), Ga(B, ..., Bry1)) < ynY ;d(Ai, B;)

corresponding to (2.2) for another (k + 1)-tuple By, ..., Bp+1 of operators.

Proof. To see that all sequences {AET)} are convergent with a common limit we first
show that for i, =1,..,k+1,i # j

. . E—1.\"
(2.5) (AU, ATy < (1 - TA) d(A;, A;).

By the definition (2.3) of AET) and the inequalities (2.1) and (2.4), we have

d(ATD, ATTYY = (AT B G (AT ) ), AV (A i)
< (1= XA, ADY £ Md(GUAT ) ezi), GUAT ) ezy))
< (1= (A, AT) 42 ;d(AET),A§T))

k-1 (1) ()
(- B a2
Hence by iteration with respect to r we can obtain the desired inequality. Next we show

1 r—1
(2.6) d(ATY AN < % <1 - %A) K,
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k+1
where K; = Z d(A;, As). Note that
(=101

—~
AT = AP AN A,

Using (2.2), we have

d(ATTA) < A(G(AY)ezi), GAST, s AT < -

Hence from (2.5)

k+1 r—1 r—1
(1) 40y < A k-1 VoA k1 ,
d(ATY A7) < Z,<1 — d(A, A7) = 7 (1= =2 K;,

E

which is the desired inequality. Now we see that for any ¢, the sequence {Agr)} is convergent,
or a Cauchy sequence. In fact, for r < s

s £—1
d(ATHD| 4G+ Z d(AD | 4D < %Kz (1 k- . 1)\>
l=r+1 r4+1

A E—1\" k—1 K; E—1.\"
<ZK;-(1- — =] .
<K, (1 . >\> /( . >\> k_1<1 . )\)

Hence d(4; (r+1) 4 SJrl)) — 0 as r(< s) — oo, so that {AZ(.T)} is convergent. From (2.5), we
easily see that all {Air)} have the same limit, which guarantees the desired geometric mean
to be defined.

It is not difficult to see that the geometric mean G)(Aj,..., Ax+1) satisfies all proper-
ties P1-P10. For example, to see P3, let m(Ay, Aa,... , Ary1) = (Az@)s o Arig1)) be a
permutation of (Aq, Aa, ..., Agxt1), and let

1351) 14(1)

0]

) = Ari), B = B G((B );Qz)

fori=1,..,k+1, r>1.

Then we see that Bi(r) = AE:()Z.). In fact, assuming that Bgr) = AS:()i) (i=1,.,k+1), we
have

(T‘+1) Ag:l)ﬂAG(( )j;éz) — A;”‘(;f’)l)

Hence {Bi(r)} and {AE:()Z)} coincide, so that they converge to the same limit, which is desired.

For the inequality (2.4), let the sequences {BY)}, veey {B,(Ql} be defined corresponding
to Bi,..., Bit1, similarly as (2.3) for Aq,..., Agy1. Then for each i, from (2.1) and the
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assumption (2.2), we have
d(AT D BI) = d(ATBG((A)0). BB G((B])j2)

< (1= Nd(A", B) + M(G(AN)j20), GU(B)24))
k+1

s s 1 T T
< @=NdA” B A2 DT dA). B
j=1,j#i
k+1
k+1 (") plr)y A (r) plr)
:(1—TA)d(Ai , B )+E2d(Aj ,B}").
j=1

Summing up all d(AET'H), B§T+1)) with respect to i, we have

k+1
Tryn = Zd r+1) ;S r+1))

k+1

k+1
1 1 "
(1—]“LA> S d(AD, B k‘L A§ d(A" B
=1

k+1
=" dA",B") (= a,).
i=1
k+1
Hence 0,41 < 0 < -+ < 01, that is, 0,41 < Z d(A;, B;). Taking the limit as r — oo, we
have the desired inequality since 0,41 — (k —|—11)1d(G>\(A1, veey Akt1), GA(B1, ..., Bi41))-

Example 2.2 Let

10 1 41 49 10
Al:{ 1 0.2]’ AQ‘[4.9 6.1]andA3_[o 1]'

Then by numerical computation we have, (discarded less than 10710))

1.6472832734 0.6138234917

_ A 40 g0
Guys = [ 0.6138234917  0.8357878097 }(_ ArT =4y = Ay for v 2 39),

_ [ 1:6499095763  0.6157374707 | 1) _ 40 _ 400 po <
Gz [0.6157374707 0.8358837675}(_ AvT = A7 = Ay forr 220),
_ [ 16600838645 06231334993 | _ () _ 40 _ 400 p <
Cz/a {0.6231334993 0.8362802552](_ Art =4y = Ay forr 2 4)

and

G — 1.6970826618 0.6497880663
! 0.6497880663 0.8380408114

](: A = A5 = AT for r > 39).

Now for more convenient expression, denote by (G, ) = (G, \)(Aq, ..., Ax+1) the geomet-
ric mean constructed as in Theorem 2.1. Then successively we can define

(G, A5 20) = ((Gy M1, oy Ae—1), Ae)-
k—2

Let G = ﬂ(Al,AQ) = AlﬂAg. Then ( s

,1,...,1) is the geometric mean (of k operators)
given by Ando-Li-Mathias in [2], and (f; %, -

) is one given in [9)].

Example 2.3. Let
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2 1 11 3 V2 10
A1—|:1 1:|,A2—|:1 2:|,A3—|:\/§ 1 :| and A4—|:O 1:|

Then by numerical computation, we obtain, (discarded less than 1071)) for r > 4,

23 [ 1.4126934750 0.7066270669
(85, 4) (A1, Az, A3, 4a) = [ 0.7066270669 1.0331915013

= A ) = ap = a0
3. YAMAZAKI'S FORMURA FOR THE GEOMETRIC MEAN OF THREE MATRICES
Let Ay, A and Az be 2 x 2 (positive definite) matrices. Write
Gs = (§,1)(A1, A2, A3) (G2 = A184s).
Related to G, refining a result in [2], Yamazaki [11] presented the following formula : If
det A; =1 for i = 1,2, 3, then
AL+ Az + A
Gs =
\/det(Al —|— AQ —|— Ag)

under the trace condition:
(3.1) (A7 Aj) = ¢ (aconstant) fori,j =1,2,3, i # j.

Here 7(A) is the trace of A. (In [11], Yamazaki further presented the similar formula as
above for more than three matrices.)

With respect to the above result, we show the following fact, which implies that every
parametrized geometric mean G3 = (#, \)(A1, Aa, As) coincides, that is, G5 does not depend
on A under the condition (3.1):

Theorem 3.1. Let Ay, Aa, Az be 2 X 2 matrices with det A; =1 (i = 1,2,3). Then under
the condition (3.1)
- A+ A+ A
(3.2) Gy = (B A)(A1, A, Ag) = —2E 22088 ooy A e (0,1].
Vdet(Ar + Ay + A3)

Before we prove the theorem, we want to provide a lemma:

Lemma 3.2. Let A, B be 2 X 2 matrices such that det A = det B =1, and let A € (0,1].
Then

(3.3) AfrAB = ¢A(T(A7'B))A + ¥a(r(A'B))B,
where
1 t+vE—d\ " (i—vE—3\
(45 (7))

Ya(t) =

P 5 5 for t>2

1 (H\/m)t Cwm)k

and
OA(2) = lim oA (1) = 1= A, 9a(2) = lim (1) = A
In particular, (for A = 1/2) [2, Proposition 2.1]

_ A+B _ A+B
(34 A8 = VT(A-1B) +2 <_ \/det(A—i—B)) '
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Proof. Let C be a 2 x 2 matrix such that C # I and det C = 1. (I is the identity
matrix.) Then we can see o(C) = {p,p~'} (the spectrum of C) with some p > 1. Hence
from [2, p. 310], we have

1-X _ —(1=X) A=A
(3.5) cr=t P, PP ¢
p—p p—p
+ 24
It follows from 7(C) = p + p~* that p*! = (©) 2T(C) . Hence
(3.6) C* = oA(7(C)) Iz + A (7(C))C.

Now for A, B we may only consider the case A # B. Then note that A='/2BA~1/2 #£ I,,
det(A=Y2BA~Y/2) = det(A~'B) = 1, and that 7(A~"/2BA~1/2) = 7(A~' B) since
o(A"Y2BA~Y/2) = 6(A~'B). Hence, replacing C by A~Y/2BA~1/2 in (3.6), we have

(AV2BATY)N = 95 (1(A7'B)) I + ¢ (1(A™' B))A~/2BA/2,
Multiplying by A'/2 both sides of the above identity from the left and the right, we now

obtain the identity(3.3). For A = 1/2, we can see that ¢x(t) = ¥a(t) = ﬁ We can also

see that
det(A+ B) =det A~  det(A+ B) =det(l, + A'B) = 7(A™'B) + 2.
This implies the desired identity (3.4).

Proof of Theorem 3.1. What we have to prove is, for all » > 1, and i = 1,2, 3

3
(3.7) AD =0, A+ 8, Y A
Jj=1g#1

holds for some scalars a;, and G, (each of which does not depend on i): In fact, if (3.7)
holds, then by the similar argument as in [2, p.329-330], or, by direct computation, we have

lim o, = lim G, = «
T —00 T —00

for some a, so that Gs = a(A; + As + As), or
1
o= ,
\/det(Al —|— AQ —|— Ag)

which is desired.

Now our task is to show (3.7) (by induction on 7). For r = 1, this is clear, since we can
put a3 = 1 and B; = 0. Assume that (3.7) holds (for 7). Then we have to show that the
identity holds for r» + 1 instead of r, that is,

3
(3.8) AT = a1 A+ B Z Aj
i=Li#i

for some scalars o471 and [,11. We devide the proof into four steps.

Step 1. ¢, := T((AET))_lA;T)) (for i # j) does not depend on 4, j, or, more precisely,

(3.9) cr = (44 2¢)a, By + (2 + 3¢) 5% + ca?.
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To see this fact, first note that det A, = 1 (for £ = 1,2,3) and det AET) =1 (by P9), so that
the inverse operation on 2 x 2 matrices assures

-1

3 3
AN = apdi + 6, 3. Al =aAT + 8 D AL
0=1,0%i 0=1,0%#i

Hence, (for example,) for i =1,j = 2,

(A7) A = (AT + B, A7+ Br AT ) (o Ag + B Ay + B, Ag)
= 047,57,(212 + Al_lAg + A3_1A2) —+ 572([2 —+ A2_1A1 —+ AglAl —+ A2_1A3) =+ Oé%Al_lAQ.

(From this and the trace condition, we have
(My—=1 4(r)y _ 2 2 _
T((A;7) Ay ) = (44 2¢)aBr + (24 3¢) B2 + ca = cy.
For other pairs of 7, j we can obtain the same value c;.

Step 2. Let

d, = and e, =

"2+ V2+e

Then from (3.4), (3.7) and Step 1, we have

1
V(A 1AD) + 2
\/C:T[QﬁrAB + (ﬁw + ar)(Al + AQ)}
=d,As + er(Al + Ag).

G((A])s) = A4y = (A + 457

J

Similarly, we have G((A'));21) = dr A1 + er(Az + Az) and G((A7);22) = dr Az + e, (A3 +
Ay).

Step 3. We have to show that f,. := T((AET))_lG((Ag»T))#i)) is independent from . For
i =1, by (3.7) and Step 2, we have

fr=r <<ozTA1 + 6Br(A2 + Ag)) - (d,,Al + er(Ag + A3)>>

T <<arA1_1 +Br(Ay" + A51)> (drfh ter(Aat A?»)))

7 ((ondy + 2Brer )T + arer (A7 Az + AT Ag)
+ Brdr (A3 AL + A7 AL) + Bren(Ay T As + AT As))
= 2a,.d, + (44 2¢)B e, + 2care, + 2¢6,d,..

For ¢ = 2 and 3, we can obtain the same value f,.. This is what we want in this step. Now
in the final step, we show (3.8):
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Step 4. By (3.3), Steps 2 and 3, we have

AT = AP G((A)20)

= on (AP TG(AT)120)) AT + 0 (AP IGUAT) 1)) ) GUAT 1)

3 3
=oa(fo) | ordi + 80 D Aj | +Un(f) [dedi+er D A

Jj=1,j#i j=1,j#i
3
= {ar(b/\(fr) + drw/\(fT)}Ai + {ﬁf(b/\(ff) + er%(fr)} Z Aj'
J=Lj#i

Putting

Qpi1 = ar¢A(fr) + drw)\(fr) and 5r+1 = 5r¢)\(fr) + eT’d})\(fT)a
we obtain the desired (3.8).

Remark 3.4. A nontrivial example of a triple of 2 x 2 matrices with their determinants
1, satisfying the trace condition (3.1) is given as follows: Let ¢ > 2, and let a,b be positive
numbers such that a(c — a) > 1,b(c — b) > 1, respectively, and further the identity

(3.10) (c+2)(a® +b*+1) —2c(ab+a+b) =0

holds (In fact, the parameters a = 1, b = 2 and ¢ = 3 satisfy these conditions). In case
(a+b—1)c—2ab> 0, we put

_ a alc—a)—1 B b blc—0b)—1
A= alc—a) —1 c—a }’ AQ_{ bc—b) —1 c—b

and Az = I>. Then it is easy to see that det A; = 1 for all 4. For the trace condition, it is
also easy to see T(A7 ' A3) = 7(A; ' A3) = c. So it suffices to show that 7(A7 ' Az) = c. Since

(A7 Ag) = (a+ b)e — 2ab — 2v/a(c — a) — 14/b(c — b) — 1,
we have to show that
(a+b)c—2ab—2v/a(c—a) — 1y/b(c—b) =1 —c (= T(A7 ' 43) — ¢) = 0,

or, equivalently,

{(a+b—1)c—2ab}? — (2\/a(c— a) — 1/b(c—b) — 1)2 =0.
Write @ the left side of the above identity. Then
Q={(a+b—1)%—4ab}c® +4(ab+a+b)c—4(a® +b* + 1)
=(c—2){(c+2)(a®> +b* +1) —2¢c(ab+a+D)} =0

by the assumption (3.10). Hence A;, Ay and As are desired matrices.
In case (a +b—1)c— 2ab < 0, we define A} by

Al = a —v/a(c—a)—1
—va(lc—a)—1 c—a
Then A), A and Az become a desired triple of matrices.

Remark 3.5. By the similar argument as in Theorem 3.1, we can show the similar fact as
(3.2) of the geometric mean for more than three (2 x 2) matrices, though the trace condition
then becomes very restrictive.
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