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Abstract. For a finitely generated semigroup S, there exist a finite alphabet X and
a surjective homomorphism φ of X+ to S. We say that S has a presentation given
by X and φ. In this paper, we investigate finitely generated semigroups having a
presentation with regular congruence classes or with finite congruence classes.

Introduction and preliminaries. Let X be a finite alphabet, X∗ the set of all
words over X and X+ the set of all non-empty words over X , that is, X+ = X∗ − {1}.
Under juxtaposition, X∗ is the free monoid with a set X of free generators and X+ is the
free semigroup with a set X of free generators.

Let S be a finitely generated semigroup. Then there exist a finite alphabet X and a
surjective homomorphism φ of X+ to S. Let µ = {(w,w′) ∈ X+ × X+) | φ(w) = φ(w′)}.
Then µ is a congruence on X∗ and the Rees factor semigroup X+/µ is isomorphic to S.
Thus we say that S has a presentation with generators X and the congruence µ. In this
case we write as S = < X | µ >. If the congruence µ is generated by a set R of pairs of
words (that is, R is a subset of X+ × X+), then we say that S has a presentation with
generators X and relators R. In this case we write as S = < X | R >. In the theory of
rewriting systems, the congruence µR on X+ which is the smallest congruence containing
R is the Thue congruence defined by R. Thus, S = < X | R > = < X | µR >.

A semigroup S has a finite presentation if there exist a finite set of X and a surjective
homomorphism φ of X+ to S and a finite set R consisting of pairs of words over X such that
the Thue congruence µR equals the congruence {(w1, w2) ∈ X+ × X+ | φ(w1) = φ(w2)}.

Any subset of X∗ is called a language over X . A language L over X is called regular if it
is accepted by a finite automaton. (See [6] for automata theory). We say that a semigroup
S has a representation with regular congruence classes if there exist a finite set X and a
surjective homomorphism φ of X+ to S such that φ−1(φ(w)) is a regular language for any
word w ∈ X+. While, a semigroup S has a representation with finite congruence classes if
there exist a finite set X and a surjective homomorphism φ of X+ to S such that φ−1(φ(w))
is a finite set for any word w ∈ X+. In 1971, A. V. Anisimov proved that a group G is a
finite group if and only if there exists a surjective homomorphism φ of X∗ to G such that
φ−1(φ(1)) is a regular language. This is just the case that a group G has a representation
with regular congruence classes. On the other hand, from the results in word problems for
semigroups obtained by J.H. Remmers or P.A. Cummings and R.Z. Goldstein, we know that
any finitely presented semigroup satisfying either the condition C(3) or the two conditions
C(2) and T (4) has a presentation with finite congruence classes. (Refer to [2], [4], [5] and
[8] for the conditions C(p), T (q).) In this paper we study finitely generated semigroups
having a presentation with regular congruence classes or with finite congruence classes.

All the undefined terms are referred to [4].
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1 Presentations of semigroups with regular congruence classes Let X be a
finite alphabet and L a language over X which is contained in X+. Define a relation
σL of the free semigroup X+ by wσLw′ (w,w′ ∈ X+) if and only if the set {(x, y) ∈
X+ × X+ | xwy ∈ L} equals the set {(x, y) ∈ X+ × X+ | xw′y ∈ L}. Then σL is a
congruence on X+. It is called the syntactic congruence of X+ with respect to L. The Rees
factor semigroup X+/σL of X+ modulo the congruence σL is called the syntactic semigroup
of L denoted by Syn(L).

The following result is well known .

Result 1([7]) Let L be a language over X which is contained in X+. Then L is regular
if and only if Syn(L) is a finite semigroup.

Theorem 1 Let S be a finitely generated semigroup. Then there exist languages {Lm}m∈S

over a finite alphabet X, which are contained in X+, such that S is isomorphic to a subdirect
product of syntactic semigroups of Lm (m ∈ S).

Proof. Since S is finitely generated, there exist a finite set X and a surjective homo-
morphism φ of X+ to S. For each m ∈ S, let Lm = φ−1(m). Then it is eay to see that
φ(w) = φ(w′) (w,w′ ∈ X+) implies wσLmw′. Letting σφ = {(w,w′) ∈ X+ × X+ | φ(w) =
φ(w′)}, we have that σφ ⊆

⋂

m∈S

σLm . Next we will show that σφ ⊇
⋂

m∈S

σLm . To do so,

let w,w′ ∈ X+ with φ(w) �= φ(w′) and m′ = φ(w). Then w ∈ Lm′ but w′ �∈ Lm′ . Thus,
(w,w′) �∈

⋂

m∈S

σLm . Therefore, σφ ⊇
⋂

m∈S

σLm . So we have σφ =
⋂

m∈M

σLm . Consequently,

X+/σφ is a subdirect product of Syn(Lm) (m ∈ S). Since S ∼= X+/σφ, the theorem follows.
�

A semigroup S is called residually finite if for each pair of elements m, m′ ∈ S, there
exists a congruence µ on S such that the factor semigroup S/µ is finite and (m,m′) /∈ µ.

Theorem 2 If a semigroup S has a presentation with regular congruence classes, then
S is residually finite.

Proof. This follows from Result 1 and Theorem 1. �

We say that a semigroup S has decidable word problem if there exists a finite presentation
< X | µS > of S and for any pair of words w,w′ ∈ X∗, there exists an algorithm to decide
whether or not (w,w′) ∈ µS .

The following result follows from Theorem 2 and T.Evans [3].

Theorem 3 The word problem is decidable for semigroups having a presentation with
regular congruence classes.

The following result is a characterization of semigroups that have a presentation with
regular congruence classes.
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Let S be a semigroup. For any s ∈ S, let σs = {(a, b) ∈ S ×S | xay = s if and only if
xby = s (x, y ∈ S1)}. Then σs is a congruence on S and is called the syntactic congruence
of S at s.

Theorem 4 A finitely generated semigroup S has a presentation with regular congruence
classes if and only if for any s ∈ S, S/σs is a finite semigroup.

Proof. Let X be a finite set such that there exists a surjective homomorphism φ : X+ → S.
For s ∈ S, let Ls = φ−1(s). We will show that (*) for w,w′ ∈ X+, wσLsw

′ if and only if
φ(w)σsφ(w′). Actually, suppose that wσLsw

′. Then if aφ(w)b = s (a, b ∈ S) then pwq ∈ Ls

where p, q ∈ X+, φ(p) = a, φ(q) = b, and hence pw′q ∈ Ls. So aφ(w′)b = s. Similarly,
if aφ(w′)b = s (a, b ∈ S) then aφ(w)b = s. Thus, φ(w)σsφ(w′). Conversely, suppose that
φ(w)σsφ(w′). Then it is easy to see that wσLsw

′. Now it follows from the above property (*)
that the surjective homomorphism φ : X+ → S induces an isomorphism Syn(Ls) → S/σs.
Consequently it follows from Result 1 that for each s ∈ S, Ls is a regular language if and
only if S/σs is finite. The theorem is proved. �

The following result follows immediately from Theorem 4.

Theorem 5 For a finitely generated semigroup S, it does not depend on presentations
of S that S has a presentation with regular congruence classes.

In the remaining part of this section, we will study finiteness of some kinds of semigroups
having a presentation with regular congruence classes.

Theorem 6 Let S be a semigroup having a presentation with regular congruence classes.
Then any subgroup of S is finite.

Proof. Let e be an idempotent of S and G a subgroup of S containing e. Let g, h ∈ G
with gσeh. Then egg−1 = e and hence ehg−1 = e, which leads to g = h. Hence G is
embedded into S/σe. Since by Theorem 5 S/σe is finite, G is finite. �

As a consequence of Theorem 1 and Theorem 6, we have

Theorem 7 (Anisimov[1]) (1) For every finite group G, there exists a regular lan-
guage L of X+ such that G is isomorphic to Syn(L).

(2) If a group G has a presentation with regular congruence classes, then G is finite.

Proof. Let G be a finitely generated group. Then there exist a finite set X and a
surjective homomorphism φ : (X ∪ X−1)+ → G such that φ(X) is a set of generators for
the group G and φ(x−1) is an inverse of φ(x) for each x ∈ X .

(1) : Let L = φ−1(1). Then in the same way used in the proof of Theorem 1, we can
prove that G is isomorphic to Syn(L). By Result we have that G is finite if and only if L
is a regular language.

(2) : This is an immediate consequence of Theorem 6. �
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Theorem 8 Let S be a semigroup having a presentation with regular congruence classes.
If S is a completely (0−) simple semigroup, then S is finite.

Proof. Assume that S is a completely 0-simple semigroup having a presentation with
regular congruence classes. Then by Theorem 6, any subgroup of S is finite. Also, By
Lemma 1.3.3 of [?], S is both a 0-disjoint union of 0-minimal right ideals and a 0-disjoint
union of 0-minimal left ideals. Since S is finitely generated, S contains only finitely many 0-
minimal right ideals and 0-minimal left ideals. By Theorem 1.3.2 of [4] (Rees-Suschkewitsch
Theorem), S is finite. �

By Theorem 4, a finite semigroup S has a presentation with regular congruence classes.
However a semigroup which has a presentation with regular congruence classes is not nec-
essarily finite.

Example 1 Let X denote a finite alphabet and w1, · · · , wr nonempty words over X .
Let I = X∗w1X

∗ ∪ · · · ∪ X∗wrX
∗. Then I is an ideal of the free semigroup X+. Then the

Rees factor semigroup X+/I module I is an infinite semigroup having a presentation with
regular congruence classes.

Example 2 A residually finite semigroup S is not always a semigroup having a
presentation with regular congruence classes.

Actually, finitely generated free groups are residually finite semigroups but do not have
any presentation with regular congruence classes.

2 Presentations of semigroups with finite congruence classes. Let X be a
finite alphabet. For each word w over X , the length of w, denoted by |w|, is the number of
occurrences of letters in w.

The following result is concerned with properties of semigroups having a presentation
with finite congruence classes.

Theorem 9 Let S be a semigroup having a presentation with finite congruence classes.
Then

(1) S is an infinite semigroup.
(2) S has no idempotents.

Proof. Let φ be a surjective homomorphism of X+ to S.
(1) : If S is finite, then there exists s ∈ S such that φ−1(s) is an infinite set, since X+

is infinite.
(2) : Actually, if φ(w) = (φ(w))2 (w ∈ X+) then wn ∈ φ−1(φ(w)) for any n ∈ N. This

contradicts that φ−1(φ(w)) is a finite set. �

The following result is a characterization of semigroups that have a presentation with
finite congruence classes.

Theorem 10 Let S be a finitely generated semigroup.
Then S has a presentation with finite congruence classes if and only if the following are

satisfied :
(1) S has no idempotent.
(2) For any s ∈ S, S/σs is a finite nilpotent semigroup with a zero element 0.
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Proof. Let X be a finite set and φ a surjective homomorphism of X+ to S.
(Necessity) : (1) This follows from (2) of Theorem 9.
(2) Let s ∈ S. Then there exists n = max{|w| | w ∈ φ−1(s)}, since |φ−1(s)| is finite.

Let t ∈ X+ with |t| = n + 1. Then X∗tX∗ ∩φ−1(s) is empty and so are X∗xtyX∗ ∩φ−1(s)
for all x, y ∈ X+. Hence σs(φ(t)) is a zero element 0 of S/σs. Thus, σs(Sn+1) = {0}.

(Sufficiency) : Suppose that there exists an element s of S such that φ−1(s) is an infinite
set. Since by Theorem 4 and Theorem 5 φ−1(s) is regular, by the pumping lemma (Lemma
3.1 of [6]), there exists x, y ∈ X∗ and w ∈ X+ such that xwiy ∈ φ−1(s) for all i ≥ 1. By
the condition (2), there exists a positive integer k such that σs(φ(wk)) is a zero element 0
of S/σs. Let a = φ(xw), b = φ(w), c = φ(wy). Then s = abc = abkc and σs(bk) = 0. Thus,
σs(s) = σs(abkc) = σs(a)σs(bk)σc(a) = 0. So, σs(s2) = σs(s). Since σs consists only of s,
we have s2 = s. This contradicts the condition (1). Therefore, φ−1(s) is finite for all s ∈ S.
�

The following result follows immediately from Theorem 10.

Theorem 11 For a finitely generated semigroup S, it does not depend on presentations
of S that S has a presentaion with finite congruence classes.

Theorem 12 Let S be a semigroup with a finite presentation with a finite set X of
generators and relators consisting of pairs of words of the same length. Then S has a
presentation with finite congruence classes.

Proof. Let µR be the Thue congruence on X+ defined by R. For each w ∈ X+, if
|w′| = n and wµRw′ (w′ ∈ X+), then |w′| = n. Thus each of the congruence classes µRw
(w ∈ X∗) is finite. �

In particular, we have

Example 3 The finitely generated free commutative semigroup has a presentation
with finite congruence classes. Actually, the finitely generated free commutative semigroup
is presented by generators {x1, x2, · · · , xr} and relators {(xixj , xjxi) | 1 ≤ i < j ≤ r}.

Theorem 13 Any finitely generated subsemigroup of the free semigroup has a presen-
tation with finite congruence classes.

Proof. Let S be a subsemigroup generated by a finite number of words w1, w2, · · · , wr of
X+. Clearly S has no idempotent. For any s ∈ S, if |w| > |s| then {(x, y) ∈ S1×S1 | xwy =
s} is an empty set. Hence S/σs is a finite nilpotent semigroup. So S has a presentation
with finite congruence classes. �
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