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ABSTRACT. The purpose of this article is to present some local and global fixed point
results (existence of the fixed point, well-posedness for the fixed point problem, homo-
topy theorem) for Ciri¢ type contractions on a set with two separating gauge structures.

1 Preliminaries Throughout this paper X will denote a gauge space endowed with a
separating gauge structure P = {py }aca, where A is a directed set (see [4] for definitions).
Let N:={0,1,2,---} and let N* := N\ {0}.

A sequence (x,,) of elements in X is said to be Cauchy if for every e > 0 and «a € A,
there is an N with po(@n, Tn4p) < € for all n > N and p € N*. The sequence (z,,) is called
convergent if there exists an zy € X such that for every e > 0 and a € A, there is an N
with p, (2o, 2,) < e foralln > N.

A gauge space is called sequentially complete if any Cauchy sequence is convergent.
A subset of X is said to be sequentially closed if it contains the limit of any convergent
sequence of its elements.

If P = {pataca and Q = {qg}lgep are two separating gauge structures (A, B are
directed sets), then for 7 = {rg}sep € (0,00)" and g € X we will denote by ES(I'(), ) the
closure of By(zg,r) in (X, P), where

By(zo,7) ={x € X :qg(xo,z) < rg for all § € B}.

Let P((X,P)) be the set of all nonempty subsets of X endowed with the convergence
given by the family . We will use the following symbols when there is no confusion:

PX)={YeP(X): Y#0}P(X):={Y € P(X): Y is bounded };
Py(X):={Y € P(X): Y is closed }.

Let us define the gap functional between Y and Z in the (X, Q) gauge space
Dyt P(X) x P(X) — Ry U {+oc}, Dy(Y,Z) = inflgs(y,2) |y € Y, 2 € Z}

(in particular, if zo € X then Dg(zo,Z) := Dg({zo}, Z)) and the (generalized) Pompeiu-
Hausdorff functional
Hy: P(X) x P(X) — R U {00}, Hy(Y, Z) = max{supDy(y, 2), supDy(Y, 2)}.
yey z€EZ

If F: X — P(X) is a multivalued operator, then € X is called fixed point for F' if
and only if z € F'(z). The set Fiz(F) := {z € X|z € F(z)} is called the fixed point set of
F, while SFiz(F) = {x € X|{z} = F(x)} denotes the strict fixed point set of F.
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Recall that, in 1972, L.B. Ciri¢ ([3]) proved that if (X, d) is a complete metric space,
F: X — P,y(X) is a multivalued operator and there exists o € (0,1) such that, for every
z,y € X:

H(F(x), F(y)) < amax{d(z,y), D(z, F(x)), D(y, F(y)), %[D(% F(y)) + D(y, F(x))]},

then Fiz(F) # 0 and for every x € X and y € F(x) there exists a sequence (2, )nen such
that:
(1) w0 =2, 21 =y;

(2) Tny1 € F(xn), n €N;
(3) zp Lot e F(z*), for every n — oo.

The aim of this paper is to present some (local and global) fixed point results (existence
of the fixed point, well-posedness for the fixed point problem, homotopy theorem) for Ciri¢
type contractions on a set with two separating gauge structures. The results of the paper
extend and generalize some previous theorems given in R.P. Agarwal, J. Dshalalow, D.
O’Regan [1], L.B. Ciri¢ [3], M. Frigon [6] and [7], T. Lazir, D. O’Regan, A. Petrusel [8] and
they are related to the works A. Chig, R. Precup [2] and D. O’Regan, R.P. Agarwal, D.
Jiang [9].

2 The main results Our first result is a local version of Ciri¢’s theorem ([3]) on a
set with two separating gauge structures. The results relies on the concept of multivalued
admissible contraction (in the sense of Frigon, see Frigon [6], [7] and R.P. Agarwal, J.
Dshalalow, D. O’Regan [1]) of Ciri¢ type.

Theorem 2.1 Let X be a nonempty set endowed with two separating gauge structures P =
{Pataca, @ = {as}pen (A, B are directed sets), r = {rg}pep € (0,00)B, z9 € X and
F (Eg(xo,r),P) — P((X,P) be a multivalued operator with closed graph. We suppose
that:

(i) (X, P) is a sequentially complete gauge space;
(i3) there exist a function 1) : A — B and ¢ = {ca }aca € (0,00)* such that

Pal2,y) < Ca - Gy (T,Y), for every a € A and x,y € E‘S(mo,r).

(iii) there exists {ag}pen € (0,1)8 such that, for every B € B, the following implication
holds: for each xz,y € Fg(xo,r) we have:

Hp(F(2), Fy)) < ap - Mj (z,y),
where

MF (z,y) := max{qp(z,y), Ds(z, F(2)), Ds(y, F(y)), %[Dﬁ(x, F(y)) + Dply, F(x))]}-

In addition, assume that the following conditions are satisfied:

(2.1) Dg(xo, F(z0)) < (1 —ag)ra, for each 8 € B;
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(2.2) for every x € Fs(mo, ) and every k = {kg}pep € (0,00)7 there ewists
y € F(x) such that qz(x,y) < Dg(x, F(z)) + kg, for every 3 € B.

Then:
(i) Fis(F) #0;
(it) if, additionally, SFiz(F) # 0 and {z,}tneny C Es(mo,r) is such that
Dg(xp, F(z,)) — 0 as n — oo for every B € B, then qz(zn,x) — 0 as n — oo, for
every 3 € B, where x € SFix(F) (i.e., the fived point problem is well-posed in the gen-
eralized sense for F with respect to Dg, for every 8 € B). Moreover, we also have that
Pa(Tn,z) — 0 as n — o0, for every a € A.

Proof. From (2.1) we may choose x; € F(xp) with
gp(zo, 1) < (1 — ag)rs for every 3 € B.

Thus z1 € Ff;(mo,r).
Hence, there exists {ag}gep € (0,1)7 such that, for each 3 € B, we have:
Hp(F(x0), F(z1)) < ag- Mg (z,21)
= ag- max{qﬁ(xovxl)v Dﬁ(l’o, F(.To)), Dﬁ(xlv F(xl))a
1
5[Ds(z0, F(21)) + Dp(z1, F(20))]}
ag - max{qs(zo, x1), Dg(x1, F(x1)),
1
5l98(@o, 21) + Dp(x1, F(z1))l}
= ag-max{qg(zo,x1), Dg(x1, F (1))}

Let Ng(wo,x1) = max{qs(xo, z1), Dg(z1, F(x1))}.
If N§ (w0, 21) = Dp(wr, F(x1)), then

Hp(F(x0), F(x1)) < ag - Dp(z1, F(a1)) < ag - Hp(F(x0), F(21))

IN

which is a contradiction, since {ag}gep € (0,1)%. Thus NJ (xo,z1) = gg(zo,21). Then, we
have:
Hp(F(x0), F(x1)) < ag - q3(xo, 1), for every § € B.

Denote kg := ag[(1 — ag)rs — gs(zo, x1)] for every 5 € B.
On the other hand, by (2.2) there exists zo € F(x1) such that

qg(z1,22) < Dg(x1, F(x1)) + kg, for every 3 € B.
Hence
qg(z1,22) < Hg(F(z0), F(z1)) + kg < agqs(xo, 1) + kg = ag(l — ag)rg for every § € B.
Moreover we have

Q5(x07 xl) + qﬁ(xla x2)
(1 —ag)rs +as(l —ap)rs
(1- a%)rg <rg.

Q5($0; x2)

ARVAY

Therefore z5 € Fg(xo, T).
By the same procedure, we obtain the elements z, 1 € F(z,) for n € {1,2,3,...} having
the following properties:
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n—1

(a) gg(zn—1,2n) < ag_lqg(xo,xl) <aj (1 —ap)rg, for every n € N* and 3 € B;
(b) gs(zo,2n) < (1 —aj)rs, for every n € N* and 8 € B.

From (a) it is immediate that {x,} is Q-Cauchy. Now (_112 implies that the sequence {z,}
is P-Cauchy too, hence it is P-convergent to some x € B, (zo,7), from (i). It now remains

to show that € F'(x). This follows since F : (Bf;(xo, r),P) — P((X,P) has closed graph.
Let « € SFix(F). We now show that the fixed point problem is well-posed. Let
{Zn}nen C Fg(xo, ) be such that Dg(zy, F(z,)) — 0 as n — oo for every 8 € B. Since x
is a strict fixed point for F, we have gg(zn,z) < Dg(n, F(xy)) + Hg(F(xy,), F(z)). Then:
43(5n,2) < Dyln, Flwn)) + agME (0,2)

= Dp(an, F(xn)) + agmax{gs(zn, ), Dg(zn, F(zn)),
S Ds(an, F(@)) + Do, Flaa)])

Dﬁ(xnaF(‘xn)) +ag max{qg(mn,x)7D5(mn,F(xn)),
1

5195(@n, @) + g5(x, 20) + Dp(2n, F(20))]}

< Dp(an, F(zn)) + apgmax{Dg(zn, F(2n)), g5(2n, ) + %Dﬁ(wn, F(zn))}

IN

If max{Dg(zn, F (1)), 43(Tn, ) + 3 Dg(xn, F(2,))} = Dg(2y, F(z5)), then
q5(@n; ) < (14 ap)Dp(xn, F(2n)).

If max{Dg(xp, F(xn)), ¢3(n, x) + %Dg(xn, F(zpn))} = qs(xn, ) + %Dg(xn, F(z,)) then
a
45(2n, ) < Dp(atn, F(an)) + a5as(an, @) + 7 Dp(n, F(an))
and we have 5
_2tas p
2(1 — ag)
From (ii), we also obtain that p,(z,,2) — 0 as n — 400, for every o € A. Thus the proof

is complete. [
We will obtain now a global version of the theorem above.

qp(Tn, ) < 8(xn, F(20)).

Theorem 2.2 Let X be a nonempty set endowed with two separating gauge structures P =
{Pataca, @ ={qs}pen and F : (X,P) — P((X,P) be a multivalued operator with closed
graph. We suppose that:

(i) (X, P) is a sequentially complete gauge space;
(i3) there exists a function 1 : A — B and ¢ = {ca}taca € (0,00)4 such that

Pa(®,y) < ca - Qo) (@,y), for every a € A and z,y € X.
(iii) there exists {ag}gep € (0,1)B such that, for each x,y € X, we have:
Hp(F(x), F(y)) < ap - Mg(2,y), for every § € B.

In addition, assume that

(2.3) for every x € X and every k = {kg}pen € (0,00)7 there ewists
y € F(x) such that qz(x,y) < Dg(x, F(z)) + kg, for every 3 € B.
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Then F has a fized point. Furthermore, if SFix(F) # 0 and {x,}neny C X is such that
Dg(xp, F(zn)) — 0 as n — oo for every 8 € B, then qg(vn,x) — 0 as n — oo, where
x € SFix(F) (i.e. the fized point problem is well-posed in the generalized sense for F with
respect to Dg, for every 5 € B).

Proof. Let p € X be arbitrary and choose 7 = {rg}ges € (0,00)P such that
Dg(xo, F(z0)) < (1 —ag)rs, for each 8 € B. Next, the proof follows from Theorem 2.1. [J.

Another global result is based on the concept of multivalued admissible contraction (in
the sense of Espinola and Petrusel, see [5]) of Cirié type.

Theorem 2.3 Let X be a nonempty set endowed with two separating gauge structures P =
{pPataca, @ = {aptsen (A, B are directed sets) and let F : (X,P) — P((X,P) be a
multivalued operator with closed graph. We suppose that:
(i) (X, P) is a sequentially complete gauge space;
(ii) there exists a function 1 : A — B and ¢ = {ca}aca € (0,00)4such that
Pa(r,y) < Ca - Qy(a)(T,y), for every a € A and z,y € X;
(iii) there exists {ag}sep € (0,1)B such that for every B € B we have:
Hp(F(x),F(y)) <ag-Mg(z,y), for each z,y € X.
(iv) for every x,y € X, every u € F(z) and every k = {kg}pen € (1,00)8 there exists
v € F(y) such that gg(u,v) < kg - Hz(F(z), F(y)), for every 3 € B;

Then Fiz(F) # 0. Furthermore, if SFix(F) # 0 and {x,}nen C X is such that
Dg(xp, F(z,)) — 0 as n — oo for every 8 € B, then qg(xn,z) — 0 as n — oo, where
x € SFix(F) (i.e. the fized point problem is well-posed in the generalized sense for F with
respect to Dg, for every § € B).

Proof. Let 7p € X and z; € F(xg) be arbitrary. For every k = {kg}gep € (1,00)5, by
(iv), there exists xo € F(x1) such that
qp(z1,22) < kgHg(F(x0), F(x1)), for each § € B.

Then:
qs(z1,22) < kgHp(F (o), F(21))
< kgagMg(xo,xl)

= kﬁaﬁIHaX{Qﬁ(wo,wl)»l?ﬁ(wo,1’($o)),l?ﬁ(x1717($1))’%l?ﬁ(x0717($1))}-

We introduce the following notation:
1
I i= max{gs(z0, 1), D(0, F(20)), Da(r, F(an)), 5 Do, Fa))}

and we choose k = {kg}gep € (1,00)P such that 1 < kg < aL[ﬂ for each 8 € B.
If T' = gg(xo, 1) then qg(z1,22) < kgagqs(zo, x1).
If T' = Dg(zo, F(x0)) then since Dg(zo,F (o)) < ¢g(xo,z1) we have gg(z1,x2) <

kgagqs(zo, x1).
If T' = Dg(z1, F(x1)) then gg(z1,x2) < kgagDg(x1, F(z1)) < kgaggs(z1,x2), which is
a contradiction since 1 < kg < é, for each § € B.

If T = 2 Dg(zo, F(21)) then

1 kga
gp(xr,22) < kgagaljg(woyF(xlﬂ < —%;qu(xo,xz)

kgag
= 3

[as(z0, 21) + qp(x1, 22)).
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Hence, we obtain that
kgas

< — o, T1).
72—]€5a[3q6( 0, 1)

(J,B(wl, $2)

Then

1 1 1
r = §D5($0,F($1)) < 5(1,3(960,%2) < 5[(1,3(960,%1) + gp(x1, 22)]

1 k)gaﬁ 1

< 14— - - <
- [ * 2 — kigag]qﬁ(xo’xl) 2 — kjﬁaﬁ q,B(I'o, xl) qﬁ(xovxl)a

2

which is a contradiction with the definition of T'.
Thus in all cases we have that

qp(x1, x2) < kgagqs(xo, x1).

By induction, we will obtain a sequence (2, )nen of succesive approximations for F' starting
from xg, satisfying the following assertion:

48(Tn, Tnt1) < (kgag)"qp(zo, 1), for every n € N* and § € B.
For each n,p € N* and for every § € B we have

45(Tn, Tntp) < 48(Tn, Tny1) + oo + @3 (Tntp-1, Tntp)
< [+ (kgap)? ] - (kgap)"qp(x0, 1)

1 — (kgag)? < (kgag)"

1—/<:5a,3 - 1—/€5a5q6(l‘0,x1).

- (kpag)"qp(zo, v1)

Letting n — +oo and taking into account (i), we obtain that the sequence (z,)nen is
Q-Cauchy. Thus, by (ii), the sequence is convergent in (X, P). Denote by w its limit. Notice
that u € Fiz(F') since the operator F' : (X,P) — P((X,P) has closed graph. The second
part follows in a similar way as in Theorem 2.1. The proof is complete. O

For the particular case of a unique gauge structure, we get the following data dependence
result.

Theorem 2.4 Let X be a nonempty set endowed with a separating gauge structure P =
{Pataca, and let F1,F5 : X — P(X) be two multivalued operators with closed graph. We
suppose that:

(i) (X,P) is a sequentially complete gauge space;
(ii) there exists {agf)}agA € (0,1)? such that, for each x,y € X, we have:

Ha(Fy(@), Fi(y)) < a® - MP(,y), for every a € A, fori € {1,2}.

In addition, assume that:
(a) for every z,y € X every u € Fy(z) and every k := {kaYacn € (1,00)"
there exists v € F;(x) such that q,(u,v) < ko Ho(Fi(x), Fi(y)), for every a € A,
forie {1,2};
(b) for every x € X every u € Fy(z) and every k := {ka}aecn € (1,00)"
there exists v € Fa(x) such that qo(u,v) < koHo(F1(z), Fo(x)), for every o € A;
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Then:
1)
sz(Fz) € Pcl(X)? fOTi € {15 2}7
2) If there exists 7 := {Na}aca € (0,00)* such that Hu(Fy(x), Fa(x)) < 0o for each
a € A, then

Na

1-— max{afyl), cz(a2)}7

H,(Fiz(Fy), Fiz(Fy)) < for each a € A.

Proof. 1) The existence of the fixed point follows from Theorem 2.3. Let (zp)nen be a

sequence in Fiz(F) (where F is Fy or F3), such that x,, converges to x*. Denote a, := all
if F:=F and a, := ag) if F':= F5. Then, we have:

D, (z*, F(z*)) < do(z*,2) + Ha(F(zp), F(z*)) < do(z*,2) +
Qo max{da(x*,xn),Da(w*,F(w*)),%[Da(x*,F(xn)) + Do(zn, F(z"))]} < dalz”,2n) +
aq max{dqs(z*, ;) + 1 Do (2*, F(2*)), Do(2*, F(z*))}, for each o € A. Then, we immedi-
ately get that D, (z*, F((z*)) = 0, for each o € A and hence z* € Fix(F).

2) For the second conclusion, let zg € Fiz(Fy) and ko € (1, min{—4, -5 }) be arbitrary
ay’ ag

chosen. Then, as in the proof of Theorem 2.3, there exists a convergent sequence (p)neN
of successive approximations for Fy» (i.e., z,4+1 € Fa(z,),n € N) starting from xy and
x1 € Fy(x) with the following property:

(kaal))"

Ga(T0,21), for n € N and p € N*.
1-— k'aa((f)

Qa (xn ) anrp) S

Letting p — +o00 we get that

* (k(,aff))"
q(y('rn)xQ) < W(]@(l‘o,xl), for n € N.
— Rala

As before, x5 € Fixz(Fsy). For n:= 0 in the above relation, we get that

. 1
da(z0,25) < ——————757qa(xo7x1)
1—kqas

Since xg € Fi(xo), by (b), there exists ©1 € Fa(x) such that g,(x0,x1) < kana, for each
a € A. Thus,

ka (03
da(zo,25) < 777(2), for each o € A.
1—k,ae
Thus k
Dy (zg, Fiz(Fy)) < ainaw), for each a € A,
1—k,an
and since xg € FixFy is arbitrary we have
, kana
sup Dy (y, Fiz(Fy)) < — for each a € A.
yEFiz(Fy) 1—koas

By the above relation and by a similar approach, with the roles of F; and F5 reversed,
we obtain that

H,(Fiz(Fy), Fiz(F)) < for each o € A.

kanoz
1— k., max{a(al), a(f)}7
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Letting, for each o € A, k, \, 1 we get the conclusion. [J

In what follows we will present a homotopy result for Ciri¢ type contractions on a set
with two separating gauge structures.

Theorem 2.5 Let X be a nonempty set endowed with two separating gauge structures
P = {pataca and Q = {qs}gen, such that (X, P) is a sequentially complete gauge space.
Suppose there exists a function 1 : A — B and ¢ = {ca}taca € (0,00)* such that ps(x,y) <
Ca * Qy(a)(T,y) for every o € A and x,y € X. Let U be an open subset of (X, Q). Let

G:TU" x [0,1] = P(X,P) be a multivalued operator such that the following assumptions are
satisfied:
(i) x ¢ G(z,t), for each x € OU and each t € [0,1];

(ii) there exists {ag}pen € (0,1)B for every B € B such that for each x,y € U we have
Hy(G(,1),G(y,1)) < ag - Mg ().

where
Mg () = max{gs(e.y), Dy(r, Gle.1)). Doy, Glu. 1),
1
(iii) there exists a continuous function ¢ : [0,1] — R such that

Hp(G(z,t),G(x,5)) < |p(t) — d(s)|, for all t,s € [0,1] and each z € U';

(iv) G: (U",P)x [0,1] — P(X,P) is closed.

(v) for each t € [0,1], for every x € U" and every k = {kg}sep € (0,00)
there exists y € G(x,t) such that

qs(z,y) < Dg(z,G(z,t)) + kg, for every § € B.
Then G(-,0) has a fized point if and only if G(-,1) has a fized point.
Proof. Suppose that z € Fiz(G(-,0)). From (i) we have that z € U. Consider the set:
E:={(t,z) €[0,1]] x U :z € G(z,t)}.

Since (0, z) € E, we have that FE # () . We introduce a partial order defined on E

(t,x) < (s,y) if and only if ¢ < s and gg(z,y) < 7
—ag

[6(s) — &(8)]-

Let M be a totally ordered subset of E, t* := sup{t : (t,2) € M} and (tn, Tpn)nen C M
be a sequence such that (¢,,z,) < (tnt1, Tnt1) and ¢, — t* as n — co. Then

2
1—0,5

48(Tm, ) < [@(tm) — @(tn)], for each m,n € N*, m > n.

Letting m,n — 400 we obtain that ¢z(zm,x,) — 0, thus (z,)nen+ is Q-Cauchy, so it is
P-Cauchy too. Denote by z* € (X, P) its limit. We know that z,, € G(zp,t,), n € N* and
G is P-closed. Therefore we have that «* € G(z*,t*). From (i) we note that z* € U. Thus
(t*,z*) € E.
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From the fact that M is totally ordered we have that (¢, z) < (t*,2*), for each (¢,2) € M.
Thus (t*, 2*) is an upper bound of M. We can apply Zorn’s Lemma, so E admits a maximal
element (tp,x0) € E. We now prove that to = 1.

Suppose that tg < 1. Let r = {rg}gen € (0,00)? and t €]to, 1] be such that B, (zo,75) C
U and rg := —2—[¢(t) — é(to)] for every 3 € B. Then for each 3 € B we have

Dg(xo,G(l‘o,t)) < Dﬁ(.TO,G(J}O,tO))+HB(G($Q,tQ),G(l‘Q,t>)

< () —9(to) = 7%(172_%) < (1 —ag)rg.

Since Fs(xo, rg) € U", the closed multivalued operator G(-,t) : Ef;(xo, r) — P(X,P)
satisfies the assumptions of Theorem 2.1, for all ¢ € [0, 1]. Hence there exists x € EZ (xo,78)
such that x € G(z,t). Thus (¢,z) € E. However we know that

2
1—ag

[6(2) — d(t0)],

qﬁ(m();x) é rg =

so we have that
(to, xo) < (t, LE),

which contradicts the maximality of (¢g, o). Thus tg = 1 and the proof is complete. (]
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