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FUZZY LOCATION PROBLEMS WITH TRIANGULAR NORM:
EXISTENCE AND STABILITY
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ABSTRACT. A fuzzy max-T location problem is considered. The fuzzy max-T location
problem is a generalization of a fuzzy maximin location problem by allowing in the
objective function arbitrary triangular norms instead of the triangular norm defined
by the minimum operation. Then we give conditions for the existence of its optimal
solutions, and derive a relationship between its optimal solutions and efficient solutions
of a fuzzy multicriteria location problem. Furthermore, we give some properties of
triangular norms, and for triangular norms, we investigate the stability of optimal
solutions of the fuzzy max-T location problem.

1 Introduction and preliminaries In a general continuous location model, finitely
many points called demand points in R™, modeling existing facilities or customers, are
given. Let d; € R", i =1, 2, -, (> 2) be demand points. We put I = {1, 2, ---, {}.
Then a problem to locate a new facility in R™ is called a single facility location problem. If
one prefers the location of the facility near demand points, then the problem is formulated
as follows:

(1) min f(n(z —di),12(2 —da), -+, ye(x — de))

where & € R is the variable location of the facility. It is often assumed that f: R* — R
is non-decreasing and convex or that f: R — R’ satisfies f(y) = y for all y € R’. Tt is
also often assumed that 7;: R™ — R, ¢ € I are norms or gauges, and each v;(x — d;), i €
represents the distance from d; to x. In this paper, it is assumed that ~;, i € I are gauges.
Let B C R™ be a compact convex set containing the origin in its interior. A gauge
~v:R™ — R for B is defined by y(z) = inf{\ > 0: x € AB} for € R"; see [4] and [12].
Formulation (1) is natural if one prefers the location of the facility near demand points.
However, for the location of the facility, degrees of satisfaction with respect to demand
points may be different even if distances from demand points to the facility are the same.
Furthermore, for example, if the facility is an airport, then one may not prefer the location
of the facility near demand points because of the noise. In order to deal with such situations,
we consider membership functions, which represent degrees of satisfaction for the location
of the facility with respect to demand points, and a maximization problem with an objective
function involving membership functions. It is assumed that membership functions p;: R
—[0,]]={x €R: 0<x<1},i €I are given. For each x € R" and i € I, the value
wi(vi(x — d;)) represents the degree of satisfaction for the location & with respect to the
demand point d;. For convenience, it is assumed that u;(z) = 0, i € I for z < 0. We
put I;(z) = pi(vi(x — d;)),i € I for x € R™. For each i € I, let A; and A; be fuzzy sets
on R and R™ with membership functions p; and fi;, respectively. Then for each ¢ € I, A;
represents the fuzzy set of desirable distances from d; to the facility, and A; represents the
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fuzzy set of desirable locations of the facility with respect to d;. A fuzzy mazimin location
problem (FMMP) is formulated as follows:

(2) ax fse (€) = min {p (1 (x = da)), - pe(ve(@ — de))}-

For example, FMMP with block norm and asymmetric rectilinear distance are considered
in [7] and [9], respectively. For each & € R"™, the value ppyup () represents the degree of
total satisfaction for the location @, which is the degree of satisfaction for & with respect
to all demand points. The fuzzy set on R™ with a membership function pipyyp is denoted
by NicrA;, which is the usual intersection of fuzzy sets A;,i € I, and it represents the
fuzzy set of desirable locations of the facility with respect to all demand points. Therefore
FMMP is a problem to find the location of the facility which maximizes the degree of total
satisfaction. A fuzzy maz-T location problem (FMTP), which is a generalization of FMMP
and our main problem, is formulated as follows:

(3) ax fieyre (€) = T (p1(1(@ = d)), - s pe(ve(@ = dy)))

where T: [0,1]* — [0,1] is an extension of a triangular norm (t-norm for short), which
is a binary operation on [0,1], to an f-ary operation on [0,1]. It is a generalization of
the minimum operation in FMMP, and its precise definition will be given in section 2.
FMTP can be interpreted in the same way as FMMP. For each € R", the value ppyrp ()
represents the degree of total satisfaction for the location @ under the t-norm 7T as an
operation. The fuzzy set on R™ with a membership function pipyre is denoted by (N7 );e 1 A;,
which is the intersection of fuzzy sets A;,i € I under the t-norm T, and it represents the
fuzzy set of desirable locations of the facility with respect to all demand points under the
t-norm 7T'. Therefore FMTP is a problem to find the location of the facility which maximizes
the degree of total satisfaction under the t-norm 7. Let S}, and S}, be sets of all
optimal solutions of FMMP and FMTP, respectively. We also consider a fuzzy multicriteria
location problem (FMCP) formulated as follows:

(4) ax peyce(®) = (1 (1 (@ = dv)), - pelye(e — o))"
We define y(x) = (y1(x —di),y2(x —d2), -+, ve(x —dy))" for x € R™ and p(y) = (11 (1),
p2(y2), -5 pe(ye))” for y = (y1, y2, -+, ye)* € RY Then gy, = oy, where oy is

the composite function of g and «. A point g € R" is called an efficient solution of FMCP
if there is no € R" such that Menicp (a:) = I"I’FI\’ICP(Q:O) and I’l‘FMCP(:B) 7é Hence (QL'Q) Let
F}; be the set of all efficient solutions of FMCP. FMCP is considered, for example, in [6].

In [10] and [11], fuzzy maximin, max-T and multicriteria problems are considered. These
problems are, respectively, ones that u;(v;(x — d;)), ¢ € I in (2), (3) and (4) are replaced
by pi(x), i € I as functions from R™ into [0, 1].

In this paper, the fuzzy max-T location problem is considered mainly. Then we give
conditions for the existence of its optimal solutions, and derive a relationship between
its optimal solutions and efficient solutions of the fuzzy multicriteria location problem.
Furthermore, we give some properties of triangular norms, and for triangular norms, we
investigate the stability of optimal solutions of the fuzzy max-T location problem.

2 Triangular Norms In this section, we give some properties of triangular norms which
are used in FMTP.

A triangular norm (t-norm for short) is a binary operation T on [0, 1], that is, a function
T : 0,12 — [0,1], such that for all z,y,2 € [0, 1], the following four axioms are satisfied:
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(T1) T(x,y) = T(y,x) (commutativity), (T2) T(z,T(y,z)) = T(T(z,y), z) (associativity),
(T3) T'(z,y) < T(z,z) whenever y < z (monotonicity) and (T4) T(z,1) = = (boundary
condition); see [5].

Example 1. The following are two of basic t-norms. For x,y € [0, 1],

(i) Tu(z,y) = min{z, y}, (minimum)
(i)

(drastic product)

_ min{x,y} if max{z,y} =1,
To(z,y) = { 0 otherwise.

For any t-norm T, it can be seen easily that Ty (z,y) < T(z,y) < Ty(z,y) for all
x,y € [0,1]. Let T be a t-norm. From the commutativity (T1) and the associativity (T2),
we define its extension to more than two arguments by

T (zy, 20, -+ s 2ge) = T(T* (21, 22, Ths1), Thio)

for x; € [0,1],i = 1,2,--- .k + 2, where T (x1,22) = T(21,72). If there is no danger of
misunderstanding, the upper index ¢ — 1 of T~ is omitted and we write T instead of T¢~1.

Example 2. For z1,z2, -+ ,2¢ € [0, 1],
(i) Tu(z1, 22, -+ ,x¢) = min{xy, 29, -+ ,x0},

(i1)
x; if z; =1,Vj # i for some 1,
To(xn, w2, ) = { 01 othérwise. 7

Note that FMTP with Ty reduces to FMMP. Let T be a t-norm, and we put x; =
wi(vi(x — d;)),i € I for & € R™. Then the value T'(x1, 2, - ,x;) represents the degree
of total satisfaction for the location . When T = T, the degree of total satisfaction
is the minimum among all degrees of satisfaction with respect to demand points. When
T =Ty, it is the minimum among all degrees of satisfaction with respect to demand points
if all degrees of satisfaction with respect to demand points except for some d;,i € I are 1,
otherwise it is 0.

Some of the following Theorem 1-3 about t-norms seem to be known. In fact, Theorem
1 is similar to Proposition 8.3 in [5]. However, within our knowledge, no literature contains
the same results as Theorem 1-3. So, we give their proofs for completeness.

Theorem 1. Let Ty : [0,1] — [0,1],A € A and T : [0,1)* — [0,1] be t-norms, where
A C [—00, 0] is a nonempty interval and [—oo,00] = RU{—o0,00}. If T is continuous and
T\ converges (pointwise) to T as \ approaches Ao, then T converges uniformly to T as A
approaches Ao, where A\, \g € A.

Proof. We shall show only the case ¢ = 2 and A\g € R. It can be shown similarly
in the other case. Fix any ¢ > 0 and (zo,y0)” € [0,1]2. Because of the continuity
of T, there exists 850y, > 0 (which depends on ¢) such that for all (z,y)T € [0,1]> N

€

([xo - 6I0y07x0 + 610740] X [yO - 5960710;?/0 + 610?10])7 |T($7y) - T($07y0)| < 3 Writing Lo
= max{xo - 51’090; 0}7 Yo = max{yo - 610740; 0}7 To = min{xo + 6107407 1} and g, =

min{yo + 5;803/0) 1}7 we _get T(E(hyo) - T(£O7g0) = T(E(hyo) - T('ranO) + T(x(hyo) -

T@O,go) < 2—36 From the pointwise convergence of Ty to T as A approaches )\, there

exists 77 > 0 such that for all A € AN (Ao —n, A0 + 1), [Ta(zo,y,) — T(20,y,)| < § and
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ITx(To, o) — T(T0,Yo)| < 5, where (a,b) = {r € R :a <z < b} for a,b € R with
a <b Fixany X € AN (Ao —n,A +n). Foral (z,y)T € [0,1]2 N ([0 — aoyos To
+ 5960?!0] X [yO - 5:801/05 Yo + 6960?/0]) with T,\(x,y) < T(x,y), we have T(x,y) - T)\(l‘,y) <
T (@0, Yo) = Ta (20, Y,) < T(To,Fo) — T(20, y,) + T (20, y,) — Tr (2o, y,)| < e Forall (z,y)" €
[Oa 1]2 n ([1'0 - 51’0y0a To + 5I0yo] X [yO - 51’0y0a Yo + 51’0y0]) with T)\(‘ra y) > T(1'7 y)v we have
T)\(l‘,y)—T(l‘,y) < TA(EO’gO)_T(QO’QO) < |T/\(f()7yO)_T(an?O)H_T(EOago)_T(imgo) <
e. Since, as a compact set, the unit square [0, 1] can be covered by a finite number of rect-
angles of the form [0,1]2 N ((z — 5,:Ty’ x+ ‘s‘Ty) X (y — 6%, Y+ hTy)), there exists n. > 0
such that for all A € AN (Ao — 7, Ao +71¢) and (x,9)T € [0,1)?%, [Ta(x,y) — T(x,y)| < e.

O

Theorem 2. Let T} : [0,1]> — [0,1],A € A and T" : [0,1]> — [0,1] be t-norms, where
A C [—o0,00] is a nonempty interval. If T* is continuous and T)} converges to T as X
approaches Xy, then Tfi*l converges to T*~1 as X approaches Ao, where X\, \g € A.

Proof. We shall show only the case A\g € R by induction on ¢. It can be shown similarly in
the other case. When ¢ = 2, from the assumption, Tf71 converges to T~ as A approaches
Ao. Suppose that Tf_l converges to T~ as A approaches \g for ¢ > 2, and we shall
show that T} converges to 7% as A approaches \g. Fix any (w1, ,2¢,ze41)T € [0, 1]+
and € > 0. From the continuity of T, there exists § > 0 such that for all z € [0,1] N
(T (@1, yae) = 6, T Nay, -+, m0) +0), |THw,xp41) — THT (@1, -+, 20), me41)| <
5. Since Tf_l(xl, -+, mg) converges to T*"1(zy, ---, x4) as \ approaches A, there exists
11 > 0 such that for all A € Aﬂ(/\o—nl, /\0+771), |Tf71(x1, .. 7];[) — Te_l(.ljl7 R 713[)‘ < 4.
Since T is continuous, T converges uniformly to 7" as A approaches )\ from Theorem
1. Thus there exists 7 > 0 such that for all A € AN (Ag — 2, A0 + 12) and = € [0, 1],
|T (2, 2041) — TH@, ze41)| < §. We put 7 = min{n1,n2} > 0. Then for all A € AN (Ao —

1, Ao + 1), we have |T{(z1, -, @e, xe1) — T (w1, -+, @0, Tegr)| = |[THTY (@, -+, ),
$e+1) - Tl(Tz_l(xla Ty .13[), x[-l—l)‘ S |T)%(T)\€_1('rl7 ) x@)a x@-‘rl) - Tl(Tf_l(xla Ty
0), o) + [THT @, -, @), @) — THT (@, -, @), weg)| < e O

Theorem 3. Let T : (0,12 — [0,1] be a t-norm.
(i) If T is upper semicontinuous, then T 1 s also upper semicontinuous.
(i) If T" is lower semicontinuous, then T*~1 is also lower semicontinuous.
(iii) If Tt is continuous, then T*~! is also continuous.

Proof.

(i) We proceed by induction on . When ¢ = 2, T*~! is upper semicontinuous from the
assumption. Suppose that T¢~! is upper semicontinuous for £ > 2, and we shall show
that 7 is also upper semicontinuous. Fix any (z9,--- ,x?,x?H)T € [0,1] " and ¢ > 0.
Since T is upper semicontinuous, there exists § > 0 such that for all (z,y)T € [0,1]?
N (T, af) — 8, TNal,e - ,af) + 8) x (2%, — 0, al,, + 0)), Th(@,y) <
T! (Tz’l(m(l), e ,:cg), :c2+1) + . From the monotonicity of T, this inequality holds for all
(z,9)" €[0,1]2 N ([0, T H(a, -+ ,a9) + &) x [0, 2., + 6)), where [a,b) ={z € R:a <
x < b} for a,b € R with a < b. Since T*~! is upper semicontinuous, there exists 7 > 0
such that for all (z1,---,20)T € [0,1]° N ((29 — n, 29 + 1) x -+ x (@ — n, 29 + 7)),
T N wr, - yxe) < TNl 29) + 6. Thus for all (z1,- -,z 2041)T € [0, 1] N ((29
—n 2+ ) x - x (2) =, 2) + ) x (x(l?H -4, a:?_H +6)), we have T*(zy, ---, ¢,
Toy1) = Tl(TZ71($1a e, @)y Teyr) < TI(TZ71($(1)a T x?)v x2+1) te= Tg(x(l)v B x?a
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x? +1) + e. Therefore T is upper semicontinuous.

(ii) We proceed by induction on £. When ¢ = 2, T*~! is lower semicontinuous from the
assumption. Suppose that T¢~! is lower semicontinuous for £ > 2, and we shall show
that T is also lower semicontinuous. Fix any (2f,---,29,29,,)" € [0,1]*"! and ¢ > 0.
Since T* is lower semicontinuous, there exists § > 0 such that for all (z,y)7 € [0,1]?
A (T @l 29 — 6, TLal, - ad) + 0) x (2%, — 6, all, + ), THayy) >
T (T (2, ,a9),9,,) — . From the monotonicity of 7", this inequality holds for all
(z,9)T € [0,1]2 n ((T* (29, - -- ,:cg) — 0, 1] x ($2+1 — 4, 1]), where (a,b| ={z €R:a <
x < b} for a,b € R with a < b. Since T*~! is lower semicontinuous, there exists 7 > 0
such that for all (z1, - ,20)T € [0,1]° N ((29 — n, 29 + 1) x -+ x (@ —n, 20 + 1)),

T Ny, yxe) > TN, -, 29) — 6. Thus for all (zq,- -+, 2, 2041)T € [0, 1] N (29
—n,2Y + 1) x - X (xg -7, x? +n) x (xgﬂ -9, x?H +0)), we have T%(x1, -+, xy,
xé-&-l) = Tl(Te_l(xla T xé)a x@-‘rl) > Tl(Té_l(x(l)a Y 1‘2), x(l?-l—l) — &= T[('r% Tty .2327

2, 1) — €. Therefore T* is lower semicontinuous.

(iii) We have the conclusion immediately from (i) and (ii). O

3 Existence of optimal solutions of FMTP In this section, we give conditions for
Siurp to be nonempty, and derive a relationship between S}, .. and Fx.

Let p be a function from R™ into [0,1]. For a € (0, 1], the upper level set of u, [u]o =
{x € R": pu(x) > a}, is called a-cut of p. If a-cut of u is bounded for all o € (0, 1], then
the fuzzy set on R™ with a membership function p is said to be bounded.

The following theorem gives sufficient conditions for the existence of optimal solutions of
FMTP, and also gives a relationship between those optimal solutions and efficient solutions
of FMCP.

Theorem 4. If all p;, i € I are upper semicontinuous and A; is bounded for some j € I
and T is an upper semicontinuous t-norm, then S¥ .. # 0. Moreover, if maxgern fhryre (T)
> 0, then S¥,..p N Fy # 0.

Proof. Put 7,(x) = vi(x — d;), i € I for £ € R™. First, we shall show that (Nr);crA;
is bounded. Fix any o € (0, 1]. Since A; is bounded, [p;]o is bounded. Thus [u; 07,0 =
{x € R" : p;(7;(x)) > a} = {z € R" : §;(x) € [u;]a} is bounded. Therefore {x €

R™: min{p1 (¥, (2)), p2(Fa2(2)), - pe(Fe(x))} = af = Nier{x € R™: p;(7;(x)) = a}
= Nierltti © ¥;]a is bounded. Since, for & € [tpyre]a, @ < T(u1(F1(x)), p2(Fo(x)), -+,
ﬁé(ﬁé(m))) < min{p (7, (2)), p2(Fo()), -+, pe(Fo(x))}, we see that [pryre]a C Nier[pi o

Y;lo- Consequently, [tipyvrr]o is bounded.
Next, in order to show that ppyrp is upper semicontinuous, we shall show that for ¢ €
R™ and € > 0, there exists 6 > 0 such that ppyre(€) < pipyre (o) + € for all @ € Ns(xg) =

{z € R": ||z — x| < 0}, where || - || is Euclidean norm. For each i € I, since y; is upper
semicontinuous and 7; is continuous, u; 07, is upper semicontinuous. Put yo; = p:(7;(x0)),
i € I and yy, = (Yo1, Yo2, - Yor) L. Since T is upper semicontinuous on [0, 1]¢, there exists

1 > 0 such that
(5) T(y1.y2, - »ye) < T(yo1, Yoz, - ,Yor) + €

for all y € Ny(yo) = {y € [0,1]% [ly — yoll <n}, where y = (y1, y2, -+, y¢)”. Since p;07;,

i € I are upper semicontinuous, there exists § > 0 such that p;(7;(x)) < i (¥,;(x0)) + QL\/Z

for all & € Ns(xp) and ¢ € I. By the monotonicity of the t-norm,

(6) T(pa (V1 (®)), p2 (Vo (@), -+ s pe(e(@))) < T(21, 22, 5 20)
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where z; = min{1, u;(¥;(xo)) + QL\/Z}’ i € I. Since (21, 22, -+, 20)T € Ny(yo), trmre (T)
< prure (o) + € from (5) and (6). Therefore [prmrela is compact. Consequently, pipyre
attains its maximum on R”, that is, S}, # 0.

In order to prove the last part of the theorem, suppose that =* € S, .. and a* =
temre (%) > 0. Then S%,1p = [Urmre]ax. Since a* > 0, Sk, is compact from the above
discussion. Put g = >, ., pi o%,;. Since all p; 0%;, i € I are upper semicontinuous, g is also
upper semicontinuous. Thus there exists o € Sy, such that g(z¢) = maxges; .., 9(T).
Assume that &g ¢ Fy in order to show that @y € Fy. Then there exists 1 € R™ such that
povy(xy) > po~y(xg) and po~y(x1) # po~y(xwy). Since g(x1) > g(xo), we see that x; ¢
S¥ure Dy the definition of @g. Since, by the monotonicity of the t-norm, o* = ppyre (o) =
T(p1 (V1 (0)), p2 (Vo (o)), -+, pe(Fo(@0))) < T(pa (71 (21)), p2(Fa(@1)), -5 e (V1)) =
tenre (1) <, we have pipyre (1) = o, which contradicts that ;1 ¢ S%,, ... Therefore
xg € Skyrp N Fy, that is, Sk N Fy # 0. o

The following corollary gives sufficient conditions for the existence of optimal solutions of
FMMP, and also gives a relationship between those optimal solutions and efficient solutions
of FMCP.

Corollary 1. If all ji;, 9 € I are upper semicontinuous and A; is bounded for some j € I,
then S¥ p # 0. Moreover, if maxgern ppae () > 0, then Siy e N Fs # 0.

Proof. Since FMMP is FMTP with Ty which is continuous, we have the conclusion
immediately from Theorem 4. ]

The following example shows that neither the condition all p;, @ € I are upper semicon-
tinuous nor the condition A; is bounded for some j € I in Theorem 4 and Corollary 1 can
be eliminated.

Example 3. Set n =2, d; = (0,0)7, do = (1,0)7, and assume that y; and 7 are the
same Fuclidean norm.

(i) If
(1 fo<a<l, {27 ifx>0,
pa (@) = 0 otherwise, pa(r) = 0 otherwise,

then 4 is not upper semicontinuous, and we see that ppyye(x) < 1 forall @ € R2 and that
SUPgcr2 fevne () = 1. In this case, fieyvve does not attain its maximum on R2.
(ii) If
(0) = () = [ L7277 =0,
) = H2lT) =1 ¢ otherwise,

then neither A; nor A, is bounded, and we see that fipyue(2) < 1 for all z € R? and that
SUPger2 Mevne () = 1. In this case, fieyvve does not attain its maximum on R2.

The following example shows that the condition a t-norm 7' is upper semicontinuous in
Theorem 4 can not be eliminated.

Example 4. Set n = 2, d; = (0,0)7, do = (1,0)7, and assume that y; and 7 are the
same rectilinear norm. Put

11—z ifzel0,1],
p(x) = p2(x) = { 0 otherw[ise.]

Then both u; and ps are upper semicontinuous, and both A; and As are bounded. More-
over, put

0 ifr+y<lorxz=y=0.5,

min{z,y} otherwise.

(o) = {
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Then T is a t-norm constructed by using Proposition 3.63 in [5], and it is not upper
semicontinuous at (0.5,0.5)7. We see that ppyre(z) < 0.5 for all x € R? and that
SUPger2 Mewre () = 0.5. In this case, fryvre does not attain its maximum on R2.

The following example shows that neither the condition maxgern pipyre () > 0 in The-
orem 4 nor the condition maxgern tryme () > 0 in Corollary 1 can be eliminated.

Example 5. Set n =2,d; = (0,0)7,dy = (1,0)T, and assume that v; and 72 are the same
Euclidean norm. Put pq(x) =0 for all z € R and

o= [ 12 a0
H2{) =9 otherwise.

Then both p; and po are continuous, and A; is bounded. In this case, we see that S, » =
RQ; maXgecr2 brmmp (:1:) =0and F = 0.

4 Stability of optimal solutions of FMTP In this section, we investigate the stability
of optimal solutions of FMTP for t-norms.

Let A C [—00, 00] be a nonempty interval and {Th}rea be a class of t-norms. We define
h:R"™x A —[0,1] by

h(z,\) = Tx (1 (1 (x — d)), pa(re(x — d2)), -, pe(ve(x — di)))

for x € R™ and A € A. For each A € A, h(-,\) : R™ — [0, 1] is the objective function of
FMTP with the t-norm 7. Then we define the optimal value function ¢ : A — [0,1] and
the optimal set mapping @ : A ~» R" by

d(A) = sup{h(x,A) : ¢ € R"}

and

SN ={x eR": ¢(\) = h(x,\)}

for A € A, respectively, where the symbol ~» stands for a set-valued mapping. For each
A € A, if there exists € R™ such that ¢(\) = h(z, ), then ¢(N) is the optimal value of
FMTP with the t-norm T and ®()\) is the set of all optimal solutions of FMTP with the
t-norm T'.

Theorem 5. If Ty converges to Ty, as A approaches Ao and T, is continuous, then ¢ is
continuous at g, where A\, A\g € A.

Proof. We shall show only the case Ay € R. It can be shown similarly in the other case. Fix
any € > 0. Form Theorem 1, T\ converges uniformly to T, as A approaches A\g. Thus there
exists 7 > 0 such that for all A € AN (X —n, Ao +7) and € R, |h(xz, \) — h(xz, Ao)| < 5.
Fix any A € AN (Ao —n, Ao +n). Since sup{h(x, o) — 5 : ¢ € R"} < sup{h(xz,\) : ¢ €
R"} < sup{h(x, o) + § : x € R"}, we have ¢(No) — § < #(\) < ¢(Ag) + 5. Therefore for
all A€ AN (Ao —1n,2 +1n), [¢(N) —od(Xo)|] < 5 <e. O

Let u be a function from R into [0,1]. The set supp(u) = {x € R : p(x) > 0} is
called the support of u. The fuzzy set on R with a membership function g is said to be
support bounded if the support of p is bounded. @ is said to be uniformly bounded around
Ao € A if there exists a neighborhood of Ay, V' C A, such that the union Uyey ®(A) C R™ is
bounded. ® is said to be upper semicontinuous at Ag € A if ® is uniformly bounded around
Mo and g € ®(\g) for any sequence {Ar} C A, which converges to Ao, and {x}} C R™ with
xp € P(\;)(k=1,2,---), which converges to zg € R"™. ® is said to be lower semicontinuous
at A\g € A if for any sequence {A;} C A, which converges to A\g, and any xo € ®(\g), there
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exist an integer ko > 0 and a sequence {x;} C R™ such that {x;} converges to xy and
zr € ©(Ap)(k > ko). @ is said to be continuous at A\g € A if ® is upper and lower
semicontinuous at Ag.

Theorem 6. Assume that all j1;,1 € I are continuous on [0,00) = {x € R: z > 0} and
that A; is support bounded for some j € I and that Ty converges to Th, as A approaches
Ao and that Ty, is continuous, where A\, g € A. If ®(Ng) # 0 and ¢p(Ng) > 0, then  is
upper semicontinuous at \g. Moreover, if there exists a neighborhood of Ao, V- C A, such
that ®(\) # 0 for all X € V and if (o) is a singleton, then ® is continuous at Ag.

Proof. We shall show only the case A\ € R. It can be shown similarly in the other
case. First, we shall show that ® is uniformly bounded around \y. From Theorem 5,
¢ is continuous at A\g. Since ¢(Ag) > 0, there exists 79 > 0 such that ¢(A) > 0 for all
A€ AN (Ao — M0, 0 +1M0). On the other hand, h(x,\) =0 for x ¢ {z € R" : v;(2 — d,) €
supp(u;)}. Thus ®(N) C {z € R” : vj(2 —d;) € supp(p;)} for all A € AN (Ao — 10, Ao +70)-
Since supp(p;) is bounded, {z € R™ : v;(2 — d;) € supp(p;)} is bounded. Therefore ® is
uniformly bounded around Ag.

Next, fix any sequence {A;y} C A, which converges to A\g, and {x;} C R™ with x;, €
O(Ap)(k=1,2,---), which converges to &y € R”. Then we shall show that h is continuous
at (xo,Ao). Fix any € > 0. Since h(-,A\g) : R" — [0,1] is continuous, there exists a
neighborhood of @y, U C R", such that for all x € U, |h(x, \o) — h(x0, Ao)| < 5. Since,
from Theorem 1, T converges uniformly to T, as A approaches Ao, there exists n > 0 such
that for all A € AN(Ag—n, Ao+7) and & € R", |h(x, A\) —h(x, \o)| < §. Thus for all (x, \) €
Ux (AN(Ao—n, Xo+n)), [h(x, ) —h(xo, Xo)| < |h(®, N\)—h(x, Xo)|+|h(Z, Ao)—h(T0, Ao)| < €.
Therefore h is continuous at (g, Ag). Since ¢(Ao) = limg— 00 d(Ak) = limg— o0 A(Tk, Ai) =
h(xo, \o), we have &g € ®(A\g). Therefore ® is upper semicontinuous at Ag.

Finally, suppose that ®(Ag) = {xo} and that ® is not lower semicontinuous at Ag.
Then there exists a sequence {\;} C A, which converges to Ag, such that for any sequence
{zr} C R™ with @, € ®(\g)(k > ko) for some positive integer ko, {x} does not converge
to xg. Fix any sequence {x} C R™ with x; € ®(A;)(k > ko) for some positive integer k.
Since {x} does not converge to o, there exists a subsequence {xj,} of {xx} such that

lim inf [|2 () — o] > 0,
p—00

Ty € P(Appy) (P EN),
Mep) = Ao (p — 00),

where N is the set of all natural numbers. Since ® is uniformly bounded around ), there
exists a subsequence {@y(p q)} of {Zy(p } such that {xy, )} converges to some & € R". In
this case, we have

lim inf |2k (p,q) — 2ol >0, (%)

Zip.g) € P(Mipg) (¢ E€N),
Me(pg) — Ao (g — 00).

Since ® is upper semicontinuous at Ao, we have T € ®(\g), that is, T = x¢, which contradicts
(*)- O

5 Some discussions It is known that t-norms are the special case of aggregation oper-
ators. A fuzzy location problem with an aggregation operator instead of a t-norm can
be formulated. It is a problem that a t-norm T in (3) is replaced by an aggregation
operator A. An aggregation operator is a function A : Uken[0,1]¥ — [0, 1] such that:
(A1) A(z1,29, - yx) < A(Y1,Y2, -, yr) whenever x; < y; for all i € {1,2,--- ,k}, (A2)
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A(z) =z forallz € [0,1] and (A3) A(0,0,---,0) =0and A(1,1,---,1) = 1. The aggrega-
tion operator A is said to be commutative if A(z1, 22, -+ ,2%) = A(Ta1), Ta@)s " Tak))
for all k € N with & > 2 and all 21,22, ,2; € [0,1] and all permutations o = («(1),
a(2), --+, a(k)) of (1,2,---,k). The aggregation operator A is said to be associative if
A1, -y Tk, Y1, 0y Ym) = A(A(z1, -+, zx), Aly1, -+, ym)) for all k;m € N and all
X1y 0 Tk Y1, s Ym € [0,1]. An element e € [0,1] is called a neutral element of the ag-
gregation operator A if A(xla Ty Ti—1y €, Tit1, t xk) = A(xlv oy Ti—1y Tit1y xk)
for all k € N with k > 2 and all s € {1,2--- ,k} and all @1, ,Ti—1, Tig1, -,z € [0, 1].
Each t-norm is a commutative, associative aggregation operator with neutral element 1.
Moreover, a commutative, associative aggregation operator with neutral element e € [0, 1]
is a t-norm if and only if e = 1; see [5].

FMMP (2) is a problem to find a location which maximizes the worst degree of satis-
faction among degrees of satisfaction for the location of the facility with respect to demand
points, where the worst degree of satisfaction is measured by the minimum operation.
FMTP (3) has the same interpretation as FMMP (2), where the worst degree of satisfac-
tion is measured by a t-norm. Therefore FMTP (3) is a natural generalization of FMMP
(2) in the sense of the interpretation.

Let A be an aggregation operator. When the degree of total satisfaction for the location
x € R", which represents the worst degree of satisfaction, is evaluated by A(p1(v1(x —
d1)), -+, pe(ye(xe — dp))), (i) the commutativity of A means that the degree of total
satisfaction with respect to demand points dy, ds, - - ,dy is the same value as the degree of
total satisfaction with respect to demand points dy(1), da(2), " ; da(r) for all permutations
a=(a(l),a(2), -+ ,al)) of (1,2,---,¢), (ii) the associativity of A means that the worst
degree of satisfaction with respect to demand points dy,ds, - - - , dy is the same value as the
worst degree of satisfaction of the worst degree of satisfaction with respect to di,--- , dg
and the worst degree of satisfaction with respect to dy41,---,dy for all k € N with 1 <
k </¢—1 and (iii) “A has a neutral element 1”7 means that the worst degree of satisfaction
is independent of any demand point whose degree of satisfaction is one. We would like to
emphasize that these properties (i), (ii) and (iii) are desirable and needed for a fuzzy location
problem with an aggregation operator as a natural generalization of FMMP (2) in the sense
of the interpretation. As mentioned before, commutative, associative aggregation operators
with neutral element 1 are t-norms. Therefore in the sense of the interpretation, a fuzzy
location problem with an aggregation operator which is a t-norm is a natural generalization
of FMMP (2), but a fuzzy location problem with an aggregation operator which is not a
t-norm is not a natural generalization of FMMP (2). However, it should be noted that a
fuzzy location problem with an aggregation operator, which is not a t-norm, seems to be
another interesting problem which has an interpretation different from that of FMMP (2)
and FMTP (3).

6 Conclusions In this paper, we dealt with fuzzy maximin, max-T and multicriteria
location problems. Our main problem was the fuzzy max-T location problem. First, we gave
some properties of triangular norms. Next, we gave sufficient conditions for the existence
of optimal solutions of the fuzzy maximin and max-T location problems, and derived a
relationship between those optimal solutions and efficient solutions of the fuzzy multicriteria
location problem. Finally, for triangular norms, we investigated the stability of optimal
solutions of the fuzzy max-T location problem.
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