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GLOBAL EXISTENCE VERSUS BLOW-UP IN SUPERLINEAR
INDEFINITE PARABOLIC PROBLEMS
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ABSTRACT. The asymptotic behaviour of all positive solutions with small initial data
of a parabolic semi-linear equation of indefinite type is analyzed. Though in same
parameter ranges, the solutions stabilize to a positive steady-state, in others, the
solutions blow-up in a finite time and their limiting profiles, after the blow-up time,
are described through the metasolutions of the associated sub-linear problem. As a
result, metasolutions are shown to play a crucial role in describing the dynamics of
parabolic equations in the presence of spatial heterogeneities.

1 Introduction In this paper we study the asymptotic behavior of the solutions of

% — Au = du+ a(z)u? in Qx (0,00)
(1.1) u(z,t) =0 on 0 x (0,00)

u(-,0) =ug >0 in Q

where (2 is a bounded domain of R", n > 1, with smooth boundary 0, e.g., of class c3,
AER, pe(1,00), and a € C*(), a # 0, is a function for which

Qpri={zeQ :ax)>0} and Q_:={zeQ :a(x)<0}
are two non-empty subdomains of Q of class C? with Q. UQ_ C Q such that
Q0= 0\ (2 UD)

is connected. Figure 1 represents a typical situation satisfying all these assumptions. Note
that

I'=0Q, 1“1:890\8(2, FQZ:aQ+, o0_=T1Ulsy.
Although the class of weight functions a(z) for which the theory developed in this pa-
per applies is wider, throughout this paper it will be assumed that a(z) fits the patterns
described by Figure 1 and denote

a4 = max {a(z),0}, a— := max {—a(z),0}.
Then,
Q. = Intsuppay , Q_ =Intsuppa_, a=ay —a_.

Subsequently, given a regular subdomain D of Q and V € C(D), o[-A+V, D] will stand for
the principal eigenvalue of —A 4V in D under homogeneous Dirichlet boundary conditions.
In this paper, it will be throughout assumed that

(1.2) o1 :=0[-A, Q] < o2 :=0[-A,Q4],
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Figure 1: The nodal behavior of a(z).

though most of its mathematical analysis can be easily adapted to cover the most general
case when (1.2) fails. Thus, setting

oo = o[-A,Q],
the monotonicity of o[-, D] with respect to D together with (1.2) shows that
og < o1 <0y.

Thanks to Faber-Krahn inequality, (1.2) holds if the Lebesgue measure of 2 is sufficiently
small (e.g., [18, Section 5]). Actually, one might think of (1.2) as a hierarchical order size
between Qg and 2, establishing that g is larger than Q ; however the principal eigenvalue
o[—A, D] also depends upon some hidden geometrical properties of D, not merely its size.

Under these assumptions, there exists a maximal existence time, T := Tipax(ug) € (0, 0]
and a unique smooth solution wuy 4 ,0)(2,t; 1) of (1.1) defined in [0, T') such that

ltlgl llupy,a,0) (5t uo)llLe@) =00 if T <oo.

Our main goal is ascertaining the behavior of the solutions of (1.1) as time passes by, and,
particularly, finding out the limiting behavior
1.3 li o

(1.3) lim w1,a,0 (£ o)
if such a limit exists, according to each of the values of the several parameters in the setting
of (1.1), as well as the limiting behaviour of the very weak extension @, in the sense of Baras-
Cohen [5], of upy 4,0) after the blow-up time T' (cf. Section 4.2 for the precise definition of
a) if T < oo.

In analyzing this problem, it is imperative to study the classical positive steady-states
of (1.1), i.e. the positive solutions of

(1.4) { —Au = A+ a(z)uP in Q,

u=0 on 0L,
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as well as the classical solutions and metasolutions (cf. Section 3 for further details) of the
auxiliary problem

(1.5) { ~Au=Xu—a_(z)u? i Q,

u=20 on 09,

since the positive solutions of (1.4) and the metasolutions of (1.5) provide us with the
asymptotic behavior of the solution of (1.1), within the adequate parameter ranges, in a
great variety of circumstances. Note that the metasolutions of (1.5) provide us with the
limiting profiles of the positive solutions of the auxiliary problem

% —Au=du—a_(z)uP in Qx (0,00)
(1.6) u(z,t) =0 on 0N x (0,00)
u(-,0) =ug >0 in Q

(cf. [21]) whose solutions are subsolutions of (1.1), since a > —a_. Throughout this paper,
we shall denote by upy 4 0)(z,t;u0) the unique solution of (1.6); it is globally defined in
time, i.e., T'(ug) = oo, since a— > 0. Also, given any function v € C(f) it is said that v > 0
if v(x) > 0 for each x € Q and v # 0, and, given v € C' (), it is said that v > 0 if v(z) > 0
for each z € Q and %(x) < 0 for each z € 902 Nv~1(0), where n stands for the outward
unit normal to Q at = € Q. Note that upy 5,0 = 0 if ug = 0, while wuy p.0) (-, ;ug) > 0 for
each t € (0,T) if up > 0, where b € {a, —a_}.

If ug is sufficiently large, then one can adapt very well known techniques to show that
Ur,q,0) Plows-up in L>°(£2, ) in a finite time and, hence, T' < co. In such case, some further
sufficient conditions on the size of the exponent p can be given so that either uy 4 o) exhibits
complete blow-up in Q4 , or it can admit some extension in a weak sense after the blow-up
time (cf. [22] and the references there in). In this paper we focus our attention into the
—possibly— most interesting case when ug > 0 is a strong subsolution of (1.5). So, we
must restrict ourselves to deal with the special case when A > o0¢, which is the range of
values of A where u = 0 is a linearly unstable solution of (1.1). Among the main findings
in this work, we list the following:

L. If X € (00,01) and ay is sufficiently small, then 7' = 0o and lim¢jeo uy,q,0) €quals the
minimal positive solution of (1.4), which is the unique linearly stable steady-state of
(1.1).

2. T <ooif p>1, X\ € (0g,01) and a4 is sufficiently large. Moreover, if p —1 > 0 is
sufficiently small and the set of blow-up points of u[y 4 q], B(uo), satisfies B(uo) C 4,
then, uy 4,07 blows-up completely in Q, at time 7', while lim¢joo (-, t; uo) (cf. Section
4.2) equals the minimal large solution of

(1.7) —Au=du—a_uP
in Q \ Q+.
3. If X € [01,02) and a4 is sufficiently small with sufficiently fast decay to zero on 9,
then T"= oo and
0 in Qq,

g{g UN,a,Q) = { Iy in Q\ Qo

where £ stands for the minimal large solution of (1.7) in Q\ Q.
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4. T < 0o if XA € [01,09), p > 1 and a is sufficiently large. Moreover, if p—1 > 0 is
sufficiently small and B(ug) C €4, then, uy 4 0] blows-up completely in Q at time
T, while

o0 in QQ,

Hm @00 :{ £ 0,
where £ stands for the minimal large solution of (1.7) in 2_.
5. If A > o9, then Item 4 always occurs, independently on the size of a .

The organization of this paper is as follows. In Section 2 we recall the main existence result
concerning the existence and the stability of the positive steady-states of (1.1), and in
Section 3 we collect the main features concerning the dynamics of the associated sublinear
parabolic problem (1.6). In Section 4 we prove Items 1 and 2, while the proofs of Items 3-5
are given in Sections 5-7, respectively.

Although there is a huge amount of literature dealing with superlinear indefinite elliptic
problems (e.g., Ouyang [27], Alama and Tarantello [1], [2], Berestycki et al. [6], [7], Amann
and Lépez-Gémez [3], Gémez-Renasco and Lépez-Gémez [14], [15], M. Gaudenzi et al. [12],
[13]), sublinear degenerate parabolic problems (e.g., Brezis and Oswald [9], Ouyang [26],
Bandle and Marcus [4], Lazer and McKenna [17], Fraile et al. [11], Marcus and Véron [24],
Gémez-Refiasco and Lépez-Goémez [16], Du and Huang [10], Lépez-Gémez [19], [20], [21]),
and even superlinear indefinite singular elliptic problems (e.g., Mawhin et al. [25]), the
unique available papers addressing the general problem of the asymptotic behavior of the
solutions of (1.1) seem to be Gémez-Reniasco and Lépez-Goémez [14], where the uniqueness
of the linearly stable positive solution of (1.4) was shown, and the very recent paper Lépez-
Goémez and Quittner [22], where some sufficient conditions for complete blow-up were given
for sufficiently large initial data ug. In the very special case when 2, = (), there are
hundreds of papers on (1.1), of course (e.g., see the list of references of [22], as well as the
list of references in each of them), but it should not be forgotten that we are dealing with
the most general case when a(x) changes sign, where live is much harder, as the model
might simultaneously exhibit several kind of different behaviours according to the region of
Q) where attention is focused. It should be noted that the uniqueness theorem obtained in
[14] and [16] (cf. Theorem 2.1 here in) entails that all peak and multi-peak solutions of (1.4)
constructed in the literature by means of the mountain-pass theorem and variants of it are
unstable, and, therefore, they cannot be detected in real world models. In this paper we
are ascertaining all possible stable limiting profiles of the solutions of (1.1), though we were
not able to give complete proofs in all cases, but exclusively in some special circumstances
of great interest.

2 Positive solutions of (1.4) The next theorem, going back to [14] and [15], collects the
main existence, stability and multiplicity results concerning the classical positive solutions of
(1.4). By a linearly stable solution, it is meant a solution such that the principal eigenvalue
of its linearization is non-negative.

Theorem 2.1 Problem (1.4) possesses a linearly stable positive solution for some A € R
if, and only if,

(2.1) / apP™ >0,
0

where ¢ > 0 denotes any principal eigenfunction associated with og. Moreover, in such
case, the following properties are satisfied:
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(a) Let A denote the set of A € R for which (1.4) possesses a linearly stable positive
solution. Then, there exists \* € (0¢,01) such that

A€ { (0(), )\*), (0(), )\*] }
and (1.4) does not admit a positive solution if A € (og,00) \ A.

(b) For each A € A, the minimal positive solution of (1.4), denoted by Oy 4.q), provides us
with the unique linearly stable positive solution of (1.4). Actually, Ox 4.q) is linearly
asymptotically stable if X € Int A, whereas 0y« 4 o) is linearly neutrally stable if \* € A,
and, for each X\ € A, 0} o,q) attracts all solutions of (1.1) with 0 < ug < O}y 4,0)-

(¢) The solution curve B
0,A7) —  C(Q)
A W)

is real analytic, strongly point-wise increasing, and it satisfies
1. lim)\lgo 9[)\7(1,9] =0.
2. limM,\* 9[)\7(1,9] = 9[>\*7a79] ZfA = (0’0, )\*],

H[A’G’Q]HLOO(Q) =0 ZfA = (0’0, )\*)

If, instead of (2.1), the following estimate is satisfied

3. lim)\TA*

(22) / a(pPJrl <0,
Q

then, (1.4) cannot admit a positive solution if A > ao. Moreover, any positive solution of
(1.4) must be linearly unstable.

In the presence of uniform a priori bounds in L*>(2) for the positive solutions of (1.4) on
compact subsets of A € R, necessarily A = (09, \*]. Actually, in such case, (1.4) possesses
at least two positive solutions for each A € (0g, A*) (cf. [3]). Thanks to Theorem 2.1, except
O(x,a,0); all of them must be linearly unstable. Note that (1.4) might exhibit an arbitrarily
large number of positive solutions for any A € (oo, A*) (cf. e.g., [14] and the references
therein).

3 Dynamics of (1.6) This section collects the main results concerning the dynamics of
(1.6). All those results go back to [16], [23], [19] and [21]. Hence, exclusively statements
will be given. They are needed to carry out the mathematical analysis of the subsequent
sections.

3.1 Positive classical solutions of (1.5) The following result characterizes the exis-
tence of positive solutions for (1.5).

Theorem 3.1 Problem (1.5) has a positive solution if, and only if, oo < A < o1. Moreover,
it is unique if it exists and if we denote it by O\ _,_ q), then the curve

(UOa 01) — C(Q)
A = O —a_ 0]

1s real analytic, strongly point-wise increasing in ), and it satisfies

}\ilm Ox—a_,0 =0, }1Tm Ox—a_,0 = 00 unif. in compact sets of 00\ Q.
oo g1
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3.2 Large solutions of (1.5) Given D € {Q\ Q4,0 \ Qo,Q_}, any positive strong
solution of the singular problem

—Au= A u—a_uP in D
(3.1) U= 00 on 0D\ 99
u=20 on 0Of)

is said to be a large solution of
(3.2) —Au = du—a_uP
in D. A function u is said to be a solution of (3.1) if it solves (3.2) in D and

lim  u(x)=0, lim u(z) = 0.

zeD xzeD

dist (,00)]0 dist (z,0D\09) |0

The following result characterizes the existence of large solutions of (3.2) in each of these
D’s.
Theorem 3.2 The following assertions are true:

a) Equation (3.2) has a large solution in Q\ Q4 if, and only if, \ < o1. Moreover, in
such case, there are a minimal and a mazimal large solution. The minimal (resp.
mazimal) large solution will be denoted by Emm C\OL] (resp a3 _a_79\9+])

b) Equation (3.2) has a large solution in Q\ Qg if, and only if, A\ < oo. Moreover, in
such case, there are a minimal and a maximal large solution. The minimal (resp.
maximal) large solution will be denoted by E&tga,,n\(}o] (resp. Eg?faf,ﬂ\ﬁo])'
¢) For each A € R, (3.2) has a large solution in Q_. Actually, it has a minimal and a

maximal large solution, denoted by ’F)‘\i“_a_ Q] and ’F)‘\afa_ Q] respectively.

Subsequently, for any M >0, D € {Q\ Q4,Q\ Qo,Q_}, and uy € C(D), we denote by

Upr,—a_, D, (2, 5 u0)

the unique solution of the parabolic problem

at —Au= A u—a_uP in x (0, 00)
(3.3) u=M on (8D\5Q)><( 00)
' u=0 on 0N x (0,00)
u(-,0) =ug >0 in D

which is globally defined in time, since a— > 0, and smooth, by parabolic regularity. Also,
we will consider the associated elliptic problem

—Au = u—a_uP in D
(3.4) u=M on 9D\ 90
u=~0 on 0N

Then, the next result is satisfied.

Theorem 3.3 The following assertions are true:
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(a) Suppose D = Q\ Q.. Then, (3.4) has a positive solution if, and only if, A\ < o1, and
it is unique if it exists. Let O\ _,_ o\q, ) denote it. Then, for each A < o1, we have
that

Shtasonay) = im0 o ova, M

and, for any ug > 0,

}%glo Uy —a_ o\ ) (5 10) = Oy —a_ vy ) unif. in Q\ Q.

(b) Suppose D = Q\ Qq. Then, (3.4) has a positive solution if, and only if, X < o2, and
it 1s unique if it exists. Moreover, if we denote it by O\ _,_ o\g,, M. then, for each
A < 02, we have that

S man) = I 00 a- oo

and, for any ug > 0,

tlyglo Upn,—a_ 0\00,Mm] (5 EU0) = Opx —a_ o\go,ng) unif in Q\ Q.

(¢) Suppose D = Q_. Then, for each A € R, (3.4) has a unique positive solution. More-
over, if we denote it by O\ _q_ o_ ), then

Rl o= J&}%o O —a_,0 M1

and, for any ug > 0,

tl%glo U —a_,0_ ) (5 B u0) = Opn —a_0_ vy unif. in Q.

Furthermore, for each D € {Q\ Q4,Q\ Q,Q_}, the mapping M — On—a_,D,M) 15 In-
creasing, and, if u (resp. W) is a strict subsolution (resp. supersolution) of (3.4), then
UL O\ —a_,p,M) (Tsp. T O\ _a_ p,M))

Remark 3.4 Theorem 3.3 is also true changing D € {Q\ Q4,Q\ Q,Q_} by
DS :={zxeD : dist(z,d0DNQ) >3}
provided § > 0 is sufficiently small.
3.3 Metasolutions of (3.2) Given D € {Q\ Q,,Q\ Qp,Q_}, a function
Mx,—a_,p] = 2 —[0,00]
is said to be a metasolution of (3.2) supported in D if

00 in Q\ D,
Mla-0) = { Lp—a,pp 0 D,
for some large solution £\ _,_,p of (3.2) in D. In other words, metasolutions are extensions

by oo to the totality of  of large solutions in D. As an immediate consequence from
Theorem 3.3, the next result holds.
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Theorem 3.5 The following assertions are true:

(a)

(b)

()

(3.2) has a metasolution supported in Q\ Q. if, and only if, X\ < o1. Moreover, in
such case, there are a mz'm"mal and a mazximal metasolution supported in Q\ Q4 ;
subsequently denoted by S)JT&‘:L’Q\Q” and mg?faﬂmm, respectively.

(3.2) has a metasolution supported in Q\ Qo if, and only if, X < o9. Moreover,
in such case, there are a mi‘m'mal and a mazimal metasolution supported in Q0 \ Qo;
subsequently denoted by S)JT&‘:L’Q\QO] and amg?faﬂm@o], respectively.

For each A € R, (3.2) has a metasolution supported in Q_. Actually, there are
a minimal and a mazimal metasolution supported in _; subsequently denoted by

min

Dota_ 0] and imﬁafa__g_], respectively.

Moreover, the following relations are satisfied

(3.5)

hm 0[)\77(17’(1] = mmilrt—a,,ﬂ\ﬁo] ’

Ao [0
3 min o min
A M \go) = Moz 0
3 min o min
){lTrUnl m[)\,—a_7Q\Q+] - m[olv_”‘—vﬂ—] !

the first limit being uniform in compact subsets of Qo \ O and Q\ Qo; the second one in
compact subsets of Q\ Q_ and Q_, and the third one in compact subsets of o\ 02 and

Q_.

3.4

Dynamics of (1.6) The following result provides us with the dynamics of (1.6)

according to the size of A € R.

Theorem 3.6 Suppose ug € C(2), ug > 0. Then:

(a)
(b)
()

(d)

hmtToo ||U[)\,,aﬂg](~,t;’u,o)”C(Q) =0 Zf A < ag-
lim¢ 1o ||u[)\7_a_7Q](',t;U0) — e[k,—a_,Q]HC(Q) =01 cp<A<o;.
Suppose 01 < XA < 02. Then,

}iTm U, —a_,0) (- t;u0) = 00 unif. on compact sets of Q0 \ 09,
oo

whereas, in Q\ Qo,
Efﬁiflaﬂg\go] < 1i£ITlOiOnf upr,—a_,0)(+ t;u0)

ax

<limsupupy,—q_,0)(-, tu0) < EFAI,—a_-Q\Qo] .
tToo ’

If, in addition, uy is a subsolution of (1.5), then

(3.6) tl%fglo Upr,—a_,) (s L u0) = Wﬁ{iia_’g\gg] in (2.

Suppose X > o9. Then,

}iTm Uy —a_,0) (-, t;ug) = 00 unif. on compact sets of Q\Q_,
o0
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wher eas, n Q ,
E[Ai—a_ Q_] < lim inf U[A,—a_,il]('7t§ UO)
’ ’ tTOO

<limsupupy, -0 (5t uo) < LR, o -
tToo T

If, in addition, uy is a subsolution of (1.5), then

(3.7) g{.no Uy —a_,0) (- tu0) = SJTF)I\{EL’QJ in Q.

Theorem 3.6 establishes that the maximal non-negative solution of (1.5) provides us with
the asymptotic behavior of the solutions of (1.6) if A < o1, whereas the dynamics of (1.6)
is governed by the metasolutions of (1.5) supported in Q\ Qg if o1 < A < 09, and the
metasolutions of (1.5) supported in Q_ if A > o3.

In general, large solutions —and, hence, metasolutions— supported in €\ Qy and _
are not necessarily unique. Thus, (3.6) and/or (3.7) might fail when wug is not a subsolution
of (1.5). Some uniqueness results, that will be used later, can be found in [20].

Figure 2 represents all possible limiting profiles of the solutions of (1.6) according to the
size of A. In all cases we have represented a one-dimensional slice of the limiting profile.
To discuss the diagram we will assume that g is a subsolution of (1.5). When A\ < oy,
all solutions approach zero. When oy < A < o1 all solutions approach the unique positive
steady state. As A T o1, the steady states approach 9)t™min ik Rather naturally, for

i [o1,—a—, 2\ Qo
each 01 < A < o9, S)ﬁfi”ia__mﬁo] provides us with the limiting profiles of the solutions of
(1.6). As A T o9, 93?’[‘31“_(1_79\@0] approximates 93?’[‘?;_&_79_], which is the limiting profile

of all positive solutions of (1.6), with A = o9, as t T co. Actually, A > o9, szgin_a__ﬂ_]
provides us with the asymptotic behaviors of all positive solutions of (1.6).

4 Dynamics of (1.1) for A\ € (0g,01)

4.1 Global existence versus blow-up in finite time The next result shows that the
behaviour of (1.1) is strongly based on the relative size of a; with respect to .

Theorem 4.1 Suppose A € (0p,01) and ug is a positive strict subsolution of (1.5). Then:

(a) There exists € > 0 such that (1.4) has a positive solution if ||at||cc < €. Moreover,
(4.1) tlgflo HU[A,a,Q]('»t;Uo) - 9[/\,a,9] ||c(s‘2) =0,

where O}y 4] stands for the minimal positive solution of (1.4).

(b) Suppose there is a smooth subdomain D C Q. with D C Q. , such that

(4.2) A:=minay > s {M] ,
D P pa

where

w=w(\D):=0[-A,D] -\,

(4.3) o
=a(\D) = — — O _ d
a=a(\D) J A,—a_,Q) A0,
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Q, Q. Q. Q. Q, Qy Q. Q, Q. Qg
0 <A<O
k<00 0
Q. Q, Q_ Q_ Q_
G <A<o l><52
1 2

Figure 2: The asymptotic profiles as ¢ T oo of the solutions of (1.6).

Oix,—a_,q) s the unique positive solution of (1.5), ¢ > 0 is the unique principal
etgenfunction of o[—A, D] satisfying thp = 1, and n stands for the outward unit
normal to D. Then, ujy q.0)(x,t;uo) blows-up in L>(2) at some time T® = T®(ug) >
0.

Proof: Fix A\ € (09,01) and let ug > 0 be a strict subsolution of (1.5). Such subsolution
exists, since A > op; one can take a sufficiently small positive multiple of a principal
eigenfunction of —A in . Then, by the uniqueness of the positive solution of (1.5),

(4.4) Uy <K G[A,—a,,ﬂ] .

Also, ug is a subsolution of (1.4) and, hence, the mapping ¢ + uy 4,0](,t; uo) is increasing.
Moreover, for each ¢t > 0,

U a,0] (5 B U0) > Upn —a_ 01 (- 15 U0) in Q,
and, hence, thanks to Theorem 3.6(b), if T' = oo, then
(4.5) glglo upn,a,0) (5 5 u0) > O —a_ 0 -
Now, we shall prove Part (a). Since

o[-A+pa 001 =N >o[-Ata 0 -2 =0,
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it follows from the implicit function theorem that there is dg > 0 such that, for each
0 €10, 0), the problem

—Au = u+ [bay —a_]uP in Q,
u=0 on 090,

has a positive solution in a neighborhood of 0y _, o). Thus, there exists ¢ = ¢(\) > 0
such that (1.4) possesses a positive solution if ||a4 | < €. Thanks to Theorem2.1, the
minimal positive solution 6y , o is the unique linearly stable non-negative solution of (1.4),
Moreover, it is apparent, from the maximum principle, that

On—a_,0] < Opna,0) >

since 05 4,0] is a positive strict supersolution of (1.5). Therefore, thanks to (4.4), we have
that
ug < Opra,0] 5

and (4.1) follows readily from Theorem 2.1. This concludes the proof of Part (a).
Now, we will prove Part (b). Since

A< o1 =0[-A, Q] <02 =0[-A,04] < o[-A, D],
we have that
w=0[-A,D]-A>0.
Also,

0
L 0 \,—a—_,Q] do > O,

o= — -
3D8n[

since g—i < 0 on 9D. Consequently, the constant in the right hand side of (4.2),

_w\D) [(p—1Dw\, D))"
o) 10.0) = SER LA

is positive. Suppose (4.2) and u q,0)(z,t;uo) is defined for all ¢ > 0, and set, for each
t >0,

I(t) ::/ Ux,a,0] (T, 1 u0)p(x) dz € (0,00) .
D
Note that I(t) is increasing, since ug is a subsolution of (1.4). Thus,
(4.7) L:= gm I(t) € (0, 0]
is well defined.

On the other hand, setting u := uy 4,0](®,t;up), multiplying by ¢ the u-equation of
(1.1), integrating in D, and applying the formula of integration by parts gives

I’(t):/ gpAudx—i—)\/ gpudx—i—/ auPp dx
D D D

—/ ua—(pda+()\—o[—A7D])I(t)+A/upgodx,
ap On D

Y

/. d
where ' 1= 2

1—1 1
/ugpda::/ (plficp%udxg (/ <p> (/ tpupda:) = (/ upcpda:) ,
D D D D D

and A := minp a. Moreover,

H
=
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since [, ¢ = 1, and, hence,

P
/upgodxz </ ugodx) .
D D

Consequently, for each ¢ > 0,

(4.8) I’(t)z-/ uaﬁda—wl(t)+AIp(t).
oD 871
Suppose L < co. Then,
}iTm I't)y=0,

and, passing to the limit as ¢ 7 co in (4.8), we find from (4.5) that

(4.9) 0>a—-—wL+AL?,

where « is the constant given by (4.3). Note that introducing the function f defined by
f(x) := A2? —wz + «, x>0,

(4.9) can be equivalently written as

(4.10) f(L)<o0.

The function f satisfies

f(0)=a>0, limf(z)=o00, and f'(z)=pAz’r ' —w Vz>0.

xToo
Thus,
=1
f/(x)=0 ifandonlyif z=uxp:= (p_)

and, due to (4.10), necessarily

p

f(ﬂUL):A(];d—A)ﬁ—w(%)IHjtago.

A< [M} ,
p po

which contradicts (4.2). Therefore, L = oo. Note that (4.8) gives

Equivalently,

(4.11) I'(t)y> —wlI(t)+ AIP(t), Vi>0.

Thanks to (4.7), there exists to > 0 such that

(4.12) I(to) > (%)”j .

Moreover, the change of variable

It)=e @t j1),  t>1>0,
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transforms (4.11), (4.12) into

J'(t) > Ae—«@—1D(t=t0) yr(¢) t>1to >0,
(4.13) { (t) > Ae (t) > 1o

_1
J(to) = I(to) > (%) ol
Thus, integrating the differential inequality of (4.13) gives
1

— [J17P() = T P (k)] =

[e—“’@’—”(f—%) - 1} Vit>tg,
L—p

w(p—1)
and, hence,

A
(4.14) T < T (t) — = [1 - e*“@*l)(t*%)} Vi>to,

since p > 1. Consequently, passing to the limit as ¢ T oo in (4.14), we find from (4.7) —with
L = oco— that
1— A
0 < J p(to) - 7
w

since 1 — p < 0. Equivalently,

I(to) = J(to) < (E)T ,

A
which contradicts (4.12). Therefore, in either case we reach a contradiction; coming from
the assumption that w is globally defined in time, which concludes the proof. o

Note that A — w(A, D) is decreasing and A — «(A, D) is increasing, since A —
Oixn,—a_,0)|p is point-wise increasing. Thus, the mapping A — A.(A, D) is decreasing; a
rather natural feature establishing that as bigger is A as smaller can be taken minp a for
U[x,q,0) tO blow-up in L°°.

4.2 Complete blow-up in Q, Subsequently, we denote by T® = T®(ug) the L°°(£2)-
blow-up-time of the solution of Theorem4.1(b) to show that it does not admit a weak
continuation for ¢ > T? if p — 1 > 0 is sufficiently small and the blow-up set at time T lyes
within €. To carry out this analysis, we introduce the following approximating functions

A in{u?, k} if QU0
(4.15) Fea ) = u+ a(z) min{u?, k} 1 x € Q4 UQo, keN,
Au+ a(z)u? it xe_,
as well as the associated approximating problems
uy — Au = fi(z,u), z €, t>0,
(4.16) u(z,t) =0, x €I, t>0, keN.
u(z,0) = uo(x), x €Q,

For each k € N, let ug := ug(z,t;uo) denote the solution of (4.16). Clearly, uy is globally
defined in time and it satisfies uy < ugy1, since fr < fr+1. Thus, the limit

(4.17) a(z,t) = ulx, t;ug) == klim u(x, t;up) € (0,00], (z,t) € Q x (0, 00),
is well defined. Note that @(z,t) = u(x,t;ug) for any x € Q and ¢ < T, though the problem
of finding out @(x,t) for t > T® might be extremely involved. Also, we denote by

B(ug) :={x € Q : (3xr — )3ty 1 T®) such that klim ULr,a,0) (T, trs Uo) = 00}
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the blow-up set of upy q,01(,t;up), and set
u(x, t;ug) 1= Up,a,0) (T, u0) Ly (t) := E(u(-, t;up)),
where

,_ 1 2 A o a p+1 1
E(w).—/Q(2|Vw| sl )dx, w e HE(Q),

is the associated energy functional. A direct calculation shows that

Ly,
dt

(t) = —/ u?(z,t;ug) dr <0
Q

and, hence, L,, is decreasing in [0, T?).

The following result shows that, under the general assumptions of Theorem4.1(b),
u(z,t) = oo for any € Q, and t > T® if B(up) C Q4 and p — 1 > 0 is sufficiently
small. Therefore, under these assumptions, the solution wuy 4 0)(z,t;uo) blows-up com-
pletely in QO at time 7°. Consequently, it does not admit any weak extension in €0 after
time T? (cf. [22], and the references therein, for a further detailed discussion).

Theorem 4.2 Suppose A € (00,01), up > 0 4s a strict subsolution of (1.5), and (4.2) is
satisfied for some smooth domain D with D C Q4. Then, u(x,t;ug) 1= upx q,0)(2,; uo)
blows-up in L>°(Q) in a finite time T®, and

a(,tiuo) = ultiug) < LM, g, 0 2\ Q.

In particular, B(ug) C 4. Moreover, if either

_ ) too, if n=1,
(1.15) p<por = { (Bn+8)/Gn—4),  if n>1,

or
(4.19) at () = ag(z)[dist (z,004)]7  for z € Qy near 00,

where oy is a positive continuous function and v > 0 is a constant satisfying

(4.20) p<min{(n+1+7v)/(n—-1), (n+2)/(n—2)} if n>3,
then,
(4.21) tl%l%}) L, (t)=—c0.

Further, if, in addition, B(ug) C Q4, then
(4.22) a(z,t;ug) = +oo  for any (z,t) € Qy x (T, 00),
i.e., u(x, t;ug) blows-up completely in Q4.

Proof: The fact that u blows-up in L>() in a finite time 7 follows from Theorem 4.1(b).
Note that, thanks to Theorem 3.2(a), E’Kiria_.ﬁ\s_h_] is well defined, since A\ < o1. Moreover,

since ug is a subsolution of (1.4), for each ¢ > 0 the restriction u(-,#;uo)|o\q, provides us
with a subsolution of (3.1) (with D = Q\ Q) and, hence,

u(+, t;ug) < Eﬁifia—ﬂ\@r] in Q\Qy.
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Thus, for each t > 0,

u(z, t;ug) = Jim ug(z, t;uo0) = u(x, t; uo)

uniformly in compact subsets of Q\ Q.. In particular, B(uy) C Q4. Now, suppose that
either (4.18), or (4.19) and (4.20) are satisfied. Then, (4.21) is a consequence from the results
of [22, Section 5]. Therefore, assuming B(ug) C Q4, (4.22) is an immediate consequence
from [22, Theorem 1.1] applied in the domain Qs := {z € Q : dist(z,004+) < 4}, for a
sufficiently small § > 0, instead of in ), where the associated g is empty. This concludes
the proof. o

It should be noted that the point-wise limit

+00 if xeQy,

Mxa.0) (%3 u0) = { lim¢ oo w(, ¢ ug) if xeQ\Q,,

is well defined. Actually, it provides us with the minimal positive strong solution of

—Aw = Iw — a_wP in Q\Qy,
w = limyjoo U on 090, ,
w=20 on 0NQ.

Also, note that the well known fact that initial data ug which are subsolutions to (1.4) give
rise to non-decreasing in time solutions of (1.1) as long as the solution is classical remains
valid as well for the very weak extension @ in (0,00), since ug is a subsolution of (4.16)
whenever k > |luo||oo, and, hence, uy is non-decreasing in time on (0, 00). Consequently,
the property is inherited by its limit @, and, therefore, limo % is well defined in €.

In the radially symmetric case, Theorem 4.2 can be sharpened up to obtain the following
result.

Theorem 4.3 Suppose 0 < R; < Ry < R,
QZBR::{JZERTL:|1‘|<R}, Q+:BR1, Q_:BRQ\BRI, QozBR\BRQ,

00 :=0[—A,Br] < A <01 :=0[-A, Q] < 02 :=0[-A,Q4],

a(z) = a(|z|), a € C1([0, R)), satisfies (4.2) for some smooth domain D with D C Q. , and
uo(z) = up(|z]), uo € CL([0, R]), is a positive strict subsolution of (1.5) in Br. Then, the
solution u(x,t;ug) = U q,0)(,t;u0) of

ur — Au = Au + a|z|)u?, x € Br, t >0,
(4.23) u(z,t) =0, x € OBR, t >0,
u(z,0) = up(|z]), x € Bp,

blows up in a finite time T := T®(ug) < 0o in L. Suppose, in addition, the following:
(Al) 1<p<(n+2)/(n—2) ifn>3.
(A2) There exists p € (Ry, R2) such that o/ (r) <0 for each r € [0, p], and

p
(4.24) / a(r)yr"~tdr >0, o[-A,B,] <A< o1
0

(A3) uo(r) is non-increasing.
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Then, there exists TC > T such that

(4.25) a(z, t;ug) = +oo  for any (z,t) € Qy x (T°,00),
while
(4.26) a(-, tuo) = u(-, tug) < E’[‘Ki,n_a_ﬂ\f—m in Q\ Q4

is a classical solution for each t > 0. Moreover, if limyv u(R1,t;up) = oo, then

(4.27) limu(-, t;uo) = 5", o\q ] in Q\Qy,

tToo
uniformly on compact sets of Q\ Q4, and, hence,

. — min +00 in Q ’
lim @(-, t;up) = Sﬁp\,a,ﬂ]('; up) = { o n QK Q.

min _
tfoo —a— 2\04]

Consequently, in such case, the asymptotic behaviour of u[x 4,0) s governed by the minimal
metasolution of (3.2) supported in Q\ Q.

To construct examples satisfying the requirements of the statement, one can proceed as
follows. First, fix p > 1 satisfying p < (n +2)/(n —2) if n > 3, and R > 0. Then, choose
Rs € (0, R) sufficiently close to R so that

(428) U[—A, BRz] < G[—A7 Bgr \ BRQ] = 0[—A, QQ] .

Note that, thanks to Faber-Krahn inequality and the continuous dependence of the principal
eigenvalue with respect to the domain, we have that

I%ingnRa[—A, Bp,] = 0[-A,Bg] and I%ingnRa[—A, Bg \ Bg,] = 00,

since |Bg\ Br,| | 0if R2 T R (e.g., [18]). Thus, (4.28) can be easily reached. Once obtained
(4.28) one has to choose a sufficiently small R; € (0, R2) such that

O’[—A, BR \ BRQ] = O'[—A, QO] < U[—A, BRl] = O’[—A, Q+] y
which is possible, since

li —A,Bpr,] = 0.
Rllr?oa[ ,Bpr,] =

Now, pick X satisfying -
U[—A, BRQ] <A< O'[—A, Bgr \ BR2]

and p € (R, Ro) sufficiently close to Ry so that
0[—A, Bp] <A< 0[—A, Bgr \ BRz] .
Finally, by choosing an adequate a(r), all the requirements of the theorem are fulfilled.

Proof of Theorem 4.3: The fact that u blows-up in L°(£2) in a finite time 7° and (4.26)
follow from Theorem 4.2(b). Subsequently, we suppose (A1)-(A3). In particular,

a(0) > 0 > a(p), /Op a(r)r"tdr > 0.
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Pick to € (0,T%) and consider the auxiliary problem

vy — Av = v+ a|z|)ovP, x € By, t> 1o,
(4.29) v(z,t) =0, x € 0B, t > to,
v(x,to) = dyp, x € By,

where ¢ > 0 stands for a principal eigenfunction associated with o[—A, B,] and 6 > 0 is
sufficiently small so that d¢ be a strict subsolution of —Av = Av — a_v? in B, (it can be
accomplished since A > o[—A, B]) satistying

(4.30) dp < u(-, to;uo) in B;.

Let v(x,t;0p) denote the solution of (4.29) and o(x,t; dp) its associated function through
the approximating process (4.16), (4.17). Thanks to (4.30), we find from the parabolic
maximum principle that, for each ¢t > 0 and x € B,,

(4.31) vz, t;0p) < a(x,t 4+ to;ug) .

Moreover, thanks to Theorem4.1, v(x,t;0¢) blows-up in L*°(B,) in a finite time 0 >
T® — to. Thus, thanks to [22, Theorem 1.3],

v(z, t; 0v) = 400 for each (z,t) € Bg, x (T*,0).
Therefore, setting T¢ := T? +to > T°, we find from (4.31) that
a(z,t;up) = +00 for each (z,t) € Bg, x (T¢ 00),

which concludes the proof of (4.25).
Now, set u = u(r,t), for each € [0, R] and t € [0, T"), and suppose that

(4.32) lim w(Ry,tr;uo) = 00

k—oo
for some sequence t; T T°. The auxiliary function
w(r,t) == r""tu,(rt), (r,t) € [0, R] x [O,Tb),
satisfies
w(0,t) =0, w(R,t) <0, w(r,0) <0,

and, differentiating with respect to r the u-equation, multiplying by r"~! the resulting
identity, and rearranging terms gives

n— _ _
Wy = Wyyp — Twr + Aw + apuP " w + ap TP

n—1

< Wy — wy 4+ (A + apuP~w in (0, R) x (0,T?).

Thus, w < 0 and, hence, u,. < 0 in (0, R) x (0,7°). Therefore, it follows from (4.32) that

lim u(r, t;ug) = +o0 uniformly in [0, R1],
t1TT?

since t — u(r,t;ug) is increasing. The remaining assertions of the theorem follow straight
ahead from the fact that

£(z) = lim a(z, t;uo) , reQ\Qy,

tToo
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provides us with a strong solution of (3.1) in D := Q \ Q. This concludes the proof. g

In the contrary case when there exists a constant C' > 0 such that
(4.33) u(Ry,t;up) < C for each t >0,

then, g(R1) = limyjeo u(R1,t;up) is well defined and the limit £ := limsoo u(-, t;ug) in
Q\ Q4 provides us with a positive strong solution of

—Aw = w — a_wP in Q\Qy,
w=g on 004,
w =0 on 0.

Therefore, it is of the greatest interest to ascertain whether or not condition (4.33) holds
true. In Figure3 we have represented the two possible limiting profiles of u(x,t;ug), as
t 1 00, according to each of the cases (4.32) —(a)— and (4.33) —(b)—. It should be noted
that & = oo in Q4 for sufficiently large ¢ > 0. As a consequence from the third identity of

VR

a A

@) (b)

Figure 3: The asymptotic profiles of @ in cases (4.32) and (4.33).

(3.5), the profile of 2&12 N ] for A sufficiently close to oy looks much like shows Figure 3.

Therefore, it cannot be reached at time T, since u, < 0 for each t < T®. Therefore, the
metasolution cannot be reached in a finite time. Such possibility cannot be a priori avoided
if \ is separated away from o;. By comparing the gradients from both sides (from the
interior of 2, and Q\ Q, respectively) it should be possible to prove that the case (b) of
Figure 3 cannot occur, but this sharper analysis will appear elsewhere.

5 Dynamics of (1.1) for A € [01,02) and a4 small The following result is a conse-
quence from the main theorem of [20].

Theorem 5.1 Suppose A < o2 and there exist § € C(I'1;(0,00)) and v € C(I'1;]0,00)) such
that

: a_(x) : :
5.1 1 =1 [ el'y.
(5.1) a:Eg{lQo B dist (o, T )@ uniformly in x, 1

T—T1
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Then, the problem

— = — P ; 0
(5.2) { Au= A u—a_u n Q\Q,

U = 00 on Flza(Q\QO)v
has a unique positive solution, denoted by £\ _,_ o\q,)- Moreover, for each w € (0,7/2),

Lo o\00] (@)

(5.3) Am m— =1 uniformly in x; € T'y,
S EERTE -

where, for each 1 € T'y,

y(z1) +2
p—1

r(zy) = , Coyw ::{xEQ\QO : angle(x—xl,—nm)gz—w} ,

2

and ng, stands for the outward unit normal to Q\ Qo at 1 €T Therefore, there exists a
constant C > 0 such that

d(z) = dist (z,T), e\ Q.

p—1
(G4 a8 o ovan @ = gy
Thanks to Theorem 5.1, and using Hardy’s inequality, it follows from [8] that the principal
eigenvalue of the linearization of (5.2) at £, _, \q,] is well defined and it satisfies

(5.5) ol-A+pathl, oo~ AR\ Q] >0,
since
—1 =
ol-A+ a—gf;\ﬁa,,n\ﬁo} -0\ Qo) =0.

Actually, the non-degeneracy condition (5.5) allows us to apply the implicit function theo-
rem in order to get the following existence result.

Theorem 5.2 Suppose \ < g9 and there exist 8 and v satisfying (5.1). Then, there exists
e > 0 such that

(5.6) —Au = du+ auP in Q\Q, B
: u =00 on I't=0(Q\Qo),

possesses a minimal positive solution if ||ay| <e.

The technical details of the proof of Theorem 5.2, as well as some other related questions,
will appear elsewhere, as they deserve special attention in its own right. Subsequently, the
minimal solution of (5.6) will be denoted by Sﬁig,ﬁ\ﬁo]’ if it exists. The following result
ascertains the dynamics of (1.1) when wug is a subsolution of (1.5) and |la4| < e.

Theorem 5.3 Suppose \ € [01,02), ug is a positive strict subsolution of (1.5), and there
exist B and ~y satisfying (5.1). Let € > 0 be for which Theorem 5.2 is satisfied and assume
llayll <e. Then, upy q,0)(x,t;u0) is globally defined in time, i.e., T = oo, and

in

(5.7) 7gronO upn,a,0) (T, tu0) = L% 0.0\] (x) for each x € Q\ Q,

while

(5.8) tl%m Upr,a,0) (2,15 up) = 00 if ©€Qy\00.
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Proof: The subsolution ug exists since A > og. Moreover, uy is a subsolution of (1.4), since
—a_ < a. Thus, t = uy 4.0](-,t; uo) is point-wise increasing, i.e., u[x 4,0)(+, t; uo) provides us
with a subsolution of (1.4) for each t > 0. Moreover, since ug is a positive strict subsolution
of (1.5) and Eﬁiz,n\ﬁo] provides us with a strict supersolution of (5.2), one has that

Uy < 9[)\7_a_7Q] < E[)\,fa,,ﬂ\ﬁo] < £E§IE,Q\QO] in Q \ Q() .
Thus, the maximum principle implies
(5.9) Upn,a,0) (T, 15 u0) < Sﬁiz,ﬁ\ﬁo] (x) for each (z,t) € (Q\ Qo) x (0,7,

where T' € (0, 00] stands for the existence time of u[y 4,0]. Now, given a sufficiently small
& > 0, consider the open set

Q) ={zeQ : dist(z,Q4) <5 };
§ must be chosen so that Q% C Q_. By (5.9), there exists a constant M > 0 such that
upya,0) (2, t;u0) < M for each (z,t) € aQi x (0,T).
Consequently, the maximum principle implies that
Upn,a,0) (2, u0) < Uz, t) for each (z,t) € (Q\ Q‘i) x (0,T),

where U is the unique solution of

%—Au:)\u—a,upg)\u in (Q2\9%) x (0,00)
u=0 on 0 x (0,00)
u=M on 995 x (0,00)
u(-,0) = ug in Q\Q%

Therefore, uy 4,07 is bounded above for each ¢t € (0,7") and, hence, T = oo.
On the other hand, for each ¢t > 0,

Upna,0] (5 B U0) > Upn —a_ 01 (- 15 U0) in Q,
and, hence, (5.8) follows from Theorem 3.6(c). In particular,

tliTm Upr,a,0 (T, 15 up) = 00 for each (x,t) € 'y x (0,00).

Therefore, upy q,0)(%, t; uo) must approach a positive strong solution of (5.6) bounded above
by L o\ao BY the minimality of L0\ (5.7) holds true. o

The first figure of the second row of Figure2 shows the limiting profile of upy 4,0) as
t T oo in the case described by Theorem 5.3.

6 Dynamics of (1.1) for A € [01,02) and ay large The following counterpart of
Theorem 4.1(b) shows that up 4,0 blows-up in L*°(€) in a finite time 7% if up > 0 is a
strict subsolution of (1.5) and a is sufficiently large in 2.
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Theorem 6.1 Suppose \ € [01,02), ug > 0 is a strict subsolution of (1.5), and there exists
a smooth domain D such that D C Q4 and

—1Dw]?P T
(6.1) A=mina, > 2 | L= ]
D D pa
where
8(,0 min
(6.2) w=w(\D):=0[-A,D] -\, a=a(\D):=— - %E[Aﬁaﬂﬂ\ﬁo] do,
2&%‘:(17’9\@0] is the minimal positive solution of (5.2), ¢ > 0 is the unique principal eigen-

function associated to o[—A, D] normalized so that fD @ =1, and n stands for the outward
unit normal to D on OD. Then, uy q.0)(%,t;u0) blows-up in a a finite time T = Tb(uo) in
L (Qy).

Proof: Fix A € [01,02) and let ug > 0 be a strict subsolution of (1.5); it exists since A > oy.
Then, ug provides us with a subsolution of (1.4) and, hence, the mapping ¢ — wu[x 4,0](-,t; to)
is increasing. Moreover, for each ¢ > 0, up q,0)(, % u0) > U —a_ (- t;uo) in Q, and,
so, thanks to Theorem 3.6(c),

B ) > T,

In particular,

in

(6.3) tlg)no Upn,a,0 (5 L u0) > SF;H*G—;Q\QO] in DcCQy.
Note that A < 09 = 0[—A, Q4] < o[-A, D], and, hence, w = o[—A, D] — A > 0. Moreover,
since g—i < 0on 0D,

% min

= - 5.1do > 0.
a 9D 8n P‘v_a—vg\QO] d

Consequently, the constant in the right hand side of (6.1) is positive. The remaining of the
proof can be easily obtained by adapting the argument given in the proof of Theorem 4.2(b).
Now, one should use (6.3), instead of (4.5). o

If the definition of the constant A.(A, D) introduced in (4.6) is extended to the whole
interval [0¢, 02), by means of (6.2), for each A € [01,02), then, the mapping A — A.(\, D)
is decreasing, since A — w(\, D) is decreasing and A — «(\, D) is increasing, because, for

each \; € [0g,01) and A2 € [01,02), 05, —a_,q) < Sﬁiznfa, 9\ Q0] in D C Q., and, for any
A p€ for, o) with A <, SR o 0 < LR oiq, 0 D C Q4. Thus, (4.2) implies

(6.1).
As a consequence from Theorem 6.1, the following counterpart of Theorem 4.2 holds.

Theorem 6.2 Suppose A € [01,02), uog > 0 is a strict subsolution of (1.5), and (6.1) is
satisfied for some smooth domain D with D C Q. Then, u(x,t;uo) = Uy q,0)(7,t;uo)
blows-up in L (2y) in a finite time T® and the following assertions are true:

(a) u=u< Eﬁl\i’{aﬂgi] in Q_ is a classical solution for each t > 0, where Efr,{i,ria,,n,]

stands for the minimal positive solution of

_ - _ P ;
(6.4) { Aw = w—a_w mn Q_,

w = 00 on O0_.
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(b) For each sufficiently small 6 > 0,
(65) u[k,—a_,Q](H t; UO) < ﬂ('a t; UO) < U(S('vt) in QO )

where Us(x,t) stands for the unique solution of

% —Au=Au—a_u? in Qs x (0,00)

6.6 u=0 on 90 x (0,00)

(6.6) u = Efr,{i,ria,,n,] on (0QsNQ_) x (0,00)
u(+,0) = ug in Qs

with Qs :={x € Q : dist (z,Q) <d}.

Thus, u(-, t;uo)|q, is a classical solution for each t >0 and

(6.7) tl%m (-, t;ug) = 0o uniformly on compact subsets of Qg \ 0.

In particular, B(ug) C Q4. If one further assumes that either (4.18), or (4.19) and (4.20),
are satisfied, then (4.21) holds true. If, in addition, B(ug) C Q4, then (4.22) holds as well
true and, hence, u(x,t;ug) blows-up completely in Q.

Proof: The fact that u(z,t;up) blows-up in L>(£,) in a finite time T° is guaranteed by
Theorem 6.1. Part (a) follows from the fact that, for each ¢t > 0, @(-,;uo)|q_ provides us
with a subsolution of the singular problem (6.4). Now, choose a sufficiently small § > 0
such that 02 \ 0Q C Q_. Then, thanks to Part (a), @ provides us with a subsolution of
(6.6) and, therefore, the upper estimate of (6.5) is satisfied. The lower estimate follows
from the fact that up\ _,_ o) is a subsolution of (1.1). Relation (6.7) is a direct consequence
from Theorem 3.6. The remaining assertions of the theorem follow straight ahead from the
previous features adapting the proof of Theorem 4.2. o

Adapting Theorem 4.3 to the present situation, one can obtain some further sufficient con-
ditions ensuring that @(-,t;up) =oco in Q. forany t>T°,

while
. +00 in QQ \ oN R
N G0, (65 t0) = M 0,000, (5 0) = { emn o in Q_,

though we refrain of giving further details here in. In such cases, for each ¢ > T?, @ looks
like shows the left picture on the second row of Figure 2 , approaching a limiting profile like
the one shown in the right picture of the second row as ¢t T co.

7 Dynamics of (1.1) for A\ > o5 For this range of values of A is not needed any restriction
on the size of ay in order to get L°°-blow-up in €2, and, hence, the following result holds.

Theorem 7.1 Suppose X > a3 and ug > 0 is a strict subsolution of (1.5). Then, ujy q.01(%,t;uo)

blows-up in L>®(2y) in a finite time T® and the following assertions are true:
1. tUpx,a,0)( tug) < Efr,{i,ria,,n,] i Q_ is a classical solution for each t > 0.
2. For each sufficiently small § > 0,
(7.1) upy a0 (5 tu0) < Up a0 (5 tue) < Us(t)  in Qo

where Us(x,t) stands for the unique solution of (6.6). Thus, u(-,t;uo0)|q, s a classical
solution for each t >0 and (6.7) holds true.
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In particular, B(ug) C Q4. If one further assumes that either (4.18), or (4.19) and (4.20),
are satisfied, then (4.21) holds true. If, in addition, B(ug) C Q4, then (4.22) holds as well
true, i.e., Ux q,0](7, t;uo) blows-up completely in 2, .
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