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ON WEAKLY REFINABLE SPACES

NURETTIN ERGUN & TAKASHI NOIRI
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ABSTRACT. We first prove in this paper that a bounded weak k@-cover of any space
has a B(D,wo)-refinement for any infinite cardinal number . The special case k =
Ro had already been proved by R.H.Price and J.C.Smith in [7]. Thus we obtain a
characterization of B(D,wo)-refinability via bounded weak x0-cover refinements. We
also prove that the set of all those points in any space having positive and finite order
with respect to a given open family is covered by a o-discrete closed refinement of that
family. Thus a theorem of Bennett and Lutzer on subparacompactness is obtained as
a corollary. We finally give a healthy proof of the fact that every weakly @-refinable
space is B(D,w§)-refinable.

0. Introduction The generalized covering properties have been extensively studied in the
past. Metacompactness and subparacompactness, the two most widely known weak forms of
paracompactness for instance had been defined respectively in the historical papers [1] and
[3]. In their well known paper [10], J.M.Worrell and H.H.-Wicke, on the other hand, have
proved several interesting characterizations of developable spaces via another weak covering
property f-refinability. For instance they proved I) A topological space is paracompact and
T5 iff it is collectionwise normal, f-refinable and 74; II) A topological space is developable
iff it is essentially 77 (i.e. the closures of any two singletons are either equal or disjoint),
f-refinable and has a base of countable order.

A sequence {G,}°2, of open covers of a topological space X is called a 6-cover iff
for each point # € X there exists an n, € N such that ord(z,G,,) = card{G € G,, :
x € G} < wp. The space X is called f-refinable iff each open cover of X has a 6-
cover refinement. Spaces that are f-refinable are also known as submetacompact in
the literature, since every metacompact and every subparacompact space is evidently 6-
refinable. The two generalizations of this concept have been defined as weakly 6-refinable
and weakly 6-refinable spaces respectively in [2] and [8]. A cover G = |J>7_, G, is called
a weak f-cover in X iff the following three conditions hold: i) each G, is an open family
(which is not necessarily a cover), ii) for each # € X there exists an n, € N such that
0 < ord(z,Gn,) < wo, iii) the countable open cover {|JG,}5, is point-finite, see [8]. G is
called a weak #-cover on the other hand if it satisfies solely the two conditions i) and ii).
In this note we briefly write | J A instead of | J{A : A € A} for any family A of subsets of X.
The space X is called weakly f-refinable (resp. weakly f-refinable) iff every open cover
of X has a weak f-cover (resp. weak f-cover). H.R. Bennett and D.J. Lutzer have shown
in [2] that quasi-developable spaces are weakly f-refinable. J.C. Smith has proved in [§]
that every -refinable space is weakly A-refinable and there exists a weakly 6-refinable non
f-refinable T, space. Some several related examples and knowledges can also be found in the
survey chapter [4] of D.Burke. J.Chaber and H.Junnila on the other hand have observed in
[5] that every open cover of any 6-refinable space has a refinement K = J7—, K, such that
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each IC,, is a locally finite collection of closed subsets in the subspace X — (J; <, (U Kk).
Then it is straightforward to observe by induction that the union set (J,_,, (U Ky) is closed
in X for each n € N; thus it is understood that every #-refinable space is B(LF,wq)-
refinable, (they were actually called the property by for B(LF,wg)-refinability), see below
for the definition:

Definition 1: Let A be an ordinal number. A topological space X is called B(D, \)-
refinable (resp. B(LF, \)-refinable), iff every open cover of X has a refinement K =
Ua<x Ko such that i) each Ky, is a discrete (resp. locally finite) family of closed subsets in
the subspace X —J;_,(UKp), ii) the union set [, (UKp) is closed for each av < A, see
[9] and [6]. Then K is called as the B(D, A)-refinement of that open cover.

J.Chaber and H.Junnila have proved in the above mentioned paper that a space X
is metacompact (resp. submetacompact = f-refinable) iff X is almost expandable (resp.
almost #-expandable) and B(LF,wy)-refinable. Every B(D, A)-refinable space is evidently
B(LF, \)-refinable.

R.H.Price and J.C.Smith, on the other hand have proved in [7] that every bounded weak

A-cover of any space has a B(D,wp)-refinement. We prove first in this paper that even any
bounded weak rf-cover of any space has a B(D,wp)-refinement for any infinite cardinal
number k. The following concept has been recently defined by N.Ergun and T.Noiri as a
natural generalization of weak f-cover, see [12]:
Definition 2: Let x be an infinite cardinal number. An open cover G = Ua<n G, of a
topological space X is called a weak xf-cover iff i) G* = {{JGa }a<x is a point-finite open
cover of X and %) for each x € X there exists an index «, < k such that 0 < ord(x,G,,) <
wo-

Thus weak -covers are nothing but weak Rof-covers. Bounded weak rf-covers, on
the other hand, will be defined before Proposition 1 in the sequel. Weakly rf-refinable
spaces are investigated in [12]. The purpose of this paper is expressed in the abstract. No
separation axiom is assumed in this note unless explicitly stated. [A]™ will denote, as is
well known, the set of all special finite subsets of A having cardinality n. The first infinite
ordinal number will be denoted by wy as usual. N denotes the set of all positive integers
whereas N,, denotes the finite set {1,2,...,n} for each n € N. A < B simply means
throughout the paper that for each A € A there exists a By € B such that A C By.

1. Results Let G be any nonempty family of open subsets in the topological space X.
Then it is known that the sets H,,(G) = {z € X : ord(2,G) <n} and U,(G) ={x € X : n <
ord(z, G)} are respectively closed and open in X. These symbols will be utilized throughout
the note. Note that H,,(G) C H,41(G).

Let G = U, Ga be a weak rf-cover of X. Then for each z € X there exists a
finite set k(z) = {a < K : 0 < ord(z,G4)} and at least one element a, € r(z) such that
0 < ord(z,Ga, ) < wo. Thus we have

1< min ord(z,Ga,) < wo (Vo € X).

a€r(x)

We briefly write minordg(z) (or minord(z) if there is no possibility of confusion) for
this minimum. Then G will be called a bounded weak k8-cover of X if there exists a
positive integer ng such that

i ord(z) —
max min or (z) = no,

i.e. minord(z) < ng for each x € X and there exists at least one point g € X satisfying
minord(zg) = ng.



ON WEAKLY REFINABLE SPACES 307

Now we start with the following result. The notations and concepts which are introduce
now will be used throughout this proposition.

Proposition 1 A bounded weak k0-cover of any space has a B(D,wo)-refinements for any
infinite cardinal number k.

Proof: Let G = J,., Ga be a bounded weak kf-cover of X. Let us write Go = {Ga,s :
B € I,} for each o < k. We divide the whole proof in two steps.

Step 1: Suppose there exists a fixed positive integer ng such that min ord(xz) = ng holds
for each x € X, i.e. ng < ord(x,G,) for each o € k(x) and there exists an o, € k(x) such
that ng = ord(z, G, ) for each € X. Define then

Us ={[) Gap: A€ L]} (a<k)
gen

and write U = |, ., U and U* = {UUa o<k Let Uy = {U(a, ) : § € An} as an indexed
family for each @ < k. We evidently suppose in here that each U, family is faithfully indexed,
ie. U, B1) # Ula, B2) whenever 81 # B2, 51,82 € A,. Notice that ord(x,U,,) = 1 for
each x € X and besides ord(z,U,) = 0 whenever o € k — k(x). Thus U* is a point-finite
open cover of X. Define now

A, ={z € X :ord(z,U*) = n} (n e N).
Note first that A, N A,, = ) whenever n # m and U1<k§n A = H,(U*). Besides for

any point & € A, there exists a unique set k(x) = {az(1), @y (2),... ,a,s(n)} € [x]™ such
that a,(1) < a,(2) < -+ < az(n) < x and 1 < ord(z, Uy, (1)) for each 1 < k < n and at
least one of these orders is certainly 1 and some of them may possibly greater or equal to
wp. We are going to define now the families IC,, ,, for each n € N and foreach 1 < m <n
such that all conditions

1 Knm < U,
. An = Ulgmgn(u ]C’ﬂym)7

2
3. UKnm N (Hp—1(U*) U U1§k<m(U ’Cn,k)) =0,

4. Kn,m is a closed-discrete family in the subspace X — (Hy—1(U*) UU; <f o (U K k),
5

. Hp (U U U1§k<m(U Kni) = Uj<i Usen (UK ;) U 1<%J (UKn.k) is closed in X;
Sk<m

hold for each n € N and for each 1 < m < n. Define now for this purpose the subset Anma
of A,, which is the set of the whole special points x € A,, satisfying the following three
conditions:

Z) Ord(l‘,uaz(m)) = minlgkgn Ord(l‘,uaz(k)) (: min ordy, (1‘))
ZZ) 1< min1§k<m ord(x,b{am(k)) if 1 <m,
i) az(m) = a.

We evidently have ord(z,U,) = ord(z,Us, (m)) = minordy(z) = 1 for any x € Ay m o
and besides X = > Ur_1 Up<\ Anm.a holds. Define then the families

Kl,l = {AlﬂUZUEZ/{},
Knma = {AMn,m,a)NU(x,B): 0 € Ao},
’Cn,m = U ’Cn,m,a

a<k
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where 1 < n and 1 < m < n. Thus we first have UK, mi,0r N UKnsmaee = 0 =
UKnim: N UKny,m, whenever the subindices of these families are different and X =
Uo i Ur 1 (UKsm). Tt is easy to observe that Ky is a discrete family of closed sub-
sets in X since Ay = Hy(U*) is closed, ord(z,U,,) = 1 and ord(z,U,) = 0 for each
x € Hi(U*) and for each o # ;. Similarly the members of each Ky, 1, o family are pair-
wise disjoint since ord(z,U,) = 1 for any © € A(n,m,«a). Therefore each U(a, 5) € U,
intersects only one member of Ky, ;, . Notice additionally the basic fact that if the indices
oy satisfy ag < ae < ... < ay then we necessarily have a,(1) = a1,...,a,(n) = «, for
any point z € Ap, N[, <pen(UUa,). Now let us first prove that IC,, ,, is a closed-discrete
family in the subspace X — (Hp—1(U*) UU; <jcrn (UKn k). Suppose first 1 < m and let
us take any point x from this complementary set. Then we have n < ord(z,U*) = n/,
z € UKp m and x € Ay 3 where m < m’ < n/. Now if n < n’ then we evidently
have € Up+1(U*) and Up41(U*) N UKym = 0. Let us suppose now that n = n/. So
v € UKym and © € Ap sy, and m < m’ < n. Thus we have 2 < ord(z, Uy, (i)
for each 1 < i < m' and ord(z,Us,, (m)) = 1. Thus by determining the finite subsets
Ay (i) € A, 5y with 2 < card(A,(7)) for each 1 <4 < m' and the unique 3, € A, () With
z € U(az(m'), Bz) — Upgyg, Ulaz(m’), 3) one can define the special open set

o= N Vs mU<am<m’>,ﬁz>ﬂ< N (U“azw))-

i<m/ BEA, (i) i'=m'+1

Then W, contains x and furthermore

won { Hoa@u [ (Ukes) v U A’ 9) | =0,

i<m’ B#Ya

In fact notice that if there exists a point y € A, o N W, where m” < m/, then we
have in particularly oy (m”) = az(m”), y € Ngep, (m Ulaz(m”),3) and thus we would
have 2 < cardA,(m") < ord(y,Un, (my) = ord(y,Un,m)) = 1. Additionally if a point
y € Ay 3gNW, does exist then we easily have y € A,NW, and § = oy (m') = oz (M) = 7,
which yields W N U, An,m,s = 0. Therefore it is understood that the condition 4) in
above is satisfied whenever 1 < m < n. Now let us examine the case m = 1. The
complementary set written at the right side of 4) would simply be X — H,,_1(U*) in this
case and for any point x of this set we either have i) n < ord(z,U*), i.e. © € Upq1(U*) or
ii) x € Ap1,(1) oriii) o € Ay y where 1 <m/ < nand k € N. In each of these cases
an open nbhd W, of x missing all but (possibly) one member of C,, ; can easily be defined.
We have for instance Up41(U*) N Uj<men (UKnm) = 0 for the case i) and the case iii)
has already been proved a little while ago; if finally = € Ay 1,0, (1) then the unique member
of Uy, (1) containing x can be taken as W,. All these intermediate results easily verify the
conditions 3), 4) and 5). Observing the conditions 1) and 2) is just straightforward. We
also have X = 07| Ay = Uy<pmen Une (U Knm). By using lexicographic ordering now,
one can define the families K = K11, K5 = Ko.1,K5 = K22,K5 = K3.1,... and in general
K} = Kn,,m, where (ng, my) is the ith couple (n, m) with respect to this ordering in which
n € Nand 1 <m <n. It is easy to see that now K* = [J;—, K} is the required refinement
of U satisfying all the B(D,wq)-refinability conditions.

Step 2: Suppose now there exists a positive integer ng such that the boundedness
conditions written before this proposition holds for the weak x#-cover G =, < Go. Then
the family G* = Un<n0 Ua <k Ga,n would be a bounded weak kO-cover refinement of G
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whereas

ga,n = { m GOt,,B tA € [Ia]n} (O[,TL) €KX N’I’Lov
BEA

since if minordg(z) = n, < ng and n, = ord(z, Ga, ) then we have ord(z,Ga, n,) = 1 =
min ordg«(z) for each x € X and therefore the procedure of the previous step works. Thus
the proof is over now.

Corollary 1 (R.H.Price&J.C.Smith [7]) A bounded weak 0-cover of any space has a
B(D, wy)-refinement.

Corollary 2 A space X is B(D,wo)-refinable iff there exists an infinite cardinal number
k = k(G) for every open cover G of X such that G has a bounded weak k6-cover refinement.

Proof: Sufficiency follows from the above proposition. Let X be any B(D,wp)-refinable
space now and let an open cover G of X be given. It is actually known that G has a bounded
weak f-cover refinement and we are going to give this proof for the sake of self containment,
see [7]. Let K =, Ky, be a B(D, wp)-refinement of G. Therefore |J; -, _,, (U Kx) is closed
in X for each n € N and K, is a closed-discrete family in the open subspace O, = X —
Ui<ren(UKk) for each n € N. Thus we have (JK, C O, (n € N). Now let K, = {Kp.q :
a € A, } for each n € N and determine a unique member G(K,, ) from G for each couple
(n,a) € Nx A, such that K,, o C G(K,) holds. Then, there exists a uniquely determined
couple (ng, ;) for any x € X such that x € UK»n, — Ui<pen, (UKK) = Ky, N Oy, and
€ Knya, — U{Kn,a:a€Mp,,a#a,}. Let us briefly write A}, for A, — {a,}. Since
Ka, is a discrete family of closed sets in Op, we have clo,,, (Uaear Kn,ia) =Uaer, Kn,a
and thus ’ :

r € (Kn,,a, NOy,) —clo,, U Kn,o| =Kn,a, — U Ky, o

aEA, aEA,
Thus we have x € G}, , where the open G, , sets are defined as
G;,a = G(Kn,a) - U (U Ick) U Kn,[i ) (n,a) € N X An

1<k<n BeA,—{a}

and thus an open refinement G* of G could be defined as G* = |J.- | GF, whereas G} =

{Gr o @ € A} (n € N). Notice that = ¢ Gy, , for each a € A, , ie. ord(z,G; ) =

1 = minordg- (2) for each z € X. Besides we evidently have z € (J,;,,(UKx) for each
n > n, and therefore ord(z,|J,, ., G,) = 0. Thus G* is a bounded weak f-cover of G.

Proposition 2 Let wyg < A < wy. Then every B(LF, \)-refinable space is weak -refinable.

Proof: Let X be a B(LF, \)-refinable space and let U/ be any open cover of X. Suppose
that the refinement K = (J,, ., Ko of U satisfy the conditions i) (with locally finite property)
and ii) of the Definition. Write Co = {Kq g : 8 € Ay} for each aw < A and define

Gan(A) =Ua(A) - (U KapU U (U K5))

BEA y<a
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for each A € [Aq]". Note that first, this set is open in X since Xo = X — s, (UKs)
is open in X by the condltlon i), UﬂeA K, p is closed in X, and therefore Go n(A) =
(Ua(M)NXa)=Ugga Ka,pis open in Xo. We have supposed in above that a well determined
unique member U, g € U have already been chosen for each o« < A and 8 € A, such that
Ko g C Uy g; we write above then

=(Uap:BEA} (A€M

Define now the open families Go ., = {Gan(A) : A € [Ay]"} for each (a,n) € [0,\) x N.
Since [0, A) is well ordered, X = {J,.,(UKqa) and K, is a locally finite family in X,, it
is not difficult to observe that there exists an o, < X and an n, € N for each 2 € X
such that ord(z,Ga, n,) = 1. But since [0,\) x N is countable, we can write the open
family ;"1 Up<r Gan 88 Upe 1 Gay,n, and this family evidently constitutes a weak f-cover
refinement of &. Thus proposition follows easily.

As is well known a topological space X is called perfect iff each open set in X is an
Fo-set. We work now in the class of perfect spaces.

Proposition 3 Let G be any non empty open family in any perfect space X. Then the set
A(G) ={x € X : 0 < ord(z,G) < wo} is covered by a o-discrete closed refinement of G in
X.

Proof: Let an open family G = {G, : @ € A} in a perfect space X be given. We are
going to prove that A(G) can be covered by a o-discrete family of closed sets in X. Notice
that A(G) = U,—, (U1(G) N H,(G )) We may naturally suppose that the index set A is well
ordered by <. Let H,(G) =gy Un for each n € N and G, = ;2| Ka,; for each a € A,
where each U, j, set is open and each K, ; is closed in X. Define now

Fn,m,i(a) (Ka,i N Hn(g)) - (Uﬂ<aG5 U Unfl,m) )
Kn,m,i = {Fn7m7i(a) RS A},

oo 0 XX

U U UK

n=1m=1i=1

K

All Uy, sets are taken as the empty set. Note that F), () € Ko € Go C U1(G) and
K < G. Let (n,m,i) € N’ be fixed. Notice that if # ¢ H,,(G) — Up_1.m then z has evidently
an open nbhd missing all members of C,, . ; since Fy,  i(a) € Hp(G) — Un—1,m. If on the
other hand x € H,(G) — Up—_1,m then we have first ord(z, G) = n and thus there exists a set
A, € [A]" suchthat x € Wy =, Ga and so WoNEy i) € (,ep, GyNGaNHR(G) =
(? for any o < v, = min A, and W, ﬁanZ( ) € Gy, — Uﬂ<a Gg = 0 for any 7, < a. Thus
each family ICp, ., ; is a closed-discrete family in X. Besides for any point z € A(G), the
positive integers n, = ord(z, G) and m, in which = ¢ U,,, 1, as well as the index a; € A
in which z € Ga, —,<q, Ga and the positive integer 4, in which z € Fy,, m, i, (cz) holds,
are all well defined. Thus we have A(G) =Ur—; Ure_; Uiey (U Knm.,i)-

Corollary 3 (H.R.Bennett and D.J.Lutzer, [2]) A weakly 0-refinable perfect space is
subparacompact.

Proof: This statement follows easily after the preceding result since if G = J7—; G, is a
weak -cover of X then X = J;-; A(G,) holds.

Corollary 4 (R.Hodel, [11]) Every perfect metacompact space is subparacompact.
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Remark: The following Corollary 5 has been given in [9], see Theorem 2.2 of [9]. But the
proof of it, given in that paper is unfortunately not correct. The family Fj, defined in that
proof should be indexed with (4, j) and therefore should be written as Fy (4, j). This family is
closed and discrete in the open subspace X — P(i, ) but since Uy~ , U;=, U=, (U Fi(4, 5)) €
P(i, j+1) holds, one should also define all the families Fy, (¢, j+1) similarly for X — P (i, j+1);
that makes totaly wg families! We given here in this context a correct and healthy proof of
this interesting result.

Proposition 4 A weak 0-cover of any topological space has a B(D,w?)-refinement.

Proof: Let G = J)~, G, be a weak O-cover of X and let G,, = {G(n,a) : a € A,,} for each
n € N. We suppose in here that each G,, family is faithfully indexed, i.e. G(n,a) # G(n, 3)
whenever o # 3 and «a, 8 € A,,. Notice that the open cover G* = {|JG,}52, is point-
finite in X. Thus we have X = (J7° | A, where 4, = {z € X : ord(z,G*) = n} for
each n € N. Then A, N A,, = () holds whenever n # m and there exists a unique set
{N.(k) : k € N,,} € [N]” for each z € A, such that N,(1) < N,(2) < --- < Nz(n) and
1 <ord(z,Gn, (k) for each k € N,, and furthermore at least one of these orders is certainly
finite, i.e. 3k, € N,,, ord(x, ON, (k,)) < wo and some of them may possibly be > wo. Let us
define now the following sets for each four-tuples (n,m, N, k) € N x N,, x N x N:

ApmnNgk={x€A,:Conl, Con 2, Con 3 holds for z}
whereas our basic conditions for any x € A,, are respectively
Con 1: ord(x,Gn, (m)) = minordg(z) = N,
Con 2: ord(x, Gy, (m)) < Mini<icy, ord(z, Gy, ;) if 1 <m,
Con 3: N,(m) = k.

We will write from now on N = minord(x) for each € A, ,, 5. Notice furthermore
that ord(x, Gx) = N holds for each © € A, . vk and besides if the positive integers Ni <
Ny < .-+ < N, are given, then we necessarily have N, (k) = Nj, for each k € N,, and for
any point z € A, N (<<, (UGN,

Now let
]Cn,m,N,k = {An,m,N,k N ﬂ G(”v O[) tA e [An]N}7
acA
Kn,m,N = U ICn,m,N,k-
k=1

It is not difficult to see that, all the orders ord(z,Gn, ) (k € N,,) and the finite subsets
N(z) = {N,(k) : k € N,,} are uniquely determined for each = € A,, and thus Ay, m, N,k N
Apy ma Na ko = 0 iff (n1,m1, N1, k1) # (n2, ma, Na, ko) and therefore

UIC"L17m17N17k1 N Ulcn27m27N27k2 =0= UIC"hthl N Ulcn27m27N2

whenever the subindexes are different. Let us define finally an ordering among K, . n
families as in the following: We will write K,y Ny < Kpjm,, N, for any n € N iff we either
have N7 < Ny or Ny = Ny and m; < mso. Besides we define for all positive integers
m(< n),m (< ng), N,N': Knym,N < Kny.m, N whenever ny < na. Thus we have K,, 11 <
’Cn,271 < e < ]Cn’n,1 < ’Cn,LQ < ’Cn,2’2 < --- and ’Cn,m,N < /CnJer/’N/ for all n € N
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and for all positive integers m < n, m’ < n+ 1 and N,N’. By using the refinement
notation < we have now the following: (>~ U*_; Un—1 Kn,m,n < G. Besides we have
Ay = U U UK ) (€ N and X = U, U, Uy (UK ). We
furthermore have

n

(1) Hu(G") = J Ar = U U U (UKrmy)  (neN),
(k,

k=1
(2) (Anmnin [ Gk a)) ﬂ Vif Ay, Ag € [AL]N, Ay # Ag,
aEM [
(3) UKnmnwe N J UKnmnwe) =0 (ko €N).
k#ko

Only the last assertion requires a proof. Let ko € N and the point x € |J K, m, Nk, be
given. Then x belongs to open O, = ﬂ1<l<n(U Gn, (i) and Oy N Uk;éko(UIC"MNk) -
O, N Uk;ﬁ,C nom, Nk = = () since, if there is a point y € Oy N Ap.m N then we necessarily
have y € O, N Ay and so ap = ag(m) = ay(m) = a as we have observed in above. Besides

the following union
U (U ’Cn,m,N)

Knym,NSKng,mg,Ng

is closed in X for any fixed triple (ng, mo, No). After (1) in above this union is nothing but

U A, U U]Cno,l,l U U’Cn0,2,1 u---u U’Cno,mo,No

1<n<ng

and if we briefly write Ey for this union, we either have ord(x,G*) < ng or ord(z,G*) = ng
and minord(z) < Ny for each = € Ey. Take now any point o € X — Ey. If ng < ord(z,G*)
then zp € Upy+1(G*) and we evidently have U,,+1(G*) N Ey = 0. If ng = ord(xo,G*)
and Ny < minord(z), then, by determining the finite set {N,(k) : k € N,,,} € [N]"° where
1 < ord(zo,9n,, ) for each k € Ny, and the subsets Ag(z0) € [An, """ such that o €
Naerr o) G(Nao (k), @), we define the open set Uz, = [N1<p<ng (Naeca (zo) G (Va0 (k), )
which apparently satisfy zg € Uy, and Uy, N Ey = @ since we would have ny = ord(z, G*)
and No + 1 < minord(z) < Ny for any x € Uy, N Ep. Finally if ng = ord(z,G*) and
Ny = minord(x), then, there exists a positive integer m > mg such that xo € |JKny,m.No
and therefore there exists an ko € N with 2o € Apngm,No ko and Ny, (i) < Ny(mg) <
Nz(m), No = ord(zo,Gn,, (m)) < ord(zo,Gn, i) for each 1 < i < m. Now by taking
Ai(xo) € [ANzO(i)]NOH for each 1 < i < m and Aj(zg) € [ANj(wO)]NO for each m < j < ny,
one can define the open set

V’Eo = ﬂ ﬂ G(Nro(z)aﬁ) N ﬂ ﬂ G(Nro(j)hu)

1<i<m \ BEA;(zo) m<j<no \p€A;(xo)

which evidently satisfy zg € V,,, and V,,, N Eg = 0, since if a point « € V,,, N Ey does exist,
then we first have ng = ord(z,G*) and No+ 1 < ord(x, Gy, (5)) and Ny (i) = Ny, (i) for each
1 <i<m and since = € |JKny,m,,nm, we would finally have No + 1 < ord(z,Gn, (m,))) =
M, < Ny by the aid of positive integers m, and M, whereas m, < mg < m and M, < Nj.
By repeating the same arguments, one can easily prove after (2) and (3) that, each KCpn no.No
is a closed and discrete family in the open subspace X —J N <Kngmo.No (UKn,m,n). Soit
is clearly understood now that, the family K = (J;2, U _; Ux—1 Kn,m,n with this ordering
is the required refinement of G satisfying all the B(D,w3)-refinability conditions.
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Corollary 5 (J.C.Smith [9]) Every weakly §-refinable space is B(D,w?)-refinable.

REFERENCES

[1] R.Arens and J.Dugundji, Remark on the concept of compactness, Portugal Math.
9(1950),141-143.

[2] H.R.Bennett and D.J.Lutzer, A note on weak 0-refinability, General Top. and Appl.
2(1972), 49-54.

[3] D.K.Burke, On subparacompact spaces, Proc. Amer. Math. Soc. 23(1969), 655-663.

[4] D.K.Burke, Covering properties, Chapter 9 in Handbook of Set-Theoretical Topology
(Editors: K.Kunen and J.E.Vaughan), North Holland, 1989.

[5] J.Chaber and H.Junnila, On 0-refinability of strict p-spaces, General Top. and Appl.
10(1979), 233-238.

[6] S.H.Fast and J.C.Smith, Examples of B(D, \)-refinable and weak 0-refinable spaces, Trans.
Amer. Math. Soc. 347(1995), 1803-1809.

[7] R.H.Price and J.C.Smith, A remark on B(P,a)-refinability,Proc. Japan Acad. Ser A,
65(1989), 245-248.

[8] J.C.Smith, Properties of weak O-refinable spaces, Proc. Amer. Math. Soc. 53(1975), 511-517.
[9] J.C.Smith, Irreducible spaces and property b1, Top. Proc. 5(1980), 187-200.

[10] J.M.Worrell and H.H.Wicke, Characterizations of developable topological spaces, Canad.
J. Math. 17(1965), 820-830.

[11] R.E.Hodel, A note on subparacompact spaces, Proc. Amer. Math. Soc. 25(1970), 842-845.
[12] N.Ergun and T.Noiri, On finally compact spaces, Acta Math.Hungarica 92(2001), 61-68.

N.Ergun
Department of Mathematics
Faculty of Science

T. Noiri
2949-1 Shiokita-cho, Hinagu
Yatsushiro-shi, Kumamoto-ken,

Istanbul University
Vezneciler 34459, Istanbul, Turkey 18;;91;2111421’13)3%‘21: atsushiroonct.ac i
E-mail: nergun@istanbul.edu.tr : R4 -ac.Jp




