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Introduction

An interesting result of Ghahramani, Lau and Losert [3] asserts that if G; and G are
two locally compact groups such that LUC(G1)* is isometric isomorphic with LUC(G2)*,
then GG; and G5 are topologically isomorphic. In the present paper we shall extend this result
to locally hypergroups by proving that if K; and K5 are two locally compact hypergroups
such that LUC(K)* is isometrically isomorphic to LUC(K3)*, then G(K1) is topologically
isomorphic with G(K3), where G(K;) denotes the maximum subgroup of K;(i = 1, 2).

Preliminaries
Throughout this paper, K will denote a locally compact hypergroup (Same as convo in
[4]) with a fixed left Haar measre A. The following notations are different form those in [4]:
6, The point mass at x € K
Cy(K) The bounded continuous complex velued functions on K

[flloc sup{|f(z)]: z € K}.
The involution on K is denoted by  — &. If f € Boo(K) (the space of bounded complex
valued Borel measurable functions on K) and x,y € K, the left translation =/ or £, f is
defined by

() = Laf(y) = / fdb, 8, = f(oxy),
K

if the integral exists. For f € Buo(K) the two functions f, f which are given by f (x) =

f(%), f(z) = f(&) respectively, are in Boo(K). For p in M (K) the measure fi is defined by
i) = [ Fadut) (€ B(B)).
We also recall that if y,v € M(K) and f € Boo(K) then

| sawsn = [ [ s pant@at)

and
px f(z) = /K £ 2)dp(y)
f o ulz) = /K f(@* 9)du(y)

2000 Mathematics Subject Classification. Primary 43A20, 43A10, 43A22. Secondary 46H05, 46H10.
Key words and phrases. Measure algebras, Hypergroups, Groups.



210 M. LASHKARIZADEH BAMI

The functions p * f and f % p are in Boo(K). If f is also in Cy(K) then both p* f and
[ pare in Cp(K) with ||p* flloo < ||l f]loc and if f € Co(K) then px f € Co(K). Since
for f € Boo(K), (u f) = f = fi, it follows that f « pu € Co(K) whenever f € Co(K) and
w € M(K).

Not that i« f(z) = [ f(y* x)du(z) = (f, 0, * p) and similarly f = g(z) = (f, p * 0z)
(r e K and p € M(K), f € Bo(K)). For simplicity we denote i f and f % i by puf and
fu respectively. So if f € Cy(K), then both uf and fu are in Co(K).

We also recall that if K is a hypergroup with a left Haar measure \, then L'(K) =
My(K)={ve M(K):z+— § xv from K into M(K) is norm continuous} and further-
more M,(K) is a closed two sided L—ideal of M(K) (c.f. [5]).

Since M, (K') has a bounded approximate identity an application of Cohen Factorization
theorem [4. Theorem 32.22] shows that

Co(K) ={fu:f€Co(K),pne Mi(K)}
={uf:f€Co(K),pe My(K)}.

For a hypergroup K we denote by LUC(K) the space of all funtions f € Cy(K) for which
the mapping : x — =/ is continuous from K to (Cy(K),| |/sc). Note that LUC(K) =
Li(K) * Loo(K) = L1(K) * LUC(K) (see Lemma 2.2 of [10]).

Let G(K) ={z € K : 6, %0z = 0z * 0, = 0.}. Then G(K) is a (closed) subhypergroup
of K and a locally compact group [5 , 10.4C]. It is called the mazimum subgroup of K. For
each z € K and y € G(K), there exists a unique z € K such that ¢, x d, = ¢, [5, 10.4B].
We write z = zy. For more information on hypergroups we refer the interested reader to
[2] and [9].

A closed linear subspace X of Cy(K) is called left introverted if £,(X) C X for all
x € K, and for each m € X* and f € X the function me(f) on K is defined by m(f)(z) =
m(lyf) (x € K) is also in X. In this case the Arens multiplication on X* is defined
by (nm, f) = (n,me(f)) (f € X, n, m € X*) makes sense. Furthermore, X* with this
multiplication is a Banach algebra (see [1]). Trivial examples of left introverted subspaces
of Cy(K) are Cy(K) and LUC(K). In the case where X = Cy(K), then Co(K)* = M(K)
and the multiplication on M (K) is precisely the convolution of the measures as defined
above.

The results
We start with the following result which is a generalization of 5.6B of [5].

Theorem 1. Let K be a hypergroup. Let (ua) be a net in M(K) which converges to p in
M(K) in the weak * - topology with || o ||—1 1 ||. Then || po *v — p*xv ||— 0, for every
ve M,(K).

Proof. Given € > 0, by Theorem 3.3 of [8] there exist an ag and a compact subset F' of K
such that for all o > g

(1) (| pa [+ DIENF) < e

Let A={vf:feCyK)and | f ||co< 1}. Since || vf [|oo<|| ¥ ||| f ||oco it follows that A
is uniformly bounded in Cp(K). We claim that A is equicontinuous. To see this, take xg
fixed in K. So there is a neighbourhood U of xy such that || d; * v — g, * v ||< € for all
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zeU. If feCy(K) with || f ||leo< 1, then for every x € U

| vf(@) — vf(zo)| = |/f 0By v — by + 1) (1) |

[ f llooll 62 % v — 62y x v || < €.

IN

That is A is equicontinuous. Let Ap denote the set of all elements in A restricted to F'. By
the Ascoli Theorem [6, p.233 Theorem 17] the uniform closure of Ap is compact in C(F)
(the space of all continuous complex-valued functions on F'), and so it is totally bounded.
Let {vfi,...,vfn} be an e-net for this compact metric space. Let vf € A; then for some
j(1<j<N)

| vf —vfj ||r< e, where || . || denotes the sup-norm on F'. Since p, — f in the

weak *-topology, there exists an aj(a; > ag) such that foralli=1,...,N

| [pvfidpia — [pvfidp |< € for all > as.

Thus for all & > «; we have
| (o xv—p*xv)(f)| < | f@)d(pa * v — pxv)(z) |

+|/f d(pte v — % 1)(2) |
10 (] e |+ | 2 DENF)
1 /F Wi (@) — vf; (@) dpa(z) |

+1 /F v f5(2)dp () — /F vfidu(a) |

+ /F w15 () — v ()]du() |

< elvli+llvi=viilel pall +e

+lwlllvf—vilr
< €(3M+1),

IN

where M > 0 is chosen so that || p ||< M, | v |< M and || g ||[< M for all @. This
implies that || po *v —pxv ||<e(BM +1). B
In view of the above theorem we introduce the following definition.

Definition 2. Let {my,} be a net in LUC(K)*. We say that (m,) converges to m €
LUC(K)* strictly if || map — mp ||[— 0 for every p € M, (K).
As a consequence of Theorem 1, we obtain the following result.

Corollary 3. Let K be a hypergroup. If (po) is a net in M(K) which converges to
w € M(K) in the weak *-topology with || pa ||—1 i ||, then (pa) converges to p strictly.

Lemma 4. For any locally compact hypergroup K,
LUC(K)* = M(K) ® Co(K)™,

where Co(K)* = {m € LUC(K)* : m(f) = 0 for all f € Co(K)}. If m € LUC(K)* and
m = pu+my for p € M(K) and m; € Co(K)*, then |m| = ||ul| + [[m1] and Co(K)* is a
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closed ideal in LUC(K)*.

Proof. We only need to show that Co(K)* is an ideal in LUC(K)*, since the proof of the
other parts is the same as that of Lemma 1.1 of [3].

Let n € Co(K)* and h € Cy(K). Since £,h € Cy(K) for every = € K, it follows that
n(lyh) =0 for all x € K. Thus for every v € K

(nh,z) =n(l.h) = 0.

Hence nh = 0. So for every m € LUC(K)* and h € Cy(K) we have (mn,h) = (m,nh) = 0.
Thus mn € Co(K)*. So Co(K)* is a left ideal in LUC(K)*.

In order to prove that Co(K)> is a right ideal in LUC(K)*, we choose n € Cy(K)*. For
every p € M(K) and h € Cy(K), since ph € Cy(K) we have (nu,h) = (n,ph) = 0. Thus
np € Co(K)*. Let m € LUC(K) and m = p+my, for p € M(K) and m; € Co(K)*. Then
nm = nu + nmy. Since by the second paragraph nm; is also in Co(K)*, we conclude that
nm € Co(K)*t. That is, Co(K)* is also a right ideal of LUC(K)*. The proof is complete.
]

Lemma 5. Let K be a hypergroup. Then for m in LUC(K)* the following are equivalent:
(i) m is invertible and |m| = |m~|| =1,
(ii) there exists & € C with |a| =1 and x € G(K) such that m = ady.

Proof. It is clear that (ii) implies (i). It remains to prove that (i) implies (ii). To see
this we invoke Lemma 4 in order to write m = p +mq and m~! = v + mo with p,v €
M(K),my,my € Co(K)*. Then 6, = p* v+ (uma +miv+mims). Again by Lemma 4 the
part in parentheses belongs to Co(K )+ and hence equals 0. Hence || p*v ||=1=| u ||=| v |,
so my = 0 = mg, by Lemma 4. For every h € Co(K) with h(e) =1 and 0 < h < 1 we have

1= (0, h) = {(u=*v,h).

Thus
1=/hd(u*V)§/hd|u|*|V|=/ | hd | v |<] el v )= 1.
K K K
Hence
[ n=1uimd|v =0
K
Since 0 < |u|h < 1, it follows that |u|h(t) = 1 for all ¢ € supp(v). Since

lulh(t) = 1= [ h(d¢ * 0s)d|ul(s),
K

we have
[ 1= nG = 81dlul(s) <o,
K

Thus h(d; *x §s) = 1 for all ¢ € supp(v) and s € supp(p). Form this it follows that e €
supp(d, * 0,) for all z € supp(p) and y € supp(v). So x = ¢ for every x € supp(v) and
y € supp(u). Hence there exists ¢ € K such that supp(u) = {z} and supp(v) = {#}. Since
de = p* v, it follows that x € G(K). This establishes the proof. B
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The proof of the following Lemma is the same as that of Lemma 1 of [7].

Lemma 6. Let X be a locally compact Hausdorff space and m € Co(X)*. Then m has a
unique norm preserving extension to a continuous linear functional on Cyp(X).

Using Lemma 6 in place of Lemma 1 of [7] in the Proof of Lemma 1.4 of [3], we obtain
the following result. The proof is omitted.

Lemma 7. Let Ki,Ks be two locally compact hypergroups and let T be an isometric
isomorphism from LUC(K1)* onto LUC(Ks3)*. Let (my) be a net in M(K1) converging
strictly to m in M(Ks2) and ||mel|| = ||m|| = 1. Then T(m,,) converges to T'(m) in the weak
x—topology of LUC(K2)*.

Remark. Tt should be remarked that in the above lemma M (K;) (i = 1, 2) is considered as
a subspace of LUC(K;)* in the obvious way.

The following is the main result of this paper and it gives a generalization of Theorem
1.6 of [3].
Theorem 8. Let K; and Ko be two locally compact hypergroups and LUC(K1)* is isomet-
rically isomorphic with LUC(K2)*. Then G(K1) is topologically isomorphic with G(Ks).

Proof. Let x € G(K1). Then T(6,)T(0z) = T(6z)T(d5) = ez (the identity of K3). So by
Lemma 5 there exist a(x) € C with | a(z) |= 1 and 7(x) € K3 such that T'(,) = a(2)d; ().
It is also obvious that « defines a character on K, that is a(d; * 6y) = a(x)a(y) and
| a(z) |= 1 (z,y € K1), and 7 defines an isomorphism of K; onto K5. Let (z;) be a net in
K which converges to « in Kjy; then 0, — 0, strictly. So by Lemma 7, T'(05,) — T'(6)
in the weak * - topology of LUC(K32)*. Consequently, a(z;) — a(x) and 7(z;) — 7(x).
This proves the continuity of o and 7. The proof is complete. B

Let 7 : K1 — Ks be a (topological) isomorphism of K7 onto Ky and let o : K3 — C
be a continuous character. Define 7, : Co(K2) — Co(K1) by (7o.f)(x) = a(z) f(7(z)) for
all z € Ky and f € Cyp(K3z). Then 7, is an isometric isomorphism of Cy(K3) onto Cy(K7).
Furthermore, T; , = 7} is an isometric algebra isomorphism from M (K;) onto M(Ks),
where

wof) = [ al@f(r@)duta) (€ Colla). e M)
For each € M(K7), let u™ € M(K3) be defined by

(u", f) = . f(r(@)du(z)  (f € Co(Ky)).

Lemma 9. Let Ky and Ko be two locally compact hypergroups. Let T be a topological iso-
morphism of K1 onto Ko and T be an isometric isomorphism of LUC(K1)* onto LUC(K3)*
such that T'(8,) = 75(x)(xz € K1). Then

(2) T(p)=op™ (e M(Ky)).
In particular, T maps M (K1) onto M (K3) and My (K1) onto M,(K>).



214 M. LASHKARIZADEH BAMI

Proof. It is clear that (2) holds for y = 0,(x € K1), and hence for all convex combinations
of such measures. Let p1 € M (K1) be a positive measure with || p ||= 1. There exists a net
s = S0 )\f 0z, of convex combinations of J,’s, x € K; such that ug converges to p in
the weak * - topology of M(K7). Therefore

| ia 1= (pa, 1) — (1) =[l p || -

From Corollary 3 it follows that (ug) converges to u strictly. So (Tug) converges to T'u
in the weak * - topology of LUC(K32)", by Lemma 7. Hence, the net auj — au” in the
weak * - topology. That is, (2) holds for all positive measures p with || p ||= 1, and hence
it must hold for all p € M (Ky).

In order to prove the next assertion, we assume that (z3) is a net in Ky which converges
to z € Ko. Then ys — y in Ky, where yg = 77'(25) and y = 77!(2). Thus for every
u € My(K;) we have

[ (Tp) * by = (Tp) %6y || = bup{\/ (for)(@)o(m)d(p * 625 — pu b2) () |

feCo(K2), || fllus1}
| 62y —pxds ||— 0.

IN

Similarly, || 8y, * (T) — 8y * (Tp) ||[— 0. Hence T'p € My (K3). B

In the case of join hypergroups we present the following result. For the definition of
the join hypergroup G V J of a compact group G and a discrete hypergroup J we refer the
interested reader to 10.5 of [4]. Note that every join hypergroup has a left Haar measure,
by Proposition 1.1 of [9].

Theorem 10. Let K1 = Gy V J1 and Ko = G2 V Jo be two join hypergroups. If Ji is
isomorphic with Jo and LUC(K1)* is topologically isomorphic with LUC(K2)*, then the
following are valid:

i) K1 is topologically isomorphic with Ko;

it) Mo (K1) is isometrically isomorphic with M,(Ks);

i11) M (K1) is isometrically isomorphic with M (K5).

Proof. Since G(K;) = G,;(i = 1,2), from Theorem 8 it follows that G is topologically
isomorphic with Gs. From the fact that J; is isomorphic with Ja, we conclude that K is
topologically isomorphic with Ky. Now (ii) and (iii) follow from Theorem 9. B
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