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MOND-PECARIC METHOD FOR A MEAN-LIKE TRANSFORMATION
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ABSTRACT. As a generalization of the quasi-arithmetic mean, we consider a mean-like
transformation of operator functions. Let ® be a unital positive linear map of B(H),
the algebra of all bounded linear operators on a Hilbert space H, and f(t) (resp. g(¢))
a continuous function on an interval [m, M] (resp. f([m,M])). Then it is defined by
(go®o f)(A) for a selfadjoint operator A with m < A < M. We give a lower bound
of the difference between (go ® o f)(A) and ®(A). Precisely we prove that if f(¢) is
concave on [m, M| and g(t) is increasing and convex on f([m, M]), then for each A € R,
(go®o f)(A) — AB(A) > mingem ar {g(ast + Br) — At} where ay := LI 5pq
By = W It is an extension of our previous estimation for ® = w,, the
vector state for a unit vector x € H.

1 Introduction Let f(t) be a strictly monotone, continuous function on an interval
[m,M] and w = (w1,...,w,) a weight, i.e., >i"  w; =1 and w; > 0. Then the quasi-
arithmetic mean is defined by f~'(>°7, w; f(t;)) for t1,... ,t, € [m, M], cf.[2], [1]. More-
over if f(t) is concave on [m, M], then the quasi-arithmetic mean and arithmetic mean

inequality
! <Z wlf(tl)> < Z w;t;
i=1 i=1

follows from the classical Jensen inequality (see (7)).
It can be expressed as

(1) FHf(A)z,2) < (Az,2)

for a selfadjoint operator A on H with m < A < M and a unit vector x € H. By the way,
replacing f~! in (1) to an increasing function g on f([m, M]), we considered a low bound
of g ((f(A)z,z)) by the arithmetic mean (Az,z) in our previous notes [6], [7] and [8]. As a
matter of fact, we showed that for every real number A > 0

(2) g (f(A)z,z)) = MAz,z) = tel[nn}%{g(aft + Bf) = At}

holds for all unit vectors x € H where

Qyf = w and [y := Mf(n;zf:zf(M).

It suggests us that a unital positive linear map ® on B(H), the algebra of all bounded
linear operators on H, is regarded as a mean-like transformation of operator functions.
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Namely we can define a new operator function go®o f for given f and g. For example, if we
take ®(A) = (Ax, z) for some unit vector x € H, then (1) is rephrased by (f~lo®o f)(A) <
D(A).

As a continuation of our previous notes, we estimate a lower bound of the difference
between (g o ® o f)(A) and ®(A) in this note. As an application of Mond-Pecari¢ method
[5], we prove: Let A be a selfadjoint operator on a Hilbert space H with m < A < M. Let
f(¢t) be a concave function on [m, M| and ¢(t) an increasing convex function on f([m, M]).
Then for every real number A

JOA) = 20(4) = min {glast+ ) — A}
2 Estimations of g(®(f(A4))) — A\®(A) We give a lower bound of g(®(f(A))) by ®(A)
without the convexity of g(t).

Theorem 1. Let A be a selfadjoint operator on a Hilbert space H with m < A < M for
some m < M. Let f(t) be a concave function on [m, M] with f(m) # f(M) and g(t) be a
continuous function on f([m,M]). Let ® be a unital positive linear map on B(H). Then
for every real number A\ with Aoy > 0

. A
@ s@(7a) - 304 = _minJow) - 2 p) |
Precisely, if A >0 and oy > 0 (resp. A <0 and ay <0), then
@) AN =N | in (oot +57) =)
(5) <p OGN =N = | min, (oot )~ At})

where fmax = maxXye(m, ) f(t).

Proof. Since f(t) is concave, we have f(A) > ayA+ B¢, and hence ®(f(A)) > ayP(A)+ By.
So it follows from Aay > 0 that

AD(4) < aif (®(f(A)) - B),
so that
g(D(f(A))) = A®(A) > g (P(f(A))) — O% (®(f(A)) = By)
. A
> pemin, {g(u) - a—f(u - ﬁf)}

by o(®(f(A))) C f([m, M]).
Moreover if A > 0 (and ay > 0), then for every u € f([m,M]) = [f(m), fmax] the

equation u = a st + B has a unique solution t = ¢, = “;ff € [m, f‘“a;;’gf] Since
A
g(u) — —(u — By) = glast, + Bf) — Mu,

af
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(3) assures (4).
On the other hand, if A < 0 and oy < 0, the proof of (5) is similar to the above. O

We here note that the condition Aay > 0 in Theorem 1 is needed.

Suppose that ®(C) := VCOV* for all C € My(C) where V = == [}

V3

not hold for Aoy = —%. Indeed,
2

(i) Let Iy = [-1,2] and A:=| °_, i Then we have ay =1 (> 0)
1 111 1 10 5 164 —65
1 _ 2t _ 1 _ 1 ‘o
e[ g e =g 3 3 mdseucan =5 | g 55 e
implies that

: A o 7\?
e (im, ) {g(u) A 5”} el { (u B 5) A 1)}

, 14+30\% A2 10\
= min U — ———— .
u€[—2,2] 6 4 3

Here we put A = —2 (< 0). Then we have min,e f(jm, 1)) {g(u) - (j—f(u - ﬂf)} = ¥ and so

9(®(f(A))) = A®(A) — min {g(ayt+ fr) — At}

te[m,M]
_1 64 —65_ _2 xll 1_&_1 47  —63 %0
T 9|-39 51 3 311 0 9 9|-37 32 '
0
(ii) Let Iy =[0,3] and A:= | 2, |. Asin the above (i), we have ay = —1 (< 0), By =1,
1
1[5 -1 _1[58 -39 L, .
D(A) = 3 [_1 6} and g(®(f(A))) = 9 {_39 15 } Moreover for A = £ (> 0), it

follows that

win o0 - 2w f = min @—”‘”f_ﬁ+ﬁ T
wet ) |7 ay P welo2 6 4 3 (9

so that

[ 4 0] 20

Nel i

9(®(f(A))) = A®(A4) — (o {glast+Br) — Mt} =

In Theorem 1, if f(t) is increasing (resp. decreasing), then fmax = f(M)(= ayM + §f)
(resp.  fmax = f(m)(= aym + Bf)). So the following corollary is easily obtained and
corresponds to (2):

Corollary 2. Let the hypothesis of Theorem 1 be satisfied and f(t) be monotone. Then for
every real number A with Aoy > 0

9(®(f(A))) — A®(4) = Jin {g(ast + Bf) = At}
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3 The main result Let f(¢) be a concave function on [m, M]. In this section, we give a
lower bound of g(®(f(A4)))—AP(A) assuming the convexity of g(t). First of all, suppose that
g(t) is increasing and g(t) > 0. Since f(¢) is concave, it follows that ®(f(A4)) > a;P(A)+05;.

By [3, Theorem 2.2], we have g(®(f(A))) > {minrelf %}g(aﬁb(xﬁl) + B;) where

gy i= Uhpogllun) and gy, = Justllpnljpatllind for fiu = maxicyman /(1) and

Jumin = Minyepy, a7 f(t) and Iy is the closed interval by f(m) and f(M). Hence it follows
that for every A > 0

© o) -rew > mn o 205 -]

te[m,M] r€ly Qfgt + ﬁfg

As compared with (2), we think about the necessity of the constant min,.cz, % in
g g

(6). We pay our attention to the Jensen inequality in [4]: Let C be a selfadjoint operator
on a Hilbert space H. Let f(t) be a concave function on an interval containing o(C). Then
for every unit vector x € H

(7) (f(C)z,z) < f({Cx,x)).

Theorem 3. Let A be a selfadjoint operator on a Hilbert space H with m < A < M for
some m < M. Let f(t) be a concave function on [m,M] and g(t) be an increasing convex
function on f([m, M]). Let ® be a unital positive linear map on B(H). Then for every real
number A\

(8) 9(®(f(4))) - A®(4) 2 min_ {Q(O‘ft+5f) At}

te[m,M
Proof. Since f(t) is concave, we have f(A) > ayA + Bf. So the inequality ®(f(A4)) >
ay®(A) + By holds, i.e.,
(@(f(A)z,z) = ap(®(A)z,z) + by

for all unit vectors € H. Since g(t) is an increasing convex function on f([m, M]), we
have

(g(@(f(A))z,z) = 9(<‘1>(f(f4))96 z)) =z g(ap(®(A)z,x) + fy)
by (7). Hence it follows from m < ®(A) < M that

(g(@(f(A))z,z)) = M@(A)z,7) = gy (P(A)z, ) + Bf) — MP(A)z, )
>

r[n { (apt + Br) — At}

and the proof is complete. ]
Comparing with Remark of Theorem 1, we mention the case Aay < 0 in Theorem 3.

Corollary 4. Let A be a selfadjoint operator on H with m < A < M for some m < M.

Let f(t) be a concave function on [m, M] and g(t) be an increasing function on f([m, M]).

Let ® be a unital positive linear map on B(H).
(i) If af > 0, then for every A <0

9(®(f(A))) = A®(A) > glaym + B) —
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(ii) If ay < 0, then for every A >0
9(2(f(A))) — A®(A) > g(ayM + ) — AM.

Proof. If ay > 0, then f(t) > f(m) for all ¢ € [m, M] by the concavity of f(¢). Hence we
have f(A) > f(m), and so ®(f(A)) > f(m). Since g(t) is increasing and for A < 0,

9(®(f(A))) = AB(A) = g(f(m)) = Am = g(aym + B7) = Am.

The latter is shown similarly. O
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