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ABSTRACT. Recently, Furuta has shown several inequalities with forms of grand Furuta
inequality and clarified difference between chaotic order and usual order of positive
operators. Here the chaotic order A > B for positive invertible operators A and B is
defined by log A > log B. In this note, we present the following inequalities which are
based on the Furuta inequality for chaotic order and can be regarded as interpolations
of recent Furuta’s results. Among others, we obtain the following:

Let A, B be positive invertible operators satisfying A > B.
(H)Ifo<s<pB<pandr >0, then

B> A" fssr B> A7 fsir (A" fo0r BP).
B+ B+r p+r

2 If o) <p<pB<2pandr>t>|d for some § € R, then

A7 Y50 BP > A7 fsir (A" e B) > A7 f50r BY.
e arr i arr

1. Introduction. Throughout this note, A and B are positive operators on a Hilbert
space. For convenience, we denote A > 0 (resp. A > 0) if A is a positive (resp. positive
invertible) operator. The a-geometric mean of A and B introduced by Kubo-Ando [18] is
given by

Atqa B=A3(A"2BA 2)*4A7 for 0<a<1.

It gives us a fruiteful expression for the Furuta inequality [8](cf.[9]) as follows ([2],[12],[13],[14]):
Furuta inequality: If A> B >0, then

(F) A" $1. BP<A and B< B f1u AP

P p+r

holds for r > 0 and p > 1.

In succession, Furuta [10] gave the following inequality as a generalization of the Furuta
inequality. We called it the grand Furuta inequality in [4],[5] and [15]. It is established to
interpolate the Furuta inequality and the Ando-Hiai inequality [1] equivalent to the main
result of log majorization. We here cite it in terms of operator mean, in which the binary
operation f is defined by the same formula as fo, i.e., A s B = Az(A"2BA~%)A% for
any real numbers s.
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Grand Furuta inequality: If A > B > 0 and A is invertible, then for each 1 < p and
0<t<,

A7 4, (AP, BP)<A and B<B "t .. (B!g, AP)

(GRS o—D)str
holds fort <r and 1 < s.

1—t+r
(p—t)s+r
shown the following inequalities Type I-(c), Type I-(u) and Type II-(c), Type II-(u) as

varieties of the grand Furuta inequality, where A > B means log A > log B for A, B > 0.

The best possibility of the power

is shown in [19]. Recently, Furuta [11] has

(Typel — (c)) A>B4=I1>A7" s B> A"t (A" s BP)

Pt

forr>0,t>0and 0 < 4§ <p.
(Typel — (u)) A>2B=A> A7 {1 B> AT f1er (A7 fon BP)
forr>0,t>0and 1 <6 <p.

~ BP

B+r

(Typell — (c)) A>Be=T2 A7, (A fan BY) 2 A7

BFr

forr>t>0and 0 <p <3< 2p.

(Typell — (u)) A2B= A2 A7 {1 (A~ 1o BY) > A7 i BP

forr>t>1land 1 <p<pB<2p+1.

We should note that, roughly speaking, difference between (c) and (u) in above reflects on
that of the indices V_TH, and ii’;, which appear in Furuta inequality (F) and chaotic Furuta
inequality (CF) stated in the next section, respectively. Motivated by these inequalities, we
discuss several varieties of the grand Furuta inequality in this note. For this, we investigate
them from a different view from Furuta’s one. Consequently we obtain some generalizations
of them. In the proofs, our previous results are used, which are cited in the next section for

the sake of convenience.

2. Prerequisite results.
We had arranged the inequalities (F) in one line by using an operator mean [12].

Satellite theorem of the Furuta inequality: If A > B >0, then
(SF) A" 1 BP < B< A< B f11r AP

pEr p+r

holds for all 7 >0 and 1 < p.

For A, B > 0, we denote by A > B if logA > log B and call it the chaotic order
([3],[16],[17]). The next characterization of the chaotic order in [3] is useful and the starting
point of our following discussions.

Chaotic Furuta inequality: If A > B, then

(CF) A*’r Hr:_r BP S I S B*'r ﬁr:—r Ap
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foranyr >0 and p > 0.

The next (SCF) will clarify the difference between A > B and A > B by comparing
with (SF).

Satellite theorem of chaotic Furuta inequality: If A > B, then

(SCF) A7 1 BP<B and A<B i A7

p+r

holds for any r > 0 and p > 1.
In comparison with (SF), we may represent (SCF) as follows:

A" 10 BP<B<K A< B f14 AP

p+r p+r

More generally, we had given characterizations of chaotic order in [16](cf.[17]) as follows:

Theorem A. If A> B, then the following (SFC1) and (SFC2) hold.

(SCF1) A" s, BP<B° and A° < B " f#s.r AP for >0 and 0<d <p.

p+r p+r

(SCF2) A7" farr BP < A% and B* < B7" fayr AP for —r<a <0 and 0<p.

p+r p+r

Replacing s in (GF) with % for 1 < p < f3, we can state the grand Furuta inequality

(GF) by the satellite form as follows [15]:

IfA>B>0,thenforr>0,0<t<1,0<t<p<p,0<d<landdé<pg

A7 faie (A" sy BY) < (Ao BP)5 < B® < A < (B! oy AP)S < B s (B foes AP).

3
p—t p— B+ p—t

The middle part of this inequality shown in [4], [5] is essential. It is now improved as
follows [6]:

Theorem B. IfA> B >0, then for0<t<1<p<g,
H(B) = (A" by BP)E,

is a decreasing function with 8 > p and H(B) < BP. In particular
(A" s BP)s < B < A.

3. Monotone operator function related to the Furuta inequality. In this section,
we give an operator function Hy4 p(t) and investigate its behavior under the chaotic order
and the usual order. Very recently, the following theorem is obtained in [7] (cf.[17]).

Theorem C. If A> B and 0 < p < (< 2p, then

HA7B(t) =A? h

=

+t
t

H

P

BP
is an increasing function fort > 0, that is, Ha p(r) > Ha g(t) forr >¢> 0.
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Since lim,—0 Aaa_l = log A, we may regard A > B as A > B?. Then we investigate

Theorem C in a wider flame:

Theorem 1. Leta>0,0<p<3<2p+a and A* > B* > 0. Then

HA,B(t) = A"t bore BP

p+i

is an increasing function for t > a and Ha p(a) > BP.

Proof. Assume that » > t > a. Then we have A* < B™P ﬁtip A" by (SCF1) and
TTp
M<er—o‘§1,soth8ut

p+t — p+t
HA,B(t) = At hs+t BP = BP -5 At
p+t p+t
— BB oy AYBP < BY(BP §oy (B fup A7))BP
p+t p+t r+p
= BY(B7" g AT)BP=Bi(I 152 B% A"B%)B*

B—p P—

- B%(B%ATB%)Ter BE — B%(B_%A_TB_g)'r+p B:
= BPhps AT = ATt B = Hap(r).

T+p

o

The latter Ha g(a) > B is obtained as follows: Since Ha 5(0) = B, we have only to see
the case o > 0.

Hapla) = A™fowa B' =B, A =B'(B™" {5, A")B"
> BP(B7Pf#s—, B*)BP = B,
pta

Next we give a variant of our result in [3], which will be used in the next section.
Theorem 2. Let A, B >0 and § be fized. If A > B, then
Fap(t,p)=A"" Hsie BF
p+t

is decreasing for both p and t with p, t > |0|. Incidentally, if § < 0 (resp. § > 0), then
Fap(t,p) < A° (resp. Fap(t,p) < B°).

Proof. For r >t > 4|, it follows from (SCF2) that

Fap(t,p) = A7' faer BY =B fps AT
BP fps (A" fovee BP) =B fys (B fpee A7)
p+t p+r p+t p+r

= BPfys A" =A" s, BP = Fap(rp)
ptr ptr

Y

Next, for 5> p > |d], it follows from (SCF1) that

Fap(t,p)=A"" fose B = A"t s (AT fpu By <At fses B” = Fap(tp).

Pt
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If 6 <0, we have Fy g(t,p) = A" ﬁsTtt BP < A° by (SCF2) and if § > 0, then Fa p(t,p) <
B° by (SCF1).

4. A variety of the Furuta inequality. In this section, we investigate Furuta’s inequal-
ities in [11]. For this, we discuss them in a more general setting. Consequently we point
out that Theorem A is an essence of the inequalities type I and the inequalities type II can
be explained by Theorems 1, 2 and 3.

Theorem 3. Let A> B for A, B> 0 and § € R, then the following statements hold:
(1) Ifo<é<p<pandr>0,t>0, then

5 —-r B -r -t P
B® > A7 faee BY > A" faue (A7 Hore BY).

Pt

(2) If 18| <p < B<2p+10] and r >t > 3], then

At fors B> A" o0 (A~ 1ose BY) > A" a0 B,

Proof. (1) It is proved by applying Theorem A twice. As a matter of fact, it follows from
B> AT foxe BP and B? > A7t 45 BP.
+r

Pt

(2) Since B < Hy p(t) < Ha p(r) by Theorem 1, we have

A7 Hsgr B < AT ﬁ% Hap(t)(=AT" $5ir (A_t Het: BP))

o Frr ot
< AT e Han() = A7 u (A7 b BY)
= AT ﬁHTT Bp:FA,B(Tvp)SFA,B(t,p):Ait ﬁLj;‘ Bp,
p+r o

where the last inequality is ensured by Theorem 2.

By Theorem 3, we can interpolate Furuta’s results from (c) to (u) of each type. As a
matter of fact, = 0 and 6 = 1 correspond to (c¢) and (u) respectively.

The following inequality is also one of inequalities due to Furuta [11]:
Forr>0and 0<t<1<p<pB<2p—t,

(%) A>Be=A> A7 i B > A" fase (A g5 BP).

3+r p—t

It is a direct application of the Lowner-Heinz inequality because the assumption implies
1< % < 2 and so

At s, B> =BP(B P s, A=Y )BP < BP(B™P t5-, B~")BP < B,
p—t p—t p—t

which is our first step to prove Theorem B incidentally. We finally point out that the above
inequality (x) by Furuta has the following improvement.

Theorem 4. I[fA>B>0andr >0, 0<t<1<p<g, then

A7 frer (A" oy BY) S AT faa (A" sy BY)P < AT i BP<B.

B¥r p—1t p+r
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1

Proof. Put C = (A% -« BP)%. Then we have A > B > C and C? < BP by Theorem B.
p—t
Therefore (SCF1) implies that

AT e CF < CP,
B+r

and so

A7ty (At BY) = A7 e OF = A7 fas (A7 e C)
< A7T ﬁi; CP< A" IjH—TT BP < B

by C? < BP and (SF).

(1]
2]
3]
[4]

[5]

REFERENCES

T.Ando and F.Hiai, Log majorization and complementary Golden-Thompson type inequality,
Linear Alg. and Its Appl., 197(1994), 113-131.

M.Fujii, Furuta’s inequality and its mean theoretic approach, J.Operator Theory, 23(1990),
67-72.

M.Fujii, T.Furuta and E.Kamei, Furuta’s inequality and its application to Ando’s theorem,
Linear Alg. and Appl., 149(1991), 91-96.

M.Fujii and E.Kamei, Mean theoretic approach to the grand Furuta inequality, Proc. Amer.
Math. Soc., 124(1996), 2751-2756.

M.Fuyjii and E.Kamei, On an extension of grand Furuta inequality, Sci. Math. Japon., 56
(2002), 501-504.

M.Fujii and E.Kamei, Around the grand Furuta inequality, preprint.

M.Fujii and Y.Kim, Operator convexity in Furuta type operator inequalities, J. Nonlinear
Convex Anal., 4(2003), 215-222.

T.Furuta, A > B > 0 assures (BTAPBT)l/q > BP+21)/a for > 0,p >0,qg > 1 with (1+2r)q >
p + 2r, Proc. Amer. Math. Soc., 101(1987), 85-88.

T.Furuta, Elementary proof of an order preserving inequality, Proc. Japan Acad., 65(1989),
126.

T.Furuta, Extension of the Furuta inequality and Ando-Hiai log-majorization, Linear Alg. and
Its Appl., 219(1995), 139-155.

T.Furuta, A > B > 0 ensures A7t > {A5(AF BPAT)AS )T 055 for t € [0,1],7 >
t, p>1,s > 1 and related inequalities, preprint.

E.Kamei, A satellite to Furuta’s inequality, Math. Japon., 33(1988), 883-886.

E.Kamei, Parametrization of the Furuta inequality, Math. Japon., 49(1999), 65-71.

E.Kamei, Parametrization of the Furuta inequality, II, Math. Japon., 50(1999), 179-182.
E.Kamei, Parametrized grand Furuta inequality, Math. Japon., 50(1999), 79-83.

E.Kamei, Chaotic order and Furuta inequality, Sci. Math. Japon., 53(2001), 221-225.

E.Kamei and M.Nakamura, Remark on chaotic Furuta inequality, Sci. Math. Japon., 53(2001),
535-539.

F.Kubo and T.Ando, Means of positive linear operators, Math. Ann., 246(1980), 205-224.

K.Tanahashi, The best possibility of the grand Furuta inequality, Proc. Amer. Math. Soc.,
128(2000), 511-519.



MASATOSHI FUJII AND EIZABURO KAMEI

(*)Osaka Kyoiku University,
Asahigaoka, Kashiwara,
Osaka, 582-8582, Japan
e-mail: mfujii@cc.osaka-kyoiku.ac.jp

(**)Maebashi Institute of Technology,
Kamisadori, Maebashi,
Gunma, 371-0816, Japan
e-mail: kamei@maebashi-it.ac.jp

395



