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ABSTRACT. The notion of s-implicative hyper K-ideals is introduced, and then some of
related properties are investigated.

1. INTRODUCTION

The hyper structure theory (called also multialgebra) was introduced in 1934 by Marty
[7] at the 8th congress of Scandinavian Mathematiciens. Hyper structures have many ap-
plications to several sectors of both pure and applied sciences. Recently, Jun et al. [6]
and Borzoei et al. [3] applied the hyper structure to BCK/BCI-algebras. In [2], Borumand
Saeid et al. defined the notion of (weak) implicative hyper K-ideals in hyper K-algberas,
and classified the implicative hyper K-ideals of order 3. The aim of this paper is to define
the notion of s-implicative hyper K-ideals, and then we investigate some related properties.
we prove that implicative hyper K-ideals and s-implicative hyper K-ideals coincide. we give
a condition for a (strong) hyper K-ideal to be an (s-)implicative hyper K-ideal. We also
introduced the notion of implicative hyper K-algebras and we give a condition for a hyper
K-algebra to be implicative.

2. PRELIMINARIES

We include some elementary aspects of hyper K-algebras that are necessary for this
paper, and for more details we refer to [3] and [8]. Let H be a non-empty set endowed with
a hyper operation “o”, that is, o is a function from H x H to P*(H) = P(H) \ {0}. For
two subsets A and B of H, denote by Ao B theset |J aob.

a€AbeB

By a hyper I-algebra we mean a non-empty set H endowed with a hyper operation “o”

and a constant 0 satisfying the following axioms:

(H1) (zoz)o(yoz) <woy,

(H2) (zoy)oz=(xoz)oy,

(H3) z < =,

(H4) 2 <y and y < x imply z =y

for all z,y,z € H, where x < y is defined by 0 € x o y and for every A,B C H, A< B is
defined by Ja € A and 3b € B such that a < b. If a hyper I-algebra (H,o,0) satisfies an
additional condition:

(H5) 0 <z for all z € H,
then (H,o,0) is called a hyper K-algebra (see [3]).
In a hyper I-algebra H, the following hold (see [3, Proposition 3.4]):
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(p1) (AeB)oC=(AcC)o B,
(p2) AoB<(C & Ao(C < B,
(p3) AC B implies A < B

for all nonempty subsets A, B and C of H.
In a hyper K-algebra H, the following hold (see [3, Proposition 3.6]):

(p4) z €xo0foral xe H.

Definition 2.1. [3] A nonempty subset I of a hyper K-algebra H is called a weak hyper
K -ideal of H if it satisfies the following conditions:

(1) 0 €1,

(I12) Ve,ye H, zoyCIl,ycl =z €l

Definition 2.2. [3] A nonempty subset I of a hyper K-algebra H is called a hyper K -ideal
of H if it satisfies (I1) and

(I3) Vz,y e H, zoy< Il,yel = xz € 1.

Note that every hyper K-ideal is a weak hyper K-ideal, but the converse is not true (see
[3, Proposition 4.6 and Example 4.7]).

Definition 2.3. [5] A nonempty subset I of a hyper K-algebra H is called a strong hyper
K-ideal of H if it satisfies (I1) and
(I4) Ve,y € H, (xoy)NI#0,yel,=xzel.

Note that every strong hyper K-ideal is both a weak hyper K-ideal and a hyper K-ideal.
(see [5, Theorem 3.6])

Definition 2.4. [4] A nonempty subset I of a hyper K-algebra H is called a positive im-
plicative hyper K-ideal of type-1 and type-2, respectively, if it satisfies (I1) and

(15) Va,y,z € H, (xoy)ozCl,yozCI =>x0zCI,
(I6) Vz,y,z € H, (xoy)oz<Il,yozCI =>zo0zCI,

respectively.

Definition 2.5. [4] Let I be a nonempty subset of a hyper K-algebra H. Then we say
that I satisfies the additive condition if, for all x,y € H, x < y and y € I imply that z € I.

Theorem 2.6. [3, Lemma 4.9] Every hyper K-ideal of a hyper K -algebra satisfies the ad-
ditive condition.

Definition 2.7. [1] A hyper K-ideal I is said to be reflezive if x o x C I for all z € H.

Definition 2.8. [8] Let H be a hyper K-algebra. If there exists an element u € H such
that x < u for all x € H, then H is called a bounded hyper K-algebra and wu is called the
unit of H.

3. IMPLICATIVE HYPER K-IDEALS
We first consider the following implication in a hyper K-algebra H for every z,y,z € H.
(ql) y<z = zoz<zoy.

In general, the implication (ql) does not hold in a hyper K-algebra as shown in the
following example.
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Example 3.1. Let H = {0,a,b,c} be a set and consider the following table:

| 0 a b c

{or {op {0} {0}

{a} {0,a} {0,a,b} {a}

{0} {o} {0,y {0,b}

{c {00} {c}  {0,¢}
Then (H,o,0) is a hyper K-algebra. Note that a < b because 0 € aob, and cob £ coa
since 0 ¢ (cob)o (coa).

o o4 e OO0

However we can find hyper K-algebras in which the implication (q1) holds. For example,
the implication (ql) is true in a hyper K-algebra of order 3 or a bounded hyper K-algebra
of order 4 as mentioned in the following propositions.

Lemma 3.2. In a hyper K-algebra H, we have xoy < x 00 for all z,y € H.
Proof. Since x € o0 and x oy < z for all x,y € H, it is straightforward. O
Proposition 3.3. In a hyper K-algebra of order 3, the implication (ql) is always true.

Proof. Let H = {0, a,b} be a hyper K-algebra of order 3. For the cases 0 < a and 0 < b, it
is true by Lemma 3.2. Now assume that ¢ < b. Obviously 0ob < 0oa,aob < aoa and
bob<boa,thatiszob < xoa for all x € H. Similarly, if b < a , then yob < yoa for all
y € H. This completes the proof. O

Proposition 3.4. In a bounded hyper K-algebra H with the unit u, we have tou < xToy
forallxz,y € H.

Proof. Straightforward. O

Proposition 3.5. Let H = {0, a,b,u} be a bounded hyper K -algebra of order J with unit
w. Then

(i) uoa={a},a<b = uob#{b}, uob# {u} and uob # {u,b}.

(ii) beuoa, a<b= uob# {u}.

Proof. (i) Assume that uwoa = {a} and a < b. Obviously, uob # {b} and wob # {u}. If
uwob={bu}, then 0 € aob= (uoa)ob=(uob)oa={bu}oa=>boaUuoa, and so
0€boa,ie., b<a, because 0 ¢ u o a. This is a contradiction.

(ii) Suppose uob = {u}. Then 0 € aob= (uoa)ob= (uob)oa =wuoa, and so u < a.
This is a contradiction, and the proof is complete. O

Proposition 3.6. In a bounded hyper K -algebra of order 4, the implication (ql) is valid.

Proof. Let H = {0, a,b, u} be a bounded hyper K-algebra of order 4 with unit u. Without
loss of generality, it is sufficient to show that the result is true for the following three cases:

(i) Ve e Hyx <wu, (ii) Vo € H,0 <z and (iii) a <b.

The first and second cases imply that (ql)is true by Lemma 3.2 and Proposition 3.4. For
the last case, we have hob < hoa for h = 0,a,b, since 0 € hob. Now we show that
uob<wuoa. If u€ uoa, then obviously uob < u o a because u is the unit. Now, since
0 ¢ woa, we know that uoa = {a}, uoa = {b}, or uoa = {a,b}. Suppose uoa = {a}.
Using Proposition 3.5(i), we know that a € wob, and so uob < woa by (H3). Now if
uwoa={b} or uoa = {a,b}, then uob # {u} by Proposition 3.5(ii). Thus u o b contains a
or b, and hence u o b < u o a by hypothesis and (H3). This completes the proof. O

The following example shows that the boundedness in Proposition 3.6 is necessary.
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Example 3.7. Let H = {0, a,b, c} be a hyper K-algebra in Example 3.1. Then (H,o,0) is
not bounded and a < b, but {¢} =cob £ coa = {0,b}.
Proposition 3.8. In a hyper K-algebra H, we have
((xoz)o(yoz))ou< (roy)ou, Va,y,z,u € H.
Proof. For any x,y,z,u € H, we have

(woz)o(yoz)ou

(wouyoz)o(yoz) by (pl)
= U (to2)olyosr)

tExou
< U toy by (H1)
tExou
(zou)oy
(woy)ou. by (H2)
This completes the proof. O

In what follows, let H denote a hyper K-algebra unless otherwise specified.
Definition 3.9. [2] A nonempty subset I of H is called a weak implicative hyper K -ideal
of H if it satisfies (I1) and
(I7) Vx,y,z € H, (xoz)o(yox)Cl,zel = x €l
Definition 3.10. [2] A nonempty subset I of H is called an implicative hyper K -ideal of
H if it satisfies (I1) and
(I8) Vx,y,z € H, (xoz)o(yox)<I,zel = x€el.

Note that every implicative hyper K-ideal is a weak implicative hyper K-ideal (see [2]).

Definition 3.11. [4] An element a of H is said to be left (resp. right) scalar if |ao x| =1
(resp. |zoal =1) for all x € H. If a € H is both left and right scalar, we say that a is a
scalar element of H.

The following example shows that there is a hyper K-algebra in which 0 € H may not
be a right (resp. left) scalar element.

Example 3.12. Let H = {0, a,b} be a set with Cayley table as follows:
o | 0 a b
01 {0,b} {0,a,b} {0,a,b}
a | {a,b} {0} {0,a}
b| {v} {0} {0,a,b}

Then (H,o,0) is a hyper K-algebra but 0 € H isn’t a right (resp. left) scalar element.

Lemma 3.13. If 0 is a right (resp. left) scalar element of H, then x o0 = {z} (resp.
Oox ={0}) for all x € H.

Proof. If follows from (p4) (resp. (H5)) and the fact that 0 is a right (resp. left) scalar
element of H. O

Proposition 3.14. If 0 is a right (resp. left) scalar element of H, then AoQ = A (resp.
00 A ={0}) for every nonempty subset A of H.

Proof. Tt follows from Lemma 3.13. O

Theorem 3.15. [2] Every implicative hyper K -ideal is a hyper K -ideal.
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The following examples shows that there is a hyper K-ideal which is not an implicative
hyper K-ideal.

Example 3.16. (1) Let H = {0, a,b} be a hyper K-algebra in Example 3.12. It is routine
to verify that {0,a} is a hyper K-ideal, but it is not an implicative hyper K-ideal, since
(bo0)o(00b) =bo{0,a,b} ={0,a,b} < {0,a} and 0 € {0,a} but b ¢ {0,a}.

(2) Let H = {0,a,b,c} be a set and consider the following table:

0 a b c

{oy {0}  {or {0}

{a} {0,0} {fa} A{a,c}

{0} {0} {0,0} {0,b}

{eb {0,061 {e} {0,¢}

Then (H,o,0) is a hyper K-algebra. Routine calculations, we know that {0,b} is a hyper
K-ideal, but it is not an implicative hyper K-ideal because (co0) o (aoc¢) = co {a,c} =
{0,b,c} < {0,b} and 0 € {0,b} but ¢ ¢ {0, b}.

We know that the converse of Theorem 3.15 is not true. It is then natural to ask that is
the converse of the Theorem 3.15 true under what condition(s)? Now we solve this question.

o o R Ofo

Theorem 3.17. Let I be a non-empty subset of H and 0 a scalar element. Then I is an
implicative hyper K -ideal of H if and only if I is a hyper K-ideal and xzo(yox) < I implies
x el forallz,y e H.

Proof. Assume that I is an implicative hyper K-ideal of H. By Theorem 3.15, I is a hyper
K-ideal. Let z,y € H be such that (x o (yox)) < I. Note that (xo00)o (yox) =x0(yox).
Thus we get ((z00)o (yox)) < I. Since 0 € I, it follows from (I8) that x € I. Conversely,
suppose that I is a hyper K-ideal and x o (yox) < I implies z € I for all z,y € H. Let
x,y,2 € H be such that (zroz)o(yox) < and z € I. Then (x o (yox))oz < I and so
uoz < I for some u € o (yox). Since I is a hyper K-ideal and z € I, we have u € T
which implies x o (y o ) < I. By hypothesis, we get « € I, which shows that I is a hyper
K-ideal. O

Definition 3.18. A non-empty subset I of H is called an s-implicative hyper K -ideal of H
if it satisfies (I1) and
(19) Vz,y,z €I, (xoz)o(yox))NI#0, zel = zel.
Example 3.19. Let H = {0, a,b} be a set with Cayley table as follows:

ol 0 a b

0{{0} {0,a} {0}

a|{a} {0}  {a}

b|{py {b} {0,a}
Then (H,o,0) is a hyper K-algebra which is not . By routine calculations, we know that
{0,a} is a (weak) implicative hyper K-ideal and an s-implicative hyper K-ideal. But I =
{0,b} is a weak implicative hyper K-ideal which is neither an implicative hyper K-ideal
nor an s-implicative hyper K-ideal since (a 0 0) o (0 oa) = ao{0,a} = {0,a} < I and
((ao0)o(0oa))NI#Q, buta¢l.

Theorem 3.20. Every s-implicative hyper K-ideal is a strong hyper K-ideal.

Proof. Let I be an s-implicative hyper K-ideal of H and let x,y € H be such that y € I
and (zoy) NI # (. Then there exists a € H such that a € zoy and a € I. We have
a€ao0C (roy)o(0ox). Hence ((xoy)o(0ox))NI #Q. It follows from (19) that = € I.
Therefore I is a strong hyper K-ideal. O
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The converse of Theorem 3.20 may not be true as seen in the following example.

Example 3.21. Let H = {0, a,b} be a hyper K-algebra in Example 3.19. Then {0,b} is a
strong hyper K-ideal. But we know that it is not an s-implicative hyper K-ideal.

In order to consider the converse of Theorem 3.20, we strengthen conditions.

Theorem 3.22. Let I be a non-empty subset of H and 0 a scalar element. Then I is
an s-implicative hyper K-ideal of H if and only if I is a strong hyper K-ideal of H and
(zo(yox))NI#D impliesx € I for all z,y € H.

Proof. Assume that I is an s-implicative hyper K-ideal of H. By Theorem 3.20, I is
a strong hyper K-ideal. Let z,y € H be such that (z o (yoz)) NI # 0. Note that
(xo0)o(yox) =xo(yox). Thus we get ((zo0)o(yox))NI # (. Since 0 € I, it
follows from (I9) that x € I. Conversely, suppose that I is a strong hyper K-ideal of H
and (zo (yox)) NI # O implies x € T for all z,y € H. Let x,y,2 € H be such that
((xoz)o(yox))NI #Band z € I. Then ((zo(yox))oz)NI # P and so (uoz)NI # () for
some u € z o (yox). Since [ is a strong hyper K-ideal and z € I, we have u € I and thus
(xo(yox)) NI #P. By hypothesis, we get x € I, which shows that I is a strong hyper
K-ideal of H. O

Theorem 3.23. Implicative hyper K-ideals and s-implicative hyper K -ideals coincide.

Proof. Let I be an s-implicative hyper K-ideal of H. Then [ is a strong hyper K-ideal
of H. Let z,y,z € H be such that (z oz)o(yox) < I and z € I. Then there exist
a € (zoz)o(yox)and b € I such that a < b, i.e.,, 0 € aob. It follows that (aob)NI # () so
from (I4) that @ € I. Hence ((zoz)o (yox))NI # 0, and so z € I by (I9). Therefore I is
an implicative hyper K-ideal of H. Conversely, Let I be an implicative hyper K-ideal of H
and z,y,z € H such that ((zoz)o(yox))NI # 0 and z € I. Then there exists a € H such
that a € (zoz)o(yox) and a € I. Hence (zoz)o(yoz) < I. Since I is an implicative hyper
K-ideal, we get « € I. Hence [ is an s-implicative hyper K-ideal of H. This completes the
proof. O

In general, a weak implicative hyper K-ideal may not be a weak hyper K-ideal as seen
in the following example.

Example 3.24. Let H = {0, a,b} be a set with Cayley table as follows:

o | 0 a b

0] {0,a,b} {0,a,b} {0,a,b}

a| {a} {0,a,b}  {a,b}

b| {a,b} {0,a} {0,a,b}
Then H is a hyper K-algebra. It is easy to check that {0,a} is a weak implicative hyper
K-ideal, while it is not a weak hyper K-ideal, because boa C {0,a} and a € {0,a}, but
b¢{0,a}.

We give a condition for a weak implicative hyper K-ideal to be a weak hyper K-ideal.

Theorem 3.25. If 0 is a scalar element of H, then every weak implicative hyper K -ideal
is a weak hyper K-ideal.

Proof. Let I be a weak implicative hyper K-ideal of H and let z,y € H be such that
zoy C I and y € I. Since 0 is a scalar element, it follows from Proposition 3.14 that
(xoy)o(0ox) =xzoy C I so from (I8) that x € I. Hence I is a weak hyper K-ideal of
H. O
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Proposition 3.26. For every subsets A and B of H, we have

A<B<=0€AoB.
Proof. 1t is straightforward by definition of relation “<” in hyper K-algebra. O
Proposition 3.27. A hyper K-algebra H satisfies v o (yox) < x.

Proof. Let z,y € H. Then0€ 00 (yox) C (zox)o(yox)=(zo(yox))ox by (I5), (H3)
and (H5). It follows from Proposition 3.26 that x o (y o z) < . O

Definition 3.28. A hyper K-algebra H is said to be implicative if
x<zo(yox)Va,y € H.

Example 3.29. The hyper K-algebras in Examples 3.12 and 3.19 are implicative, but the
hyper K-algebra in Example 3.16(2) is not implicative since b £ 0 =boa =bo (aob).

We give a condition for a hyper K-algebra to be implicative.

Theorem 3.30. If H is a hyper K-algebra satisfying x € x o (yox) for all x,y € H, then
H is implicative.

Proof. If t € x o (yox) for all x,y € H, then < x o (y oz). Hence H is implicative. [
The following example shows that the converse of Theorem 3.30 may not be true.

Example 3.31. Let H = {0, a,b} be a set and consider the following table:

ol O a b
0{o} {0} {0}
a|{a} {0} {a}

b|{b} {0,a} {0,a,b}
Then (H,o,0) is an implicative hyper K-algebra. But not satisfy x € x o (y o x) since
bgbo(aob)=boa={0,a}.

Theorem 3.32. Let I be a reflexive positive implicative hyper K-ideal of H which is of
type-1 or type-2. Then (xoy)oy C I impliesxoy C I.

Proof. If I is of type-1, then it is clear. Assume that I is of type-2. Let x,y € H such that
(xoy)oy CI. Hence (xoy)oy < I and yoy € I, because I is reflexive. Since I is of
type-2, we get x oy € I. This completes the proof. O
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