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N-MAPS OF BCK-ALGEBRAS
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ABSTRACT. In this paper, we introduce the concept of n-maps of BC K-algebras and study
some ideals of n-fold positive implicative BC' K -algebras. Moreover, we show that if X is n-fold
positive implicative BC K-algebras, then X is isomorphic to N(X)

1 Introduction and Preliminaries.

By a BCK-algebras we mean an algebra (X;,0) of type (2,0) satisfying the following
axioms:

(D) (x*xy)*(zx2) < (zxy),
) z* (zxy) <y,
(I1) z < =z,
(IV) z <y and y < = implies z = y,
(V)0 <.

where z < y is defined by z xy = 0.

A BCK-algebra X is said to be n-fold positive implicative (briefly, PI™) if there exists
a natural number n such that (z xy) * 2™ = (z % 2™) * (y * 2") for all z,y,z € X. For any
elements = and y of a BC' K-algebras, x * y™ denotes (- (x xy) *--+) *xy in which y occurs
n times. A nonempty subset A of a BC'K-algebras X is called an ideal of X if (i) 0 € A
and (ii) y,z xy € A implies z € A.

Definition 1.1 ([2])Let X be a BC K-algebras and n a natural number. A self-map N,
over X defined by N, (t) =z %™ for all ¢t € X is called an n-map over X.

Let A be a subset of a BCK-algebra X. Denote Ny = {N, | z € A} and N(X) = {N, |
xz € X}, we define x on N(X) by (N, * Ny)(t) = N, (t) * N,(t) for all t € X.

It’s clear that A BC'K-algebras X is PI™ if and only if Ny.y, = N, * N, for all z,y € X.

Definition 1.2 ([1])A nonempty subset A of a BC'K-algebras X is called an n-fold
positive implicative ideal (briefly, PI"-ideal) if it satisfies:

(i) 0 € A,

(i) (zxy)* 2" € A,y*xz" € Aimply x x 2™ € A for all z,y,z € X.
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2 Characterizations of some ideals by n-maps.

Theorem 2.1 A BCK-algebras X is PI™, then so N(X) is.

Proof. If X is a PI"-BC K-algebra, then for every t € X, we have ((N,*Ny)*(N))(t) =
((xt™)x(yt™))x(z2")" = ((@xt")* (258")" ) ((y#2") x (22")") = (Nox NI')#(NyxN1))(E)
that is, (N, * Ny) * NI = (N, * NI') % (N, = NI). Hence N(X) is a PI"-BCK-algebras.

Theorem 2.2 Let X be a PI"-BC K-algebra and A a subset of X. Then A is a PI"™-ideal
if and only if N4 is PI™-ideal in N(X).

Proof. Assume that A is a PI"™-ideal of X, 0 € A implies Ny € N4. Let (N, *N,)* NI €
Na and Ny x NI' € Ny for all z,y,2 € X. Since X is PI", we have N(yyy)«:n € Na and
Nyszn € Ny, and so (zxy)* 2" € A and y* 2" € A. Since A is a PI™-ideal, it follows that
zx 2" € A, and hence N ..n € Ny.

Conversely, let N4 be a PI™-ideal of N(X), then Ny € N4 implies 0 € A. Let z,y,z € A
be such that (z*y)*2" € A and y*2" € A. Then we have N(,y)szn € Na and Ny..n € Na.
Since X is PI"-BCK-algebra and N, is a PI™-ideal, it follows that N,..» € N4 and so
xz x 2™ € A. The proof is complete.

Corollary 2.3 Let X be a PI"-BC K-algebras and A a subset of X. Then A is an ideal
in X if and only if N, is an ideal in N(X).

Definition 2.4 ([3]) A proper ideal A of BC'K-algebra X is said to be obstinate if x € A
and y € A implies z xy € A.

Theorem 2.5 Let X be a PI"-BCK-algebra and A a subset of X. Then A is an
obstinate ideal in X if and only if N4 is an obstinate ideal in N (X).

Proof. Assume that A is an obstinate ideal of X. Then by corollary 2.3, N4 is an ideal of
N(X). Let N,,N, € N(X) — Na. Then z,y ¢ A, and so z xy € A because A is obstinate.
Since X is PI™-BCK-algebra, we have N, * N, = Ng., € N4. Hence Ny is an obstinate
ideal of N(X).

Conversely suppose that N4 is an obstinate ideal of N(X). Using corollary 2.3, A is an
ideal of N(X). If z,y € X — A, then N, N, € N(X) — N4. Since N4 is an obstinate ideal,
it follows that N, * N, = Ng.y € N4. Hence z xy € A, which shows that A is an obstinate
ideal of X. The proof is complete.

Let X be a BCK-algebra. Then for any N,, N, in L, we define (N, A Ly)(t) = N.(t) A
Ny(t). where z Ay =y * (y * z).

In general, Ny A Ny # Nopy

Theorem 2.6 If X is a PI"-BCK-algebra, then we have Ny A N, = Nyay.

Proof. For any t € X, we have (N, A Ny)(t) = N, (t) A Ny(t) = (z % t") A (y xt™) =
(yt™) = ((y*t") x (z*t™)) = (y*(y*x))*t" = (®Ay)*t™ = Nany(t). The proof is complete.

Definition 2.7([4]) An ideal A of a BCK-algebra X is said to be prime if for all
z,y € X;x Ay € X,z Ay € Aimplies x € A or y € A.

Theorem 2.8 Let X be a PI"-BCK-algebra and A a subset of X. Then A is a prime
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ideal in X if and only if N4 is a prime ideal in N(X).

Proof. Assume that A is a prime ideal of X. Then by corollary 2.3, N4 is an ideal of
N(X). Let N, AN, € Ng. Then by Theorem 2.6 we have N, € N4, and so zxy € A
Since A is a prime ideal, it follows that € A or y € A, and hence N, € Ny of N, € Ny4.
Hence N4 is a prime ideal of N(X).

Conversely suppose that N, is a prime ideal of N(X). Using corollany 2.3, A is an ideal
of X If t Ay € A, then Nypy € Na. By Theorem 2.6, we have N, AN, € N4. Since Ny is
a prime ideal of N(X). we have N, € N4 or N, € N4, which imply that z € A or y € A.
Thus A is a prime ideal of X. The proof is complete.

Definition 2.9 ([7]) A nonempty subset F' of a BCK-algebra X is called a filter of X
if it satisfies:

(i) z € Fand y <y imply y € F.

(i) ze Fandy € Fimply z Ay € F.

Theorem 2.10 Let X be a PI"-BC K-algebra and F' a subset of X. If N is a filter of
N(X), then F is a filter of X.

Proof. Assume that Np is a filter of N(X). Let z € F. If x < y, then (N, * N,)(¢) =
N (t) %« Ny(t) = (zxt™) * (y*t") = (zxy)*t™ = 0%t™ = Ny(t) for all t € X. Hence N, < N,
since N is a filter of N(X). It follows that N, € Np and so y € F. Let z,y € F. Then
Nz, Ny € Nr. Using Theorem 2.6, we have N, AN, € Np. Hence z Ay € F', and so F'is a
filter of X. The proof is complete.

Definition 2.11 ([8]) Let X be a BC K-algebra and let a, b be any fixed elements of X.
we suppose that there is a greatest element X satisfying z *a < b. Then the BC' K-algebra
X is said to be with condition (S). In this case X is denoted by a o b.

Lemma 2.12 Let X be a BCK-algebra with condition (S). Then X is PI™ if and only
if (zoy)*z"=(x*xz")o(yx2") foral z,y,z € X.

Let X be a BCK-algebra with condition (S), then for any N,, N, € N(X) we define:

(N © Ny)(t) = Na(t) o Ny(t)

Theorem 2.13 If X is a PI"-BCK-algebra with condition (S), then we have N, o N, =
Naoy-

Proof. For any t € X. we have (N, o Ny)(t) = N(t) o Ny(t) = (z xt") o (y xt") =
(x oy) xt™ = Nyoy(t). The proof is complete.

Theorem 2.14 If X is a PI"-BCK-algebra with condition (S), then N(X) is a PI"-
B(C'K-algebra with condition (S).

Proof. 1t is easy to see that N (x) is a PI"-BC K-algebra. For every N,, Ny € N(z), (Nyo0
Ny) % No = Naob * No = N(aobyxa < Np because (aob) xa < b. Let N, x N, < Np. Then
by Theorem 2.1, we have N(4op)xa = No. Thus, we have (z * a) * b = 0 Since X is with
condition (S) we obtain # < a o b. Hence by Theorem 2.13, we have N, < Nyop = N, o Np.
Therefore N(X) is also with condition (S). The proof is complete.
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3 On homomorphism of n-maps.

Definition 3.1 Let X and X' be BCK-algebras. A mapping f : X — X' is called a
homomorphism if for any = and y in X, f(z*y) = f(z) ' f(y), where * and *' are operators
in X and X', respectively. Now if we consider a natural map f: X — N(X) as f(z) = N,
then we have:

Theorem 3.2 If X is a PI"-BCK-algebra, then X is isomorphic to N(X).

Proof. By Theorem 2.1, N(X) is a PI"-BCK-algebra. We have to show that a map
f:X = N(X) as f(z) = N, is a bijective homomorphism. First of all we prove that
f is an injective map. Suppose that f(z) = f(y), that is, N, = N,. For every t in X.
N.(t) = Ny(t) and hence z *t" = y « t™. If we set ¢t =y, we have x = y. This implies that
f is an injective map. Clearly f is a surjective map.

Finally, we show that f is a homomorphism. Since f(z*y) = Nywy, f(2)*' f(y) = No*' Ny
and N, #' Ny = Ng.y because X is PI", we have f(z xy) = f(z xy) = f(z) *' f(y), that is
f is a homomorphism. The proof is complete.

Theorem 3.3 N, is a homomorphism if and only if z = 0.

Proof. First we suppose that N, is a homomorphism. Then N,(0) = N,(0 x0) =
N (0) * N.(0) = (z x0™) % (x *0™) = 0 and hence z = x * 0" = 0. This implies that = 0.

Conversely if x = 0, then clearly that we obtain Ny is a homomorphism.
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