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ABSTRACT. Let F be a Banach function space over a complete finite measure space
(Q,3, 1), F'-the Kothe dual of E and let X be a Banach space, X*-the topological
dual of X. We give a criterion for relative sequential o(F(X), E'(X*))-compactness
in Kothe-Bochner spaces E/(X). We characterize Banach spaces X having the Radon-
Nikodym Property in terms of relatively sequentially o(F(X), E'(X*))-compact sub-
sets of F(X). Moreover, we show that F(X) is sequentially o(FE(X),E'(X"))-
complete if and only if F is sequentially ¢(F, F')-complete, X has the Radon-Nikodym
Property (with respect to p) and X is sequentially weakly complete. We generalize
F. Bomball, J. Batt and W. Hiermayer’s results concerning weak compactness and
sequential weak completeness in Lebesgue-Bochner spaces LP(X)(1 <p < oo) and

Orlicz-Bochner spaces L?(X).

1. Introduction and preliminaries

Given a dual pair (L, M) a subset A of L is said to be conditionally o(L,M)-compact
(resp. relatively sequentially o(L,M)-compact) whenever each sequence in A contains a
o(L, M)-Cauchy subsequence (resp. each sequence in A contains a subsequence which is
o(L, M)-convergent to some element of L ).

The problem of characterizing of relatively sequentially o(LP(X), LY(X*))-compact sub-
sets of Lebesque-Bochner spaces LP(X) for 1 < p < oo and ¢ conjugate to p over a finite
measure space (£, X, 1) has been considered in [B4], [BD], [BH], [D].

In particular, F. Bombal [B4] showed that if 1 < p < oo and the Banach space X has
the Radon-Nikodym Property (RNP) with respect to p, then a subset H of LP(X) is
relatively sequentially o(LP(X), L1(X*))-compact iff the following conditions are satisfied:
(i)  H is norm bounded,

(ii) the set {fA flw)du : f € H} is relatively weakly compact in X for every A € X,
(ii1) lim,ayso sup{ [, (f(w),g(w))du: f € H} =0 for every ge LI(X*).

Moreover, in [B;] it is shown that the condition on X to have the RNP is also necessary in
order that relatively sequentially o(L? (X ), L1(X™*))-compact subset of L?(X) (1 < p < 00)
be exactly those satisfying the above conditions (i)—(iii) for each finite measures. As a con-
sequence, a characterization of sequential
o(LP(X), L(X*))-completeness of L?(X) is obtained.

Next, in [Bs] the above results are extended to the class of Orlicz-Bochner spaces L?(X)
with topology o(L¥?(X),L¥(X*)), where ¢ is a Young function satisfying the condition:
©(t)/t = o0 as t — oo (so the space L'(X) is excluded) and ¢* denotes the complemen-
tary Young function.
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J. Batt and W. Hiermeyer [BH] characterized the relatively o(LP(X), LY(X*))-compact
subsets of LP(X) (1 <p< o0) for a general Banach space X. Moreover, G. Schluchter-
mann and R. Wheeler [SW] found a characterization of sequential o(L'(X), L>(X*))-
completeness of L'(X).

The purpose of this paper is to extend the above results to the class of Kothe-Bochner
spaces E(X) provided with the weak topology o(E(X),E'(X*)), where E is a Banach
function space (not necessarily order continuous), E’ denotes the Kothe dual of E and X
is a real Banach space.

Now we establish notation and terminology (see [KA], [AB]).

From now on we shall assume that (£2,%, ) is a complete finite measure space, and
let (E,||-]l,) bea Banach function spaces over (2,3, ) such that L™~ C E C L', where
the inclusion maps are continuous. For a subset A of Q let X, stand for its characteristic
function. Let N denote the set of all natural numbers.

Let E' stand for the Kothe dual of E. Then the associated norm || - ||, on E’ can be
defined by ||v||,,, = sup{| [, u(w)v(w)du|: u e E, |lul|, <1}. Recall that E is said to
be perfect if E = E".

The following characterization of perfect Banach function spaces will be needed (see

[KA, Theorem 6.1.7, Corollary 10.3.2], [N3]).

Theorem 1.1 For a Banach function space (E,||-||z) the following statements are equiv-
alent:

(1) E is perfect.
(11) The norm || -
(111) E is sequentially o(E, E’)-complete.

satisfies both the o-Fatou property and the o-Levy property.

[

It is known that a the norm bounded subset Z of E is conditionally o(E, E')-compact
iff for each v € E' the subset {uv: ué&€ Z} of L' is uniformly integrable (see [Ny,
Proposition 2.1]).

Let (X,|-|lx) be a real Banach space, and let X* stand for the Banach dual of X.
Let S, and S, denote the unit spheres in X and X* resp.

By L°(X) we will denote the set of equivalence classes of strongly S-measurable
function f: Q— X. For feL%X) let f(u) =[[f(w)|ly for we Q. The space
EX)={feL%X): fe E } equipped with the norm HfHE(X) = HfHE is called a Kothe-

Bochner space.

We shall need the following two lemmas:

Lemma 1.2 Let (E,|-||,) be a Banach function space with the o-Fatou property (i.e.,
un Tu in E implies |un|lp Tlull,). The for f € E(X) we have

1w, = supd] foF@)g(@))dul = g€ LX), ligl,, ., <1}

Proof. In view of [Bu, Theorem 1.1 (4)] we have
[y = sup ] fo (Fw)sg(w)) dpl: g€ E'(X7), |lgllrey, <1}

Let >0 be given. Hence there exists g € E'(X*) with , <1 such that

Han(x;. < |fQ <f(w),g(w)>du| +¢. For n €N let us put

gm”_{«wif|mw

0 elsewhere.

||gHE/(X*

x= S,
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— 0 for w € Q. Moreover, ||gn(w)]

Then g, € L*®(X™) and ||gn(w) — g(w)lx* v S
< 1. Since fg € L', by the

lg()l . for w € Q, 50 gn € E'(X*) and [|gnll o) < N9l (xe) <
Lebesgue dominated convergence theorem we get

| fo (F(@)sg(w)) dp— o (F(w),gn(w)) dul < fo [IF(@)llx lg(w) = gn(@)llxo du =0

so there exists n, € N such that

‘fQ< >dﬂ| |fQ< )>dﬂ‘+§'

It follows that

£, = supd{] fo (f(w).g(w))dpl: g € LX), gl ey < 13

and the proof is complete. |

Lemma 1.3 Let (E,||-||,) be a perfect Banach function space. Then for f € L°(X) the
following statements are equivalent:

(i) f€EBX).
(i) sup{| Jo (@) g(w))dp|: g€ LX), gl pge, <1} < oo

Proof. (i) = (ii) It follows from Lemma 1.2.
(ii) = (i) Since f € L° by [KA, Corollary 4.3.1] there exists a sequence (A,) in
Y such that A, TQ with fX 4, €E for n€N and fX Tf Let fn. =fX,, for

neN. Then f, = ]?XA" and f, € E(X) for n € N. In view of Lemma 1.1 and (ii) for
all n € N we have

1fllos, = supd] / fal@),g(@)) du |+ g€ L¥(X*), llglpne, < 1}

1 supd] [ ()X b)) el g € LX) Nl < 1)

IN

supd] [ (F)g(e)) dul s 9 € LX), ol e, < 1 < o

To show that f € E(X), let 0<wv & E'. Then fnv 0 fb Hence in view of the Fatou
lemma, the Hélder’s inequality and (1) we get

Jo fwv(w)dp < sup, [, fa(@)o(w)du < sup, | fullp, 101, < 0.

It follows that ]?E (E")Y = E, ie., f€ E(X), as desired. |

2. Sequential o(E(X), E'(X™*))-compactness in F(X)

We start by recalling some definitions. For a finite X-partition 7 of Q let E; stand for the
conditional expectation operator for 7. Following [BH] for all increasing sequences (m,) of
finite X-partition of 2 let us define
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Aoy (mn)) s = { T € LILNX),¢0) : Agn) C LZ(X*), [|gnlloe <1,
gn = (Er,py — Eﬁn )gn . nEN,
Vfe LX), = (Jo (f(©), gn(w)) du) },
and let A, (o) : = U Ay (co, (7).
The following criterion for relative o(L'(X), L°(X*))-compactness in L'(X) will be

of importance.

Theorem 2.1 [BH, Theorem 2.1]. For a subset H of L'(X) the following statements are
equivalent:

(1) H is relatively o(L*(X), L>°(X*))-compact.
(1) H is relatively sequentially o(L'(X), L% (X*))-compact.
(1) H is relatively countably o(L'(X), L% (X*))-compact.

(iv) @) supser If
b) the set {]? feH}Y in L' is uniformly integrable,

¢) for each A€ X the set {fA w)dp : f € H} s relatively weakly compact
mn X,

d) T(H) is relatively weakly compact in ¢, for all T € A,(c,).

L1(x) < oo,

Now we are ready to state our main result.

Theorem 2.2 Let (2,5, 1) be a finite measure space and let (E,|| -||,) be a perfect Banach
function space. Then for a norm bounded subset H of E(X) the following statements are
equivalent:

(1) H is relatively sequentially o(E(X), E'(X*))-compact.

(11) (a) the set H= {f f € H} is relatively sequentially o(E, E')-compact,
(b) for each A €% the set {[, f(w)dpu: f€ H} is relatively weakly compact
n X,

(¢) T(H) is relatively weakly compact in ¢, for all T € A,(c,).

(111) (a) the set H= {f~ feH} is relatz'vely sequentially o(E,E')-compact,
(b) for each A€ X the set {fA w)dp : f € H} s relatively weakly compact
mn X,

(¢) any measure m: % — X of the form m(A) = weak —lim [, fu(w)dy for
every A€ X and some sequence (f,) in H has the RNP (with respect to ).

Proof. (1) = (ii) Assume that H is relatively sequentially o(E(X), E'(X*))-compact.
Since H is conditionally compact, by [N, Theorem  2.3], the set
H= {]? f € H} is conditionally o(E, E')-compact. In view of Theorem 1.1 H is rel-
atively sequentially o(E, E’)-compact. Thus (a) holds.

Since H C E(X) C L'(X) and o(L'(X),L>(X"))|,, C o(E(X), E'(X*)) the set
H is relatively sequentially o(L'(X), L>(X*))-compact, so by Theorem 2.1 conditions (b)
and (c) are satisfied.

(il) = (i) Assume that (ii) holds and let (f,) be a sequence in H. Since H C
E(X) C LY(X) and L>(X*) C E(X*), by Theorem 2.1 the subset H of L'(X) is relatively
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sequentially o(L'(X), L> (X *))-compact. Thus there exist a subsequence (fx, ) of (f,) and
f, € LY(X) such that fr, — f, for o(L'(X), L>(X*)). We shall show that f, € E(X) and
fr, = f, for o(E(X), E'(X*)). To show that f, € E(X) in view of Lemma 1.3 it is enough
to show that

Indeed, let g € L>®(X*) and HgHE,(XM < 1. Since f, — f, for o(L'(X),L>(X*)) we can
choose n, € N such that | f, <f0(w) — frn, (w)7g(u,)> du| < 1.
Hence, since supjcp || fllpx, = ¢ < oo for some ¢ > 0, by the Holder’s inequality we get

| fo (Fo(w),g(@)) dul < | fo (fo(w) = Fro, (@) g(w)) din| + | Jo (Frn, (@), 9(w)) dus|
< 1 o e, (@) s Nlg(@)]] o dpe
< Ut i lo o, < 1te

We shall now show that fi, — f, for o(E(X), E'(X*)). Indeed, let g € E'(X*) and for
every m € N let us put

; (w)_{g(w) it (@)l

0 elsewhere.

s Sm

?

Let > 0 be given. Then by (a) there exists § >0 such that for every A €Y with
u(A) <6 we have

sup,, fA | i (@)l x lg(w )|

Let r =max(c, [, || fr,, (w)|lx dir). For np=min(g..1) and m € N let us put

«dp <

cdp < oand [ llf (@)l llg(@)ll

£
8"

= {"“' € HQ(W) - gm(w)l

o 2N}

It is seen that By, = {w € Q: ||g(w )\ >m} and By, |, (Vi Bm) = 0,50 p(Byp) — 0.
Choose m, € N such that p(Bp,) <. Then we get

supy [, Ik (@)l lg(@)ll < and [l f (@)l lg@)ll

L du <

Cole

Hence for all n € N we have

| Jo (Fra (@) = (@), 9(w) — g, (w)) dpe |

< Jo e (@) = fo (@)l l9(w) = gm, (@] <u dpt
< Jp, e, @)l llg(@) = gm, (@)l - dp
+fB M@l llg(w) = gm, (@)l dus
+fg\3mo [ frn ()l x l9(w) = g (W)l < dpt
+ Jous,, Ifo(@llcllg(w) = gm, (@)l dp
< SsHstrtgr <05
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Choose n, € N such that for n > n,

| o (Fen (@) = £ (@), gm, (w))dp | < 5.

Hence for n > n, we have

| Jo (fra (@) = fo(w), g(w)) du|

| Jo (Fra (@) = fo (@), 9(w) = gm,, (@) | + | [o (fro (@) = fo (@), gm, (w)) dpr |
: 4

IAIA

= 57

[SSIECY

and the proof is complete.

(i) = (iil) Assume that H is relatively sequentially o(E(X), E'(X*))-compact. As
in the proof of (i) = (ii) we obtain that conditions (a), (b) in (iii) hold. Assume that
condition (c¢) does not hold, i.e., there exists a measure m:X — X with |m|(Q2) < oo,
|m| < o of the form

m(A) = weak — lim fA folw)dy for AeX,

for some (f,) in H such that m does not have a Bochner derivative with respect to p.
Then there exist a subsequence (fj, ) of (f,) and f, € E(X) such that fi, %fﬂ for
o(E(X),E'(X*)). Henceforeach A € ¥ and z* 6 X* v»eget z* fAfk w)dp) = 2*(f, f,
It easily follows that for each 2* € X* a*(m =a*([, f,(w)du) for each A€, so

f4 fo(w)dp. This means that m has the RNP (Wlth respect to u), and we get
a contradlctlon

(iil) = (i) Assume that (iii) holds. Then in view of [Nj, Theorem 2.3]
the set H is conditionally o(E(X), E'(X*))-compact. Let (f,) be a sequence in H. Then
there is a o( E(X), E'(X*))-Cauchy subsequence (fx,) of (f»). Since H C E(X) C L'(X)
and L>=(X*) C E'(X*), (fk ) is also a U(LI(X) LOC(X ))-Cauchy sequence. But for each
A€, and z* € X*, fAfk fQ (fr, (W), X, (w)a*)dp and X z* € L=(X™),
so for each A € 3, (fA fk du) is a Vweak Cauchy sequence in X. By the (b) there is a
subsequence (f, ) of (fkn) such that the sequence (fA fu., (w)dp) is weakly convergent
in X, i.e, there is m(A4) € X such that m(A) = weak —lim fA fu., (w)dp. But for each
r* e X,

|2%( (A fAfk dpa)|
< Ja*(m( fAflk w)dp)| + [« ([4 fu., (@)dp — [ fr, (w)dp)],

m(A) = weak — lim [, fi, (w)dp

SO

One can show that the set function m : ¥ — X is a countably additive measure with
|m|(£2) < oo and \m| < 1 (see [BD, p. 178]). Hence by (c) there exists f, € L'(X) such
that m(A) = [, f,(w)du for each A € I. Arguing as in [BD, p. 178 179] we obtain that
fr, — fO for 0’(L1 (X) L (X*)). Similarly as in the proof of implication (i) = (i) we
obtain that f, € E(X) and fi, — f, for o(E(X),E'(X")). |

As a consequence of Theorem 2.2 we obtain a characterization of Banach spaces having

the RNP in terms of relatively sequentially o(E(X), E'(X*))-compact sets in E(X).

Theorem 2.3 Let (2,3,1) be a finite measure space, and let (E,| -||5) be a perfect
Banach function space. Then following statements are equivalent:

(1) X has the RNP (with respect to p).

w)dp).
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(11) Every norm bounded subset H of E(X) satisfying the following conditions:

(a) the set H= {? f € H} is relatively sequentially o(E, E')-compact,

(b) for each A€ theset {[, f(w)du: fe H} is relatively weakly compact
mn X,

is relatively sequentially o(E(X), E'(X*))-compact.

Proof. (i) = (ii) If X has the RNP (with respect to 1), then the condition (c) in (iii) of
Theorem 2.2 is superfluous.

(ii) = (i) Assume that X lacks the RNP with respect to p. Then there is a p-
continuous vector measure G : ¥ — X of bounded variation that does not have a Bochner
integrable Radon-Nikodym derivative with respect to . Moreover, by the discussion of [DU,
(A)]lx <p(A) forall AeX. Let S stand for the
set of all finite Y-partitions 7 of Q partially ordered by refinement. For = € S let us set
fr =2 her Xa f((j)) Let H={f : 7€ S}. Arguing as in the proof of Theorem 3 of
[DU, Chap. III, § 2] one can show that H obeys (b).

To show that (a) holds, it is enough to show that for each v € E’ the set f,,u :me St
in L' is uniformly 111teg1a,ble Indeed let ve E'. Then for each Be X and w#€ S we

get [y IF @)l [o(w) [ dpt < Jp o) dpr.
Since v € E' C (L*>®) =L, supwes S If, @)l lo(@)]dp — 0 as p(B) — 0, as de-
sired.

Chap. III] we may assume that

We shall now show that H is not relatively sequentially o(E(X),E’'(X*))-compact
subset of E(X). Assume on the contrary that H is relatively sequentially o(E(X), E'(X*))-
compact. Then H is relatively sequentially o(L'(X), L°(X*))-compact, so by Theorem
2.1 H is relatively o(L'(X), L%°(X*))-compact in L'(X). Since (fz) is a net in L'(X),
there is a subnet (fr) of (fz) such that fw— f, for o(L'(X),L>(X*)) and some

[¢]

f, € L'(X). Hence, for each B € ¥ and z* € X*, we have

[ trtrxa@myin o [ (X @) du

But fQ <f0(w)’XB (w)x*> d/~L = :C*UB fD (w) d,u).
On the other hand, we easily get fﬂ <f7r/ (w), X, (w)x >d,u S (ZAETF Il ?OA) G(A)). One

can calculate that

Z“BM G(A) — G(B).

!

Thus 2*(G(B)) = x*(fB fow)dp), so G(B fB w)dp, and this means that G has
the RNP (with respect to p). This Contradlctq the ChOlce of G. It follows that H is not
relatively sequentially o(E(X), E'(X*))-compact, as desired. |
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In particular, we obtain:

Corollary 2.4 For a Banach space X the following statements are equivalent:
(1) X has the RNP.

(i) For every finite measure space (2,3, 1) any norm bounded subset H of L'(X)
satisfying the conditions:
(a) the set {f feH} in L' is uniformly integrable,
(b) for each A €Y the set {fA flw)dp o f e H} is relatively weakly compact
m X,

is relatively sequentially o(L'(X), L (X*))-compact.

3. Sequential o(E(X), E'(X*))-completeness of E(X)
We start by defining for A € ¥ two linear mappings:
X —EX) and Y,:EX) —X

R
by

P, (v) =X,z and ¥, (f) = fA flw)dp.
It is easy to observe that @, is sequentially ( o(X,X™*)),c(E(X), E'(X*)) )-continuous
and ¥, is (o(E(X),E'(X*)),0(X,X*) )-continuous.

Now, given z, € S choose z* € S, such that 2*(z ) =1. Define two linear

mappings:

Py E(X)—E and Qs : E— E(X)
by

Pu(f)=eif and  Qu(u)=us,.
It is seen that Ppx is (o(E(X),E'(X*)),0c(E,E") )-continuous and @, Iis
(o(E,E"),o0(E(X),E'(X*)) )-continuous.

As a consequence we obtain:

Lemma 3.1 The sets ®,(X) (={X,z: v € X}) and Q. (E) (={uz,: ue E}) are
sequentially o(E(X),E'(X*))-closed in E(X).

Now we are ready to present a characterization of sequential completeness of the space

(E(X),0(E(X), E'(X7))).

Theorem 3.2 Assume that (2.3, 1) is a finite measure space, and let (E,|-|,) be
a Banach function space. Then the following statements are equivalent:

(1) E(X) is sequentially o(E(X), E'(X*))-complete.
(11) a) E is sequentially o(E, E')-complete (i.e., E is perfect).
b) X has the RNP (with respect to ;1) and X s sequentially weakly complete.

Proof. (1) = (ii) By Lemma 3.1 (X,0(X,X™*)) and (E,c(E,E')) embed as sequentially
closed subspaces in (E(X),0(E(X),E'(X*))). It follows that X is sequentially weakly
complete, and E is sequentially o(E, E')-complete.

Moreover, assume that H is a subset of E(X) that satisfies conditions (a), (b) of (ii) in
Theorem 2.2. By [Ng, Theorem 2.3] H is conditionally o(E(X), E'(X*))-compact. Making
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use of (i) we conclude that H is relatively sequentially o(E(X), E'(X*))-compact. Hence
in view of Theorem 2.3 X has the RNP (with respect to u).

(ii) = (i) Let (fn) be a o(E(X),E'(X*))-Cauchy sequence in FE(X). Then
the set {f,: n € N} is conditionally o¢(E(X),E'(X*))-compact. Hence is view of [Ng,
Theorem 2.3] the set H = {f,: n € N} is conditionally o(E, E")-compact and for each
AeX theset {[, fa(w)du: n €N} is conditionally weakly compact in X. By (a) the
set {fn : n € N} is relatively sequentially o(E, E')-compact. In view of [KA, Theorem
10.4.7] for f € E(X) we have

£l = sup{]| I, Fwo(w)du|: ve B, |oll,, <1}.

It easily follows (see [L, Lemma 1.3.1]) that sup, |[fnll,, < oo. Hence by (b) and The-
orem 2.2 the set {fn,: n e N} is relatively sequentially o(E(X),E'(X"*))-compact.
Thus there is a subsequence (fi,) of (f.) and f, € E(X) such that fz, — f, for
o(E(X), E'(X*)). It easily follows that f, — f, for o(E(X), E'(X*)), and this means
that E(X) is sequentially o(E(X), E'(X*))-complete, as desired. |

Remark An  analogical  characterization  of  sequential  completeness  of
(LP(X),o(LP(X),L1(X*))) (1 <p<oo) and (L?(X),o(L?(X),L¥*(X*))) was found
by F. Bombal (see [By], [Bz2]) and of (L'(X),o(L'(X),L>(X*))) by G. Schliichtermann
and R. Wheeler (see [SH], Lemma 3.3]).
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