
Scientiae Mathematicae Japonicae Online, Vol. 6, (2002), 451{464 451

VARIETIES AND QUASIVARIETIES OF MONADIC TARSKI ALGEBRAS

Manuel ABAD, Jos�e P. DIAZ VARELA and Marta ZANDER

Received March 1, 2002

Abstract. In this paper we give a description of the lattice �(MT ) of subvarieties of

monadic Tarski algebras introduced in [13], and prove that quasivarieties coincide with

varieties. We also investigate some properties of the lattice L(MB) of quasivarieties of

monadic Boolean algebras determined in [3], showing the di�erence when a constant

is added to the language of monadic Tarski algebras, and we give a quasiidentity for

each member of L(MB).

1 Introduction and Tarski algebras. Implicative structures are particularly common

among algebras associated with logical systems, although they arise in many other areas of

mathematics. In general, they consist of an ordered set in which the ordering is characterized

by a binary operation of implication!. If the partial order is a semilattice order we have the

Brouwerian semilattices, that are the models of the f^;!g�fragment of the intuitionistic

propositional calculus. If the semilattice satis�es the property that every �lter [p) is a

Boolean algebra, we obtain the Tarski algebras [2] - the variety of f_;!g�subreducts of
Boolean algebras.

In this work we study the varieties and quasivarieties of the variety of all monadic Tarski

algebras. The notion of monadic Tarski algebra was introduced by A. Monteiro and L. Itur-

rioz [13] as a generalization of the concept of monadic Boolean algebra. In [9], A. Figallo

and independently, in [21] L. Monteiro et al. determined the free monadic Tarski algebra

with a �nite set of n free generators and calculated its number of elements.

We start with the notion of Tarski algebras. These algebras have been introduced by

J. C. Abbott in [2] and have been studied by several authors. Recently, Davey et al. [5]

proved that no non-trivial Tarski algebra, termed also implication algebras, is dualisable.

Endoprimality in the variety of Tarski algebras has been considered in [22].

De�nition 1.1 An algebra (A;!; 1) of type (2; 0) is said to be a Tarski algebra if:

(T1) x! (y ! x) � 1.

(T2) (x! (y ! z))! ((x! y)! (x! z)) � 1.

(T3) x! 1 � 1.

(T4) If x! y � 1 and y ! x � 1 then x � y.

(T5) (x! y)! x � x.
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Boolean algebras are the simplest examples of Tarski algebras: if (A;^;_;�; 0; 1) is a
Boolean algebra and we de�ne x ! y = �x _ y for x; y 2 A, then (A;!; 1) is a Tarski

algebra.

Recall that an algebra (A;!; 1) of type (2; 0) satisfying properties T1 to T4 is called a

Hilbert algebra [1], [2], [6], [7], [16], [17], [19]. Axiom (T5) is the characteristic identity for

semisimple Hilbert algebras, so that the class of Tarski algebras is the class of semisimple

Hilbert algebras [19].

The following set of axioms can be found among the many handwritten results that

A. Monteiro left without publishing (see [18]). Observe that (M1), (M2) and (M3) are the

equations that characterize the variety of Hilbert algebras.

Theorem 1.2 An algebra (A;!; 1) of type (2; 0) is a Tarski algebra if:

(M1) 1! x � x.

(M2) x! x � 1.

(M3) x! (y ! z) � (x! y) ! (x! z).

(M4) (x! y)! y � (y ! x)! x.

Throughout this paper, B, T , MB and MT will denote the equational classes of all

Boolean algebras, all Tarski algebras, all monadic Boolean algebras and all monadic Tarski

algebras, respectively.

If K is a class of similar algebras we will use the following notation: H(K) for the class

of algebras that are homomorphic images of algebras in K; I(K) for the class of algebras

that are isomorphic copies of algebras in K and S(K) for the class of algebras that are

subalgebras of algebras in K. The lattice of congruences of an algebra A 2 K is denoted by

Con(A).

Let A 2 T . Given x; y 2 A we denote x � y whenever x! y = 1. It is well known that

A is an ordered set with last element 1, that A is a join-semilattice and that the supremum

of two elements a and b is a _ b = (a! b)! b [2].

The following result can also be found in [2].

Lemma 1.3 If a Tarski algebra A has least element 0, then A is a Boolean algebra, where

the Boolean complement of a 2 A is �a = a! 0 and the in�mum of the elements a and

b 2 A is a ^ b = �(b! �a):

Lemma 1.4 If A is a Tarski algebra, then the set [p) = fx 2 A : p � xg is a Boolean

algebra, for every p 2 A.

Observe that if x 2 [p) then the complement of x in [p) is x! p; so the in�mum of

two elements x ; y 2 [p) is x ^ y = (y ! (x! p))! p:

Now suppose that R is a join-semilattice with last element 1, in which [r) = fy 2 R :

r � yg is a Boolean algebra, for every r 2 R: J. C. Abbott [1], [2] proved that R is a

Tarski algebra. Hence, there is a bijective correspondence between the variety of Tarski

algebras and the class of all upper-bounded join-semilattices for which every principal �lter

is a Boolean lattice.

De�nition 1.5 A subset D of a Tarski algebra A is called a deductive system if:
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(D1) 1 2 D:

(D2) If x; x! y 2 D then y 2 D:

For H � A, the intersection of all deductive systems of A containing H is called the

deductive system generated by H. If H 6= ;, we say that an element x 2 A is a consequence

of H if there exist h1; h2; : : : ; hn 2 H such that h1 ! (h2 ! (: : : (hn ! x) : : : )) = 1. If

H = ; we say that x is a consequence of H if x = 1. The set of all consequences of H will

be denoted C(H).

Lemma 1.6 [19] Let A be a Tarski algebra and H � A. The deductive system generated

by H is C(H).

Corollary 1.7 Let A be a Tarski algebra and a 2 A. Then the deductive system generated

by a is C(a) = fx 2 A : a! x = 1g = fx 2 A : a � xg = [a):

De�ne a �lter in a Tarski algebra A as a non-empty increasing set D such that if x; y 2 D
and there exists x^y in A, then x^y 2 D. Then D is a �lter if and only if D is a deductive

system. Indeed, if D is a �lter, then clearly 1 2 D, and if x, x! y 2 D, then, as x � x_ y,
x _ y 2 D. Since (x _ y) ^ (x ! y) = [(x ! y) ! ((x _ y) ! y)] ! y = y, it follows that
y 2 D. Conversely, suppose that D is a deductive system. Then D is clearly increasing. Let

x; y 2 D be such that x^ y exists. Then [x^ y) is a deductive system that is also a Boolean

algebra. If E = D \ [x^ y); then E � [x^ y) and E is a �lter of the Boolean algebra [x^ y)
and contains x and y. So E contains x ^ y, and consequently E = [x ^ y) � D:

It is known [2] that every congruence on a Tarski algebra A is determined by a deductive

system D where the relation is a � b (mod D) if and only if a ! b and b ! a 2 D. Thus
the lattice of deductive systems is isomorphic to the lattice of congruence relations. From

this it is clear that the 2-element Tarski algebra 2 = f0; 1g is the only simple algebra in T .

On the other hand, the intersection of all maximal deductive systems of A is f1g [13],

so the mapping A !
Q

i2I
A=Di, where fDigi2I is the family of all deductive systems of

A, is a subdirect embedding. In addition, if D is a maximal deductive system of A, A=D is

simple. Hence, if A is subdirectly irreducible, A is simple.

Theorem 1.8 The only subdirectly irreducible algebra in T is the simple algebra 2.

In the rest of this section, A will be a �nite non-trival Tarski algebra. Ant(A) will denote
the set of all antiatoms (dual atoms) of A. Observe that if z 2 A; since [z) is a Boolean

algebra, Ant([z)) � Ant(A) and z =
V
Ant([z)): Thus, in a �nite Tarski algebra, every

element di�erent from 1 is an in�mum of a non-empty set of antiatoms.

The next lemma gives a characterization of maximal deductive systems of a �nite Tarski

algebra A.

Lemma 1.9 Let A be a �nite non-trivial Tarski algebra, and n = jAnt(A)j. If a 2 Ant(A)
then A n (a] is a maximal deductive system of A, where (a] = fx 2 A : x � ag: Moreover,

every maximal deductive system in A is of the form An (a], with a 2 Ant(A), that is, A has

exactly n maximal deductive systems.

Proof We �rst prove that A n (a] is a deductive system. Clearly, 1 2 A n (a]. Let

x; x ! y 2 A n (a] and let us prove that y 2 A n (a]. Suppose that y 62 A n (a], then y 2 (a]:
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So y � a: On the other hand, a � x ! a and thus x ! a = a as x 6� a and a is a dual

atom. Then

1 = x! 1 = x! (y ! a) = (x! y)! (x! a) = (x ! y)! a;

and hence x ! y � a, a contradiction. Let us see that A n (a] is maximal. Let y 2 (a].
Then a ! y 2 A n (a], since otherwise a ! y � a and a = (a ! y) ! a = 1 which is a

contradiction. So if D is a deductive system such that A n (a] � D and A n (a] 6= D then

a 2 D and a! y 2 A n (a] � D for all y 2 (a]; hence A = D.
Let D a maximal deductive system and suppose that Ant(A) � D. By the remark

preceding this lemma, A = D; a contradiction. So there exists a 2 Ant(A) such that a 62 D
and consequently D = A n (a]: �

Suppose that Ant(A) = fa1; : : : ; ang. Let Di = A n (ai] and let j : A!
Q

n

i=1A=Di be

a subdirect embedding. For x 2 A, (j(x))i = 1 if x =2 (ai] and (j(x))i = 0 if x 2 (ai]. Hence
j(ai) is an antiatom of

Q
n

i=1A=Di, for i = 1; : : : ; n, and consequently, j induces a bijection
between the set of antiatoms of A and the set of antiatoms of

Q
n

i=1A=Di. Since every

element of a �nite Tarski algebra is a meet of antiatoms, it follows that j : A! [Min(j(A)))
is an isomorphism, where Min(j(A)) denotes the set of minimal elements in j(A).

2 Varieties of Monadic Tarski algebras. The aim of this section is to give an equa-

tional basis with a minimum number of variables for each subvariety of monadic Tarski

algebras.

De�nition 2.1 [13] An algebra (A;!;8; 1) of type (2; 1; 0) is said to be a monadic Tarski

algebra if (A;!; 1) is a Tarski algebra and:

(Q1) 81 � 1:

(Q2) 8x! x � 1:

(Q3) 8((x! 8y)! 8y) � (8x! 8y)! 8y:

(Q4) 8(x! y)! (8x! 8y) � 1:

Taking into account that x _ y = (x! y)! y; then Q3 can be written:

8(x _ 8y) � 8x _ 8y:

In a monadic Tarski algebra A the following properties hold (see [21]):

(Q5) 88x � 8x:

(Q6) If x � y then 8x � 8y:

(Q7) If x � 8x and y � 8y; then x! y � 8(x! y):

Recall that the variety T is congruence distributive. Since algebras inMT have Tarski

algebra reducts and congruence distributivity is a Mal'cev condition, it follows thatMT is

congruence distributive.

Let 8A = f8x : x 2 Ag, then from Q1; Q5 and Q7 it follows that 8A is a Tarski

subalgebra of A. If A is a monadic Tarski algebra with least element 0, we know that A is a

Boolean algebra. In that case, if we put by de�nition 9x = �8�x; then (A;^;_;�;9; 0; 1)
is a monadic Boolean algebra [11], [12]. On the other hand, if A is a monadic Boolean

algebra and we put x! y = �x_ y and 8x = �9�x, then (A;!;8; 1) is a monadic Tarski

algebra.
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De�nition 2.2 A subset D of a monadic Tarski algebra A is said to be a monadic deductive

system if D is a deductive system satisfying: (D3) For x 2 D, 8x 2 D:
The notion of monadic deductive system generated by X � A is de�ned in the usual way.

Lemma 2.3 Let A be a monadic Tarski algebra and D a monadic deductive system of A,
then the relation x � y if and only if x! y 2 D and y ! x 2 D; is a congruence.

Lemma 2.4 Let A be a monadic Tarski algebra. If � is a congruence de�ned on A
then j1j = fx 2 A : x � 1g is a monadic deductive system, and x � y if and only if

x ! y 2 j1j and y ! x 2 j1j:

Lemma 2.5 ([8]) Let A be a monadic Tarski algebra and H � A. Then the monadic

deductive system generated by H is C(8H).

Let D(A) be the lattice of monadic deductive systems of A. Observe that if M 2 D(A),
8M is a deductive system of 8A, and if D0 is a deductive system of 8A, then C(D0) 2 D(A).

>From the previous lemmas we obtain

Corollary 2.6 The lattices Con(A); D(A) and the lattice of deductive systems of 8A are

all isomorphic.

A non-trivial monadic Tarski algebra A is simple if and only if the only monadic deduc-

tive systems in A are A and f1g:

Lemma 2.7 ([8], [21]) A is a subdirectly irreducible (simple) monadic Tarski algebra if

and only if A is a simple monadic Boolean algebra.

If Bn denotes the n-atom simple monadic Boolean algebra, then Bk 2 IS(Bl) if and

only if k � l. From this and the fact that MT is congruence distributive and locally �nite

[9, 21] we have the following result.

Theorem 2.8 The lattice �(MT ) of subvarieties of the variety MT is isomorphic to a

chain of type ! + 1:

T � T1 � T2 � T3 � : : : �MT ;

where T is the trivial variety and Tp is the variety generated in MT by the simple monadic

Tarski algebra Bp.

Observe that the lattice of subvarieties of MB is

T �M1 �M2 �M3 � : : : �MB;

where Mp is the variety generated in MB by the simple monadic Boolean algebra Bp.

Below we will determine a characteristic equation with a minimum number of variables

for each subvariety of MT .

Consider the following term:


p(x0; : : : ; xp+1) =

p_
i=0

8

0
@xi+1 ! i_

j=0

xj

1
A :
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Let us see that the identity 
p � 1 characterizes the variety Tp generated by Bp.

If p = 1, 
1(x0; x1; x2) = 8(x1 ! x0) _ 8(x2 ! (x0 _ x1)), and it is immediate that


1(x0; x1; x2) � 1 holds in B1.

Suppose that p > 1 and let a0; : : : ; ap+1 2 Bp. Consider the elements b0 = a0, b1 =

a0_a1, : : : , bp =
W
p

j=0 aj . It is clear that b0 � b1 � : : : � bp. If bi < bi+1 for i = 0; : : : ; p�1,

then bp = 1, as Bp is a p-atom Boolean algebra. So 8(ap+1 !
W
p

j=0 aj) = 8(ap+1 ! bp) =
8(ap+1 ! 1) = 81 = 1, and consequently, 
p(a0; : : : ; ap+1) = 1. If bi = bi+1, for some i,

then ai+1 � bi =
W
i

j=0 ai. So 8(ai+1 !
W
i

j=0 aj ) = 81 = 1. Thus 
p(a0; : : : ; ap+1) = 1.

Therefore 
p(x0; : : : ; xp+1) � 1 holds in Bp.

Let A be a �nite (recall that MT is locally �nite) subdirectly irreducible algebra in

MT and suppose that the identity 
p(x0; : : : ; xp+1) � 1 holds in A. Observe that A �= Bq.

Suppose that q > p and let a1; : : : ; aq be the atoms of A. Consider the elements b0 = 0,

b1 = a1, b2 = a1 _ a2, : : : , bp =
W
p

i=1 ai and bp+1 = 1. We have that bp 6= 1, as p < q. Since
bi+1 ! bi 6= 1, it follows that 8(bi+1 ! bi) = 0. Thus 
p(b0; : : : ; bp+1) =

W
p

i=0 8(bi+1 !W
i

j=0 bj) =
W
p

i=0 8(bi+1 ! bi) = 0, a contradiction. So q � p, and A 2 Tp: Then we have

the following theorem

Theorem 2.9 
p � 1 is an equational basis for Tp.

Now, from the identity 
p � 1 and the results of Cignoli and Petrovich [4], we will

determine a characteristic equation for Tp with a minimum number of variables.

Observe that if B is a simple monadic Boolean algebra and G is a generating set of B,
then B can be generated by G as a Boolean algebra. If B2n is the free Boolean algebra over

an n�element set G, then the atoms of B2n can be obtained as
V
fG nGig [ f�Gig where

Gi � G and �Gi = f�x : x 2 Gig: Finally, if f : B2n ! Bm (m � 2n) is an epimorphism,

then f(G) is a generating set for Bm: In addition, there exist sets f(Gi) with i = 1; : : : ;m
and jf(Gi)j � n such that for every atom ai 2 Bm; ai =

V
f(Gi):

Theorem 2.10 ([4]) If V is a congruence distributive variety and �(V ) �= ! + 1, then

for every n 2 !; the minimum number of variables needed in an identity to characterize the

subvariety Tn is the same as the minimum number of generators of the algebra Bn+1 (the

algebra that generates Tn+1).

Lemma 2.11 ([4]) In the variety MT , the minimum number of generators for Bm is the

smallest p such that m � 2p.

Consequently, in the variety MT , the minimum number of variables needed to charac-

terize Tm is the least p such that m+ 1 � 2p:

Consider the terms

x ^8z y = (y ! (x! 8z))! 8z and 9x = 8(x! 8x)! 8x:

When evaluated in Bm, we obtain

x ^8z y =

�
x ^ y if 8z = 0

1 if 8z = z = 1
and 9x =

�
1 if x 6= 0

0 if x = 0

Consider now a set of variables S = fy1; : : : ; ypg, where p is the least positive integer

such that m+ 1 � 2p, and let Hi � S [ �S, 1 � i � m, jHij = p and such that yj 2 Hi if

and only if �yj 62 Hi: Let zi =
V
8y1

Hi. Consider the identity
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m
min

(y1; : : : ; yp) =

2
4 mV

8y1
9(zi)

i = 1

3
5! 
m(8y1; z1; : : : ; zm; 1) � 1:

Observe that 
m
min

(y1; : : : ; yp) � 1 is a p�variable identity in the language of MT .

Since 
m � 1 holds in Bm, it is clear that 

m

min
(y1; : : : ; yp) � 1 holds in Bm:

Since m + 1 � 2p, there exists a generating set G = fg1; : : : ; gpg of Bm+1 and Gi �

G[�G; i = 1; : : : ;m+1 such that if fa1; : : : am+1g = At(Bm+1) then
V
8g1

Gi =
V
Gi = ai:

Then


m
min

(g1; : : : ; gp) =

2
4 mV

8g1
9(ai)

i = 1

3
5! 
m(8g1; a1; : : : ; am; 1) = 1! 0 = 0:

So 
m
min

(y1; : : : ; yp) � 1 does not hold in Bm+1:

So we have proved

Theorem 2.12 The identity 
m
min

(y1; : : : ; yp) � 1 is an equational basis for the subvariety

Tm of MT with a minimum number of variables p; where p is the least positive integer such

that m+ 1 � 2p.

3 Quasivarieties. A class of algebras of similar type that is closed under isomorphisms,

subalgebras, direct products, and ultraproducts is called a quasivariety. If V is a variety,

L(V ) will denote the lattice of quasivarieties contained in V .

In this section we will prove that L(MT ) = �(MT ):

Remark 3.1 Let A be a �nite monadic Tarski algebra, a1; : : : ; an the antiatoms of A and

b1; : : : bm the antiatoms of 8A:We know that for every x 2 A; x =
V
fa 2 Ant(A) : x � ag.

In particular, bk =
V
tk

j=1 a
k

j
; for k = 1; : : : ;m: If Ant(bk) = fa 2 Ant(A) : bk � ag =

fak1 ; : : : ; a
k

tk
g, then fAnt(bk)g

m

k=1 is a partition of Ant(A). If x =
V
S, where S � Ant(A),

then 8x =
V
fAnt(bk) : S \Ant(bk) 6= ;g.

We know that the lattice D(A) of all monadic deductive systems of A and the lattice

of all deductive systems of 8A are isomorphic, and, for �nite A, the maximal deductive

systems of 8A are of the form 8A n (b], b an antiatom of 8A (Lemma 1.9). Consequently,

the maximal monadic deductive systems of A are of the form C(8A n (b]), the deductive

system generated in A by 8A n (b], b an antiatom of 8A. We now characterize the maximal

monadic deductive systems of A.

Proposition 3.2 Let A be a �nite monadic Tarski algebra and let b be an antiatom of 8A,
b =

V
n

i=1 ai, ai antiatom of A, 1 � i � n. Then C(8A n (b]) =
T
n

i=1(A n (ai]).

Proof Let x 2 C(8A n (b]). If we suppose that x =2
T
n

i=1(A n (ai]), then there exists i such
that x =2 A n (ai], that is, x � ai, and then ai 2 C(8A n (b]), for some i. Hence there exist
h1; : : : ; hs 2 8A n (b] such that

h1 ! (h2 ! : : : (hs ! ai) : : : ) = 1 2 8A n (b]:

Since h1 2 8A n (b], h2 ! (: : : (hs ! ai) : : : ) 2 8A n (b]. Continuing with this procedure we

obtain that ai 2 8A n (b], which is not possible.
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For the converse, suppose that x 2
T
n

i=1(A n (ai]). Then x 6� ai for every i. From

b =
V
n

i=1 ai, we have from Remark 3.1 that 8x 6� b. So 8x 2 8A n (b]. Since 8x ! x = 1,

x 2 C(8A n (b])). �

The following lemma is the key to prove that the varieties and quasivarieties in MT

coincide.

Lemma 3.3 Let A be a �nite monadic Tarski algebra and let b be an antiatom of 8A,
b =

V
n

i=1 ai, ai antiatom of A, 1 � i � n. Then A=
T

n

i=1(A n (ai])
�= [b) �= Bn.

Proof If x; y 2 [b), x 6= y, as [b) is a Tarski subalgebra of A, x! y 2 [b) and y ! x 2 [b).
Since x 6= y, it follows that x ! y 6= 1 or y ! x 6= 1, so x ! y =2

T
n

i=1(A n (ai]) or

y ! x =2
T
n

i=1(A n (ai]), being that
T
n

i=1(A n (ai]) \ [b) = f1g. Hence jxj 6= jyj, where jzj
stands for the equivalence class of an element z in the quotient.

Now, let y 2 A, y =2 [b), and let us prove that jyj = jy _ bj. Since y ! (y _ b) = 1 2T
n

i=1(A n (ai]), we just have to prove that (y _ b) ! y 2
T
n

i=1(A n (ai]). Suppose on the

contrary that (y _ b) ! y =2
T
n

i=1(A n (ai]). Then there exists i, 1 � i � n, such that

(y _ b) ! y 2 (ai], that is, (y _ b) ! y � ai. In addition, (y _ b) ! y = (b _ y) ! y =

((b ! y) ! y) ! y = b ! y. So b ! y � ai. Then b � ai ! b � (b ! y) ! b = b, that
is, ai ! b = b. Since b ! ai = 1, it follows that ai = (ai ! b) ! ai = b ! ai = 1, a

contradiction.

The second isomorphism is clear. �

Corollary 3.4 Every simple homomorphic image of a �nite algebra A is a retract of A.

The quasivariety generated by a class K, which we denote by Q(K), is the least quasi-

variety containing K. Every variety is a quasivariety.

A critical algebra is a �nite algebra not belonging to the quasivariety generated by all

its proper subalgebras.

Theorem 3.5 (See [10]) Every non-trivial locally �nite quasivariety is generated by its

critical algebras.

SinceMT is locally �nite, if W 2 L(MT ) then W is the quasivariety generated by the

critical algebras contained in W .

Theorem 3.6 The set of critical algebras of MT is the set of �nite simple algebras of

MT .

Proof Observe that every simple algebra is critical. Let A be a critical algebra. Then A is

�nite. Suposse that A is not simple. Then the set fDig
n

i=1 of maximal monadic deductive

systems of A is non-empty. Let i : A!
Q

n

i=1A=Di
�=
Q

n

i=1Bki
the subdirect representation

of A. Thus by Lemma 3.3, for each i there exists bi 2 Ant(8A) such that [bi) �= Bki
: So

A 2 ISP (f[bi)g
n

i=1) and the algebras [bi) are proper subalgebras of A. A contradiction, as

A is critical. �

Let V (A) denote the variety generated by A.

Corollary 3.7 Let A be a �nite algebra in MT . Then Q(A) = V (A) = V (Bj ), where Bj

is the greatest simple homomorphic image of A.
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Proof First observe that since Bkn
is simple, Q(Bkn

) = V (Bkn
). Let A ,!

Q
n

i=1A=Di
�=Q

n

i=1Bki
: Then A 2 ISP (Bkn

) = Q(Bkn
). So Q(A) � Q(Bkn

). On the other hand, by

Proposition 3.2, Bkn
2 IS(A), so Q(Bkn

) � Q(A). �

>From this corollary and Theorem 3.6 we have the following result.

Theorem 3.8 The subvarieties and the subquasivarieties of MT coincide.

4 Monadic Boolean Quasivarietes. The aim of this section is to show that, in spite of

�(MB) is isomorphic to �(MT ), there is a great di�erence between L(MB) and L(MT ).

It is worth noting that the class of monadic Boolean algebras is the class of monadic Tarski

algebras with a new constant \0" in the language, satisfying 0 ^ x � 0. In this section we

will also give an e�ective axiomatization for each quasivariety in L(MB).

As we have already pointed out, the classMB of monadic Boolean algebras is a variety

the subvarieties of which form an ! + 1 chain under inclusion:

T �M1 �M2 �M3 � : : : �MB

such that, for each p 2 !, Mp is the variety generated by the simple monadic Boolean

algebra Bp:

In [3], Adams and Dziobiak proved that the critical algebras in MB are the simple

algebras Bp, and the algebras Bp �Bq, 1 � p < q < !.

Let P � !�! denote the set consisting of all ordered pairs (i; j) such that 1 � i < j < !.
Let v be de�ned on P by (i; j) v (k; l) if and only if i � k and j � l. For 1 � i < !, let
Pi denote the principal order ideal of P determined by (i; i). Let D(P ) and D(Pi) denote
the distributive lattices of all decreasing subsets of (P; v ) and Pi, respectively. Then, in

[3], Adams and Dziobiak proved that

L(MB) �= D(P ); and, for 1 � i < !; L(Mi) �= D(Pi):

We may de�ne a partial preorder on the set Cr(K) of critical algebras of a variety K:

for A;B 2 Cr(K), A � B if and only if A 2 Q(B), so that Q(A) � Q(B) if and only if

A � B.

For each n, consider the class Mn =
W

i>n
Q(Bn �Bi). The following �gure, where ij

stands for Q(Bi � Bj) and i stands for Q(Bi), shows the ordered set of subquasivarieties

Q(Bi �Bj), i < j, Q(Bi) and Mn.
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Now we will prove that the quasivarieties shown in the �gure are exactly the join-

irreducible elements of the lattice L(MB). First we have the following easy lemma.

Lemma 4.1 If A is a critical monadic Boolean algebra, then Q(A) is join-irreducible in

L(MB).

Proof Since L(MB) is distributive, Cr(Q1 _Q2) = Cr(Q1) [ Cr(Q2). �

Corollary 4.2 Q(Bi �Bj) and Q(Br) are join-irreducible.

Lemma 4.3 MB and Mn are join-irreducible, for each n.

Proof If MB = Q1 _ Q2, one of the sets I1 = fj : Bj 2 Q1g and I2 = fj : Bj 2 Q2g

is in�nite. Suppose that I1 is in�nite. Then Bk � Bl 2 Q1 for all (k; l), k < l. Then

MB = Q1.

If Mn = Q1 _Q2, one of the sets I1 = fj : Bn �Bj 2 Q1g and I2 = fj : Bn �Bj 2 Q2g

is in�nite, and so Mn = Q1 or Mn = Q2. �

Lemma 4.4 Q(Bi �Bj), Q(Bi), Mi and MB are the unique join-irreducible subquasi-

varieties of MB.

Proof Let Q be a join-irreducible subquasivariety of MB. Suppose that Q 6= MB and

that Q is �nitely generated (by �nitely many critical algebras). Then Cr(Q) is �nite, say
Cr(Q) = fA1; : : : ; Ang, where Ak = Bi �Bj or Ak = Bl. Then Q =

W
n

k=1Q(Ak). Since Q
is join irreducible, Q = Q(Ak), for some k, 1 � k � n.

Suppose that Q is not �nitely generated. Then Cr(Q) is not �nite. Since Q 6=MB, the

set fj : Bj 2 Qg is �nite. So there exists j0 such that Bj0
2 Q and Bj0+1 =2 Q. Again, since

Q is not �nitely generated, fk : Bj0
�Bk 2 Qg is not �nite, and consequently, Bj0

�Bk 2 Q
for every k. Hence, Q =Mj0

. �

Lemma 4.5 Every quasivariety Q is a �nite join of join-irreducible quasivarieties.
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Proof If Q =MB or Q is �nitely generated, the Lemma is clear. Suppose that Q 6=MB

and Q is not �nitely generated. Then the sets fi : Mi � Qg and fj : Bj 2 Qg are

bounded and non-empty. If i0 and j0 respectively denote the greatest elements of these

sets, P (i0; j0) = f(k; l) : Bk �Bl 2 Q and i0 < k; j0 < lg is �nite. Then

Q =Mi0
_Q(Bj0

) _
_

(k;l)2P (i0;j0)

Q(Bk �Bl):

Observe that the set P (i0; j0) can be empty.

�

Consider now the following subquasivarieties of MB:

(MB : Bk �Bl) = Q(fA 2 Cr(MB) : Bk �Bl 6� Ag);

(MB : Bn) = fA 2 MB : Bn =2 IS(A)g =Mn�1:

Lemma 4.6 Q(Bn �Bm) = (MB : B1 �Bm+1) \ (MB : Bn+1).

Proof Since Bn+1 =2 IS(Bn � Bm), Q(Bn � Bm) � (MB : Bn+1). Since B1 � Bm+1 6�

Bn�Bm, Q(Bn�Bm) � (MB : B1�Bm+1). So Q(Bn�Bm) � (MB : B1�Bm+1)\(MB :

Bn+1). For the converse, suppose that A 2 Cr [(MB : B1 �Bm+1) \ (MB : Bn+1)]. If

A �= Br � Bs, r < s, then s < m + 1, that is, s � m, and n + 1 > r, that is, r � n. So

Br � Bs 2 Q(Bn � Bm). If A �= Bp, then p < n + 1, that is, p � n, and consequently,

Bp 2 IS(Bn �Bm). So Bp 2 Q(Bn �Bm). �

Remark. With the notation of Lemma 4.5, if Q =Mi0
_Q(Bj0

)_
W
(k;l)2P (i0;j0)

Q(Bk�Bl),

then

Q = (MB : Bj0+1) \ (
\

(k;l)2P (i0;j0)

(MB : Bk �Bl)) \ (
\

m0<n�j0

(MB : Bk �Bj0+1));

where m0 = maxfk : (k; l) 2 P (i0; j0)g.

Lemma 4.7 The quasivarieties (MB : Bi�Bj), i < j, and (MB : Bi) are meet-irreducible.

Proof Suppose that (MB : Bi �Bj) = K1 ^K2, K1, K2 quasivarieties, and suppose that

K1 ^ K2 6= K1 and K1 ^K2 6= K2. Then there exist critical algebras A1 2 K1 n K2 and

A2 2 K2 nK1. Then A1, A2 =2 (MB : Bi � Bj). So A1 and A2 are of the form Bp � Bq,

p < q or Bp. Suppose, for instance, that A1 = Bk � Bl, i � k, j � l, and A2 = Br � Bs,

i � r, j � s, the other cases being similar. Then Bi�Bj is a subalgebra of A1 and Bi�Bj

is a subalgebra of A2. Since A1 is not a subalgebra of A2 and A2 is not a subalgebra of

A1, it follows that k 6= r and l 6= s. In addition, if k < r, then l > s, and if k > r, then
l < s. Suppose, for instance, that k < r and l > s, and consider the algebra Bk � Bs.

Then Bk � Bs is a subalgebra of A1 and of A2. Hence Bk �Bs 2 K1 ^K2. On the other

hand, Bk � Bs contains Bi � Bj as a subalgebra, that is, Bk � Bs =2 (MB : Bi � Bj), a

contradiction. �

Lemma 4.8 The quasivarieties (MB : Bi � Bj), i < j, and (MB : Bi) are the unique

meet-irreducible subquasivarieties of MB.

Corollary 4.9 Every subquasivariety of MB is a �nite meet of subquasivarieties of the

form (MB : Bi �Bj) and (MB : Bi).
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So, in order to obtain an axiomatization for each subquasivariety of MB, it suÆces to

give an axiomatization for the quasivarieties (MB : Bi �Bj) and (MB : Bi).

We now turn our attention to quasi-identities characterizing meet-irreducibles in L(MB).

A quasi-identity in an algebraic language L is an expression of the form

'1 �  1 & : : : & 'n�1 �  n�1 ) 'n �  n

where n > 0 and '1 �  1, : : : , 'n�1 �  n�1, 'n �  n are identities in L.

An algebra A satis�es a quasi-identity '1 �  1 & : : : & 'n�1 �  n�1 ) 'n �  n,
denoted by A j= '1 �  1 & : : : & 'n�1 �  n�1 ) 'n �  n if and only if for every

~a 2 Am,
�
'A1 (~a) =  A1 (~a); : : : ; '

A

n�1(~a) =  A
n�1(~a)

�
implies 'A

n
(~a) =  A

n
(~a).

A classK of algebras is a quasivariety if and only if there exists a set � of quasi-identities

such that K is the class of all algebras which satisfy all quasi-identities in �.

The following simple lemmas are the basis for constructing the quasi-identities charac-

terizing the quasivarieties of MB.

Lemma 4.10 A monadic Boolean algebra A contains a subalgebra isomorphic to Bn if and

only if there exist a1, : : : , an 2 A such that 9ai = 1 for all i, ai ^ aj = 0 for all i < j,
and

W
n

i=1 ai = 1.

Lemma 4.11 A monadic Boolean algebra A contains a subalgebra isomorphic to Bk �Bl

if and only if there exist a1, : : : , ak, b1, : : : , bl 2 A di�erent from zero such that if

a =
W

k

i=1 ai and b =
W

l

j=1 bj , then b = �a, ai ^ aj = bi ^ bj = 0, for all i < j, 9ai = a,
1 � i � k, and 9bj = b, 1 � j � l.

Proof Let f : Bk �Bl ! A be an embedding. Let x1, : : : , xk be the atoms of Bk, and y1,
: : : , yl be the atoms of Bl. Then the elements ai = f(xi; 0), 1 � i � k, and bj = f(0; yj ),
1 � j � l, satisfy the required conditions. For the converse, it is enoughto consider the

subalgebra generated by a1; : : : ak; b1; : : : bk. �

By Lemma 4.10, the quasi-identity2
4
 

n^
i=1

9xi � 1

!
&

0
@ n_

i<j;i;j=1

xi ^ xj � 0

1
A &

 
n_
i=1

xi � 1

!3
5 =) 0 � 1 (�)

holds in a monadic Boolean algebra A if and only if A 2 (MB : Bn). Therefore (MB : Bn)

is axiomatized by the axioms of MB and (�).

By lemma 4.11, it is easy to see that the quasi-identity2
4
 
9(

k_
i=1

xi) �

k_
i=1

xi

!
&

0
@9( l_

j=1

yj) �

l_
j=1

yi

1
A &

0
@ k_

i<j;i;j=1

(xi ^ xj ) � 0

1
A

&

0
@ l_

i<j;i;j=1

(yi ^ yj) � 0

1
A &

0
@ k_

i=1

xi � �

l_
j=1

yj

1
A &

 
&

k

s=1(9xs �

k_
i=1

xi)

!

&

0
@&l

t=1(9yt �

l_
j=1

yj )

1
A
3
5 =)

l_
j=1

yj � 0 (��)
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holds in a monadic Boolean algebra A if and only if A 2 (MB : Bk �Bl).

Therefore (MB : Bk �Bl) is axiomatized by the axioms of MB and (��).

Let 
n denote the set of axioms of MB + (�), and let �k;l denote the set of axioms of

MB + (��).

Corollary 4.12 An axiomatization for Q(Bn �Bm) is given by 
n+1 & �1;m+1.

Corollary 4.13 Mn is axiomatized by the axioms of MB and 
n+1.

Then we have given an axiomatization for all meet-irreducible quasivarieties in L(MB).

An axiomatization for an arbitrary quasivariety in L(MB) follows from Corollary 4.9.
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