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Abstract. We prove that for any " > 0 there exists a retraction of the closed unit

ball in the space Lp [0; 1] , 1 � p < 1, onto the unit sphere being a (
p
) (2 + ")-set

contractive retraction.

1 Introduction. Let X be an in�nite-dimensional Banach space with the closed unit
ball B and the unit sphere S. A continuous mapping R : B ! S with Rx = x for any x 2 S
is a retraction of the ball onto the sphere. Since the works of Nowak [5] and Benyamini
and Sternfeld [2] it is known that, for any in�nite-dimensional Banach space X; there exists
a k-lipschitzian retraction R : B ! S ( i.e. a retraction satisfying the Lipschitz condition
kRx �Ryk � k kx � yk, for all x; y 2 B ). Let  be a measure of noncompactness de�ned
on X ( see Section 2 ). A mapping T : D(T ) � X ! X is said to be a ( ) k-set contraction
if there exists a constant k � 0 such that

 (TA) � k (A), for all bounded sets A � D(T ):

We set

k0(X) := inf fk � 1 : there is a k-lipschitzian retraction R : B ! Sg ;

k (X) := inf fk � 1 : there is a ( ) k-set contractive retraction R : B ! Sg :

In [3] it is proved that k0(X) � 3: Recall that the Hausdor� measure of noncompactness 
on a Banach space X is de�ned by

(A) := inf fr > 0 : A can be covered by a �nite number of balls centered in Xg ;

for all bounded sets A � X: If R is a k-lipschitzian retraction it is also () k-set contractive.
So that k(X) � k0(X) for any in�nite-dimensional Banach space X: See the book of
Toledano, Benavides and Acedo [7] and the references therein for more details concerning
measures of noncompactness and ( ) k-set contractions. In [9], the author proved that
k(C [0; 1]) = 1 and that, for any in�nite-dimensional Banach spaceX; there is no retraction
R : B ! S being both, k-lipschitzian for some constant k and () 1-set contractive.

Further he posed the problem to estimate k(X) for particular classical Banach spaces
and to establish for which spaces is k(X) < k0(X): For 1 � p <1; let 

p
be the Hausdor�

measure of noncompacness on Lp [0; 1]. In the present note we prove that k
p
(Lp [0; 1]) � 2,

1 � p <1:Moreover, we observe that, for any in�nite-dimensional Banach space X and for
any measure of noncompacness  de�ned on X; there is no () 1-set contractive retraction
R : B ! S being k-lipschitzian for some constant k.
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2 Notations and de�nitions. Let X be a Banach space and B the family of all bounded
subsets of X. A mapping  : B ! [0;+1[ is called a measure of noncompactness on X if
it satis�es the following properties:

1)  (A) = 0 if and only if A is precompact ;
2)  (coA) =  (A); where coA denotes the closed convex hull of A ;

3)  (A [B) = max f (A);  (B)g ;

4)  (A +B) �  (A) +  (B);

5)  (�A) = j�j (A); � 2 R.

Let Lp := Lp [0; 1], 1 � p < 1, be the classical Lebesgue spaces with the usual norm
denoted by k�k

p
. In the following we will assume 1 � p < 1 and we will always denote

by Sp and Bp the unit sphere and the unit closed ball of Lp, respectively. Moreover, every
function f 2 Lp will be extended outside [0; 1] by 0. Then for f 2 Lp and h > 0 consider
the Steklow function

fh(t) =
1

2h

Z
[t�h;t+h]

f(s)ds;

for each t 2 [0; 1]. For any bounded set A � Lp [0; 1], we set

!p(A) := lim
Æ!0

sup
f2A

max
0<h�Æ

kf � fhkp :

It can be shown that !p is a measure of non compactness on Lp: Moreover, as a straight-
forward consequence of the Kolmogorov compactness criterion in the spaces Lp ( see, e. g.,
[4] ) we get the following

Theorem 1 Let A be a bounded subset of Lp. Then

1

2
!p(A) � 

p
(A) � !p(A):

Remark 2 In[8],V�ath notes that the precise formula for the Hausdor� measure of noncom-

pactness in Lp


p
(A) =

1

2
!p(A);

given in [1] is false; see also [16].

3 Results. De�ne a mapping Qp : Bp ! Bp by

(Qpf)(t) =

8>><
>>:

�
2

1+kfk
p

� 1
p

f

�
2

1+kfk
p

t

�
; for t 2

h
0;

1+kfk
p

2

i
;

0; for t 2
i
1+kfk

p

2
; 1
i
:

It is easy to see that kQpfkp = kfk
p
for all f 2 Bp and Qpf = f for all f 2 Sp.

Proposition 3 The mapping Qp is continuous.
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Proof. Let ffng be a sequence of elements of Bp such that fn ! f(n ! 1) with
respect to the norm k�k

p
. Set

An :=

�
0;
1 + kfnkp

2

�
\

�
0;
1 + kfk

p

2

�
;

Bn :=

�
0;
1 + kfnkp

2

�
M

�
0;
1 + kfk

p

2

�
;

for all n 2 N, where M denotes the symmetric di�erence. Let " > 0. Since the family
ff; f1; f2; :::g has uniformly continuous norms and kfn � fk

p
! 0(n!1), we can �nd an

n1 2 N such that kfn � fk
p
� "

5
and

kQpfn �Qpfkp �
(Qpfn �Qpf)�An


p
+
(Qpfn �Qpf)�Bn


p

�
(Qpfn �Qpf)�An


p
+
"

5
; for all n � n1:

Suppose kfnkp � kfk
p
. Then, by the change of variables

s :=
2

1 + kfnkp
t

�
t 2

�
0;
1 + kfnkp

2

��
, it follows that

(Qpfn �Qpf)�An

p

=

2
4Zh

0;
1+kfnkp

2

i

������
 

2

1 + kfnkp

! 1
p

fn

 
2

1 + kfnkp
t

!
�

 
2

1 + kfk
p

! 1
p

f

 
2

1 + kfk
p

t

!������
p

dt

3
5

1
p

=

2
4Z

[0;1]

������fn (s) �
 
1 + kfnkp

1 + kfk
p

! 1
p

f

 
1 + kfnkp

1 + kfk
p

s

!������
p

ds

3
5

1
p

� kfn � fk
p
+

2
4Z

[0;1]

������f (s) �
 
1 + kfnkp

1 + kfk
p

! 1
p

f

 
1 + kfnkp

1 + kfk
p

s

!������
p

ds

3
5

1
p

:

Now, suppose kfnkp > kfk
p
. Then, by the change of variables

s :=
2

1 + kfk
p

t

�
t 2

�
0;
1 + kfk

p

2

��
, it follows that

(Qpfn �Qpf)�An

p
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=

2
4Zh

0;
1+kfk

p

2

i

������
 

2

1 + kfnkp

! 1
p

fn

 
2

1 + kfnkp
t

!
�

 
2

1 + kfk
p

! 1
p

f

 
2

1 + kfk
p

t

!������
p

dt

3
5

1
p

=

2
4Z

[0;1]

������
 

1 + kfk
p

1 + kfnkp

! 1
p

fn

 
1 + kfk

p

1 + kfnkp
s

!
� f (s)

������
p

ds

3
5

1
p

�

2
4Z

[0;1]

������
 

1 + kfk
p

1 + kfnkp

! 1
p

fn

 
1 + kfk

p

1 + kfnkp
s

!
�

 
1 + kfk

p

1 + kfnkp

! 1
p

f

 
1 + kfk

p

1 + kfnkp
s

!������
p

ds

3
5

1
p

+

2
4Z

[0;1]

������
 

1 + kfk
p

1 + kfnkp

! 1
p

f

 
1 + kfk

p

1 + kfnkp
s

!
� f (s)

������
p

ds

3
5

1
p

:

Moreover, by the change of variables u :=
1+kfk

p

1+kfnkp
s (s 2 [0; 1]), we have

2
4Z

[0;1]

������
 

1 + kfk
p

1 + kfnkp

! 1
p

fn

 
1 + kfk

p

1 + kfnkp
s

!
�

 
1 + kfk

p

1 + kfnkp

! 1
p

f

 
1 + kfk

p

1 + kfnkp
s

!������
p

ds

3
5

1
p

=

2
4Zh

0;
1+kfk

p

1+kfnkp

i jfn (u)� f (u)j
p
du

3
5

1
p

� kfn � fk
p
:

Then (Qpfn �Qpf)�An

p

� kfn � fk
p
+

2
4Z

[0;1]

������
 

1 + kfk
p

1 + kfnkp

! 1
p

f

 
1 + kfk

p

1 + kfnkp
s

!
� f (s)

������
p

ds

3
5

1
p

:

We set

hn(t) :=

8>>><
>>>:

�
1+kfnkp
1+kfk

p

� 1
p

f

�
1+kfnkp
1+kfk

p

t

�
; if kfnkp � kfk

p
;

�
1+kfk

p

1+kfnkp

� 1
p

f

�
1+kfk

p

1+kfnkp
t

�
; if kfnkp > kfk

p
;

(t 2 [0; 1]) ;

for any n 2 N.
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Choose a continuous function g : [0; 1]! R such that kg � fk
p
� "

5
. We put

gn(t) :=

8>>><
>>>:

�
1+kfnkp
1+kfk

p

� 1
p

g

�
1+kfnkp
1+kfk

p

t

�
; if kfnkp � kfk

p
;

�
1+kfk

p

1+kfnkp

� 1
p

g

�
1+kfk

p

1+kfnkp
t

�
; if kfnkp > kfk

p
;

(t 2 [0; 1]) ;

for any n 2 N. Suppose kfnkp � kfk
p
: By the change of variables s :=

1+kfnkp
1+kfk

p

t (t 2 [0; 1]),

we obtain that

kgn � hnkp

=

2
4Z

[0;1]

������
 
1 + kfnkp

1 + kfk
p

! 1
p

"
g

 
1 + kfnkp

1 + kfk
p

t

!
� f

 
1 + kfnkp

1 + kfk
p

t

!#������
p

dt

3
5

1
p

=

2
4Zh

0;
1+kfnkp
1+kfk

p

i jg (s) � f(s)jp ds

3
5

1
p

� kg � fk
p
�
"

5
:

If kfnkp > kfk
p
; by the change of variables s :=

1+kfk
p

1+kfnkp
t (t 2 [0; 1]), it follows again

kgn � hnkp � kg � fk
p
� "

5
. Since g is continuous,

1+kfnkp
1+kfk

p

! 1(n ! 1) and
1+kfk

p

1+kfnkp
!

1(n!1) we have that

jgn (t) � g(t)j ! 0(n!1);

for each t 2 [0; 1]. Then gn(t)! g(t)(n!1), for each t 2 [0; 1]. On the other hand

kg � gnkp =

8>>><
>>>:

�R
[0;1]

����g (t) �
�
1+kfnkp
1+kfk

p

� 1
p

g

�
1+kfnkp
1+kfk

p

t

�����
p

dt

� 1
p

; if kfnkp � kfk
p
;�R

[0;1]

����g (t) � � 1+kfk
p

1+kfnkp

� 1
p

g

�
1+kfk

p

1+kfnkp
t

�����
p

dt

� 1
p

; if kfnkp > kfk
p
:

Moreover, we have that

kgnkp =

8>>><
>>>:

�Rh
0;
1+kfnkp
1+kfk

p

i jg (s)jp ds
� 1
p

; if kfnkp � kfk
p
;�Rh

0;
1+kfk

p

1+kfnkp

i jg (s)jp ds
� 1
p

; if kfnkp > kfk
p
:

Then

lim
n

kgnkp = kgk
p
:

So that limn kgn � gk
p
= 0. Let n2 2 N such that kgn � gk

p
� "

5
; for any n � n2. Set

� := fn1; n2g, we have

kQpfn �Qpfkp �
(Qpfn �Qpf)�An


p
+
"

5
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� kfn � fk
p
+ kf � hnkp +

"

5

� kfn � fk
p
+ kf � gk

p
+ kg � gnkp + kgn � hnkp +

"

5
� "

for all n � �.

Proposition 4 The mapping Qp is an (
p
) 2-set contraction.

Proof. Let f 2 Bp and 0 < h � 1
4
. Set � :=

1+kfk
p

2
. In this proof we consider the

Steklov function f h
�

of f de�ned by

f h
�

(t) =
�

2h

Z
[t� h

�
;t+ h

�
]
f(s)ds;

for t 2 [0; 3=2] and equal to 0 elsewhere. Moreover, we still denote by k�k
p
the usual norm

on Lp [0; 3=2]. We start to prove thatf � f h
�


p

= kQpf � (Qpf)hkp :

Infact f � f h
�

p
p

=

Z
[0; 32 ]

���f(� ) � f h
�

(� )
���p d�

=

Z
[0; h

� ]

���f(� ) � f h
�

(� )
���p d� + Z

[ h� ;1� h

� ]

���f(� )� f h
�

(� )
���p d�

+

Z
[1� h

�
;1]

���f(� )� f h
�

(�)
���p d� + Z

[1;1+ h

� ]

���f(� )� f h
�

(� )
���p d�

=

Z
[0; h

�
]

�����f(� ) � �

2h

Z
[0;�+ h

�
]
f(s)ds

�����
p

d� +

Z
[ h
�
;1� h

�
]

�����f(� )� �

2h

Z
[�� h

�
;�+h

�
]
f(s)ds

�����
p

d�

+

Z
[1� h

�
;1]

�����f(� ) � �

2h

Z
[�� h

�
;1]
f(s)ds

�����
p

d� +

Z
[1;1+h

� ]

������ �

2h

Z
[�� h

�
;1]
f(s)ds

�����
p

d�:

By the change of variables � = t

�
and s = x

�
, we obtain that

f � f h
�

p
p

=

Z
[0;h]

����� 1� 1
p

f(
t

�
)�

1

2h

Z
[0;t+h]

1

�
1
p

f(
x

�
)dx

�����
p

dt

+

Z
[h;��h]

����� 1� 1
p

f(
t

�
) �

1

2h

Z
[t�h;t+h]

1

�
1
p

f(
x

�
)dx

�����
p

dt
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+

Z
[��h;�]

����� 1� 1
p

f(
t

�
)�

1

2h

Z
[t�h;�]

1

�
1
p

f(
x

�
)dx

�����
p

dt

+

Z
[�;�+h]

������ 1

2h

Z
[t�h;�]

1

�
1
p

f(
x

�
)dx

�����
p

dt:

Hencef � f h
�

p
p

=

Z
[0;h]

jQpf(t) � (Qpf)h(t)j
p
dt+

Z
[h;��h]

jQpf(t) � (Qpf)h(t)j
p
dt

+

Z
[��h;�]

jQpf(t) � (Qpf)h(t)j
p
dt+

Z
[�;�+h]

jQpf(t) � (Qpf)h(t)j
p
dt

= kQpf � (Qpf)hk
p

p
:

Then, for any set A � Bp, we have that

!
0

p
(QpA) = lim

Æ!0
sup
f2A

max
0<h�Æ

kQpf � (Qpf)hkp � lim
Æ!0

sup
f2A

max
0<h�2Æ

kf � fhkp = !
0

p
(A);

where !0
p
is de�ned on Lp [0; 3=2] as !p. Let 0

p
be the Hausdor� measure of noncom-

pactness on Lp [0; 3=2]. Then, since 
p
(C) = 

0
p
(C) for all sets C � Bp and an analogous

of Theorem 1 holds in Lp [0; 3=2], we have that


p
(QpA) � !

0

p
(QpA) � !

0

p
(A) � 2

p
(A);

for all sets A � Bp.
For any u > 0;we de�ne the mapping Pp;u : Bp ! Lp putting

(Pp;uf)(t) := max
n
0;
u

2

�
2t� kfk

p
� 1
�o

; (t 2 [0; 1]):

Observe that, for any u > 0 and for all f 2 Bp; we have (Pp;uf)(t) = 0 for any

t 2
h
0;

1+kfk
p

2

i
. Moreover, it easy to see that, for any u > 0; the mapping Pp;u is continuous

and compact. We set, for any u > 0,

Fp;u(�) := �
p +

1

2(p+ 1)

�
u

2

�p
(1� �)p+1

; (� 2 [0; 1]):

Then, it is simple to verify that Fp;u attains its minimum for a unique �u 2 ]0; 1[.
Moreover, 0 < Fp;u(�u) < 1 and

lim
u!1

�u = 1:

For any u > 0, consider the mapping Tp;u : Bp ! Lp de�ned by

Tp;uf = Qpf + Pp;uf:
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Clearly, the mapping Tp;u is an (
p
) 2-set contraction, and Tp;uf = f for any f 2 Bp.

Further, for any u > 0 and for all f 2 Bp; we have that

kTp;ufk
p

p
=

Z
h
0;
1+kfk

p

2

i jQpf(t)j
p
dt+

Z
h
1+kfk

p

2
;1
i jQpf(t) + Pp;uf(t)j

p
dt

= kfk
p

p
+

Z
h
1+kfk

p

2
;1
i
���u
2

�
2t� kfk

p
� 1
����p dt

= kfk
p

p
+

1

2(p+ 1)

�
u

2

�
p
�
1� kfk

p

�
p+1

= Fp;u(kfk
p

p
):

So that, kTp;ufk
p

p
� Fp;u(�u) for any f 2 Bp: Now, we de�ne

Rp;uf =
1

kTp;ufkp
Tp;uf:

Then, for any set A � Bp; we have that


p
(Rp;uA) �

�
1

Fp;u(�u)

� 1
p

2
p
(A):

Therefore Rp;u : Bp ! Sp is a (
p
) 2
�

1
Fp;u(�u)

� 1
p

-set contractive retraction. Since

limu!1Fp;u(�u) = 1; for any " > 0 there exists u > 0 such that the mapping Rp;u : Bp !
Sp is a (

p
) (2 + ")-set contractive retraction. Thus, the following result holds.

Theorem 5 k
p
(Lp) � 2:

In the context above described the following question remains open.

Problem 6 Let X be an in�nite-dimensional Banach space and let  be a measure of

noncompactness on X: Does there exist a ( ) 1-set contractive retraction R : B ! S?

However, we have that

Theorem 7 Let X be an in�nite-dimensional Banach space and let  be a measure of

noncompactness on X: If R : B ! S is a ( ) 1-set contractive retraction, then it is not

k�lipschitzian for any constant k:

The proof of the above theorem is carried out analogously to the proof of Theorem II
in [9].
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