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Abstract. This paper contains a generalization of �ne uniform spaces and related

properties. We consider some sequences which we call I-thick sequences in a regular

topological space. We then obtain a generalization of the concept of Cauchy sequence

in uniformisable spaces. The de�nitions and properties for complete regular topolog-

ical space and uniformly continuous functions follow straighttforwards . We obtain a

generalization of Baire's category theorem.

1 Introduction In section 2, we de�ne the concepts of I-thick sequence, I-thick net and

I-thick �lter in a regular topological space that is, a separated topological space, in which

each point has a basis of closed neighborhoods, in the sense of [SCHWA]. We conclude that,

in each such space, we may consider one �xed index set I, for which there exists a surjection

onto a basis of the neighborhoods of each point. This is the keystone for the

de�nition of the I-thick sequences, as well for nets and �lters, and I-complete spaces, and it

makes possible the de�nition of (I-J)-uniformly continuous functions between two regular

topological spaces.

In x3, we obtain that the concepts of Cauchy sequence, and Cauchy net and �lter in

a uniformisable space, are particular cases of our de�nitions. Hence each complete uni-

formisable space becomes an I-complete regular topological space in the sense that we have

de�ned.

In x4, we obtain a generalization of Cantor's theorem to I-complete regular topological

spaces that satisfy the �rst Axiom of countability. Next, we obtain that each regular I-

complete topological space, which satis�es the �rst axiom of countability, is a Baire space,

which is a generalization of Baire's category theorem. We obtain the unique extension of

an (I-J)-uniformly continuous function, from a subset A of a regular topological space in a

I-complete regular topological space, to the closure of A. We also obtain the I-completion

of a regular topological space, which is the analogue for the metric spaces.

The concepts of I-thick sequence, net and �lter, and the corresponding concepts of I-

complete regular topological space, are not topological, since that they are not preserved

under homeomorphisms. They are beyond the context of uniformisable topological spaces,

since they are de�ned in regular topological spaces, which are not necessarily completely

regular.

2 Equally distributed spaces, I-thick sequences and nets

De�nition 1 We say that the topological space (X;T ) is equally distributed, if there exists a

set I such that, for each a 2 X, there exists a surjection from I onto a basis of neighborhoods

Ba of the �lter Va of all neighborhoods of a, such that we may write Ba = fVi(a) : i 2 Ig.
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Remark 1 Every regular topological space is equally distributed. For if a; b 2 X with a 6= b,

the mapping � : Va;b ! Ub, where Va;b is the class of the open sets V , such that a 2 V ,

b =2 V and, Ub is the class of the closed neighborhoods of b which do not contain a, de�ned

through �(V ) = V c clearly is an injection. Moreover, if W is a closed neighborhood of b

that does not contain a, then W c is in Va, since that there exists U 2 Va such that U �W c,

due of X being a regular space. Thus � is a bijection. It follows that, since the class Va
of all open neighborhoods of a contains each such class Va;b for each b 2 X, there exists a

surjection from Va onto Ub. Therefore we may take for I an index set with the cardinality

of Va.

Remark 2 In what follows, we consider all topological spaces to be regular, which we state

precisely sometimes, and we write Bp = f(Vi(p)) : i 2 Ig for each point p in the space.

De�nition 2 We say that the sequence (xn) in the topological space (X;T ) is an I-thick

sequence if it satis�es the condition

(8i 2 I)(9ai 2 X)(9k)(8n)(n � k) xn 2 int(Vi(ai))):(th-I)

Here, as in the following, we consider I for the �xed index set, corresponding to the

topological space, without mentioning it explicitly.

Clearly, (th-I) generalizes the concept of Cauchy sequence in a metric space: take xk = a

in the de�nition and consider, for given k, that

n;m � k) xn; xm 2 int(B(a;
"

2
)).

As for a topological vector space, clearly if V is a neighborhood of 0, then xn 2 int(V )+

xk if and only if xn � xk 2 int(V ). In what follows, (A;�) is a directed system, whose

elements are usually denoted by letters of the greek alphabet.

De�nition 3 (1) The topological space (X;T ) is said to be I-sequentially complete, if each

I-thick sequence in X has a limit in X.

(2) If (x�)�2A is a net in the topological space (X;T ), we say that it is an I-thick net if

(8i 2 I)(9ai 2 X)(9� 2 A)(8� 2 A)(� � � ) x� 2 int(Vi(ai))):(thn-I)

(3) We say that X is an I-complete topological space, if each I-thick net in X has a

limit in X.

(4) Finally, let us call a �lter fF� : � 2 Ag of subsets of X an I-thick �lter whenever it

satis�es the condition

(8i 2 I)(9ai 2 X)(9� 2 A)(F� � int(Vi(ai))).(thf-I)

Then clearly X is complete if and only if each I-thick �lter of subsets of X is convergent.

Remark 3 Sometimes we write complete instead of I-complete whenever it is clear what

index set shall be used.

3 Regular topological spaces, separated uniformi-sable spaces and I-thick se-

quences Recall that, if X is a set and W , V � X �X, then W�1 = f(y; x) : (x; y) 2Wg

is the inverse of W , and the composition of V and W is the relation

V ÆW = f(x; z) : (9y 2 X)((x; y) 2W ^ (y; z) 2 V )g.

We also write � = f(x; x) : x 2 Xg for the diagonal of X.
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De�nition 4 A �lter M over X�X is said to de�ne a uniform structure in X if it satis�es

the conditions:

(U1) W � � for each W 2M ;

(U2) W 2M )W�1 2 M ;

(U3) for each W 2 M , there exists V 2M with V Æ V �W .

The family of all subsets G of X such that, for each x 2 G, there exists W 2 M with

fy : (x; y) 2Wg � G

is a topology on X, which we call the uniform topology; the topological spaces that can be

obtained this way, are called the uniformisable spaces.

According to [SCHWA], a topological space is separated and uniformisable i� it is com-

pletely regular, which is a condition that implies regularity.

If X is a separated uniformisable space, with its topology de�ned by means of the

uniform structureM , and a 2 X, we may consider the sets V (N; a) = fy 2 X : (a; y) 2 Ng,

where N 2M ; these sets form the neighborhoods of a. If (un) is a Cauchy sequence in X,

we have:

(8N 2M)(9k)(8n;m � k)((un; um) 2 N)

Hence, for given N 2M , we have (uk; un) 2 N and (uk; um) 2 N , so that un, um 2 V (N; a)

with a = uk, provided that n, m � k; this means that (un) is an I-thick sequence.

Conversely, if (xn) is an I-thick sequence in X, and we take L 2M such that LÆL � N ,

then

(8N 2M)(9a 2 X)(9k)(8m;n � k)(xk ; xm 2 V (L; a) ^ xk; xn 2 V (L; a)):

Therefore, if n;m � k, and since (xn; xk), (xk ; xm) 2 L, we see that (xn; xm) 2 N , and

therefore that (xn) is a Cauchy sequence in the uniform space X.

Since the above clearly holds with nets, in place of sequences, and since the concept

of convergence is the same, we see that a separated uniformisable space is sequentially

complete (resp. complete) if and only if it is a sequentially I-complete (resp. I-complete)

topological space, in the sense of de�nitions 4 (1) and (2).

4 On completeness and uniform (I-J)-continuity for regular topological spaces

De�nition 5 If f : X ! Y is a function between two (regular) topological spaces, I and J

are index sets for X and Y respectively, we say that f is (I-J)-uniformly continuous if it

satis�es the condition

(8j 2 J)(8a 2 X)(9i 2 I)(f(int(Ui(a))) � int(Vj(f(a))):(u)

Sometimes we write uniformly continuous instead of (I-J)-uniformly continuous when-

ever it is clear what index sets I and J shall be used.

Clearly, each (I-J)-uniformly continuous function from X to Y is continuous (start with

(8a 2 X) in (u)).

If X is a uniformisable space, with its topology de�ned by means of the �ne uniform

structure MX , and if Y is a uniformisable space, relatively to the uniform structure MY ,

then a function f : X ! Y is uniformly continuous in the sense of uniform structures (that

is, for each N 2 MY , there exists M 2 MX satisfying f � f(M) � N) if and only if it

is continuous for the uniform topologies. Hence if f is (I-J)-uniformly continuous in the

sense of def. 5, then for every N 2MY there exists M 2MX such that for all y 2 V (M;x)
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we have f(y) 2 V (N; f(x)), and it follows that f is uniformly continuous between the

uniformisable spaces, due of

y 2 V (M;x), x; y 2M , f(y) 2 V (N; f(x)) , (f(x); f(y)) 2 N:

For the converse, it suÆces to consider index sets containing MX , MY .

According to def. 3, if (x�) is an I-thick net indexed by the directed set A in the topo-

logical space X, we have:

(8i 2 I)(9ai 2 X)(9� 2 A)(8� 2 A)(� � �) x� 2 int(Vi(ai))):

It follows that, if f : X ! Y is (I-J)-uniformly continuous, then the net (f(x�)) is

a J-thick net in Y . In fact, for given j in the index set J for Y , if we consider i 2 I

as in (u), def. 5, then for each Vj(f(a)) 2 Vf(a), it holds that each Vi(a) 2 Va sastis�es

f(int(Vi(a))) � int(Vj (f(a))); therefore f(x�) 2 int(Vj(f(a))) if � � �. Here as in the

following, we write Vp for the class of all neighborhoods of p.

Conversely:

Claim 1 If f : X ! Y maps I-thick nets in X to J-thick nets in Y , then f is (I-J)-

uniformly continuous.

For suppose that f is not (I-J)-uniformly continuous. Then there exists j 2 J , where J

is as above, such that for some a 2 X, we have: for each i 2 I as in def. 5, there exists some

Vj(f(a) such that f(int(Vi(a))) is not a subset of int(Vj(f(a))). Considering the partial

ordering � in I de�ned by j � i i� Vj(a) � Vi(a), we obtain a directed set, in which we

may take a maximal chain; it follows that a net (ak) chosen so that f(ak) =2 int(Vj(f(a)))

and ak 2 int(Vk(a) ) will be an I-thick net in X, but the image net (f(ak )) is not a J-thick

net in Y .

It holds that if a net in the topological space X is an I-thick net, and it has a convergent

partial net, with limit x, then clearly x = a in def. 3 (2), and the net converges to x.

Consequently, since any convergent net is an I- thick net, we have: If f : X ! Y is

continuous, where X, Y are topological spaces, with X compact, then f is (I-J)-uniformly

continuous in the sense of def. 5. Clearly a continuous function between two regular spaces,

maps convergent nets to convergent nets.

We now look for the analogue of Cantor's theorem in complete metric spaces. Consider

a topological space X, with an index set I for the neighborhoods of its points, and let us

convey that for B � X and diam(B) = diameter of B:

diam(B) 5 i0 if there exists some a 2 X such that B � Vi0(a);

diam(B) = 0 if diam(B) 5 i for each i 2 I, that is,

(8i 2 I)(9ai 2 X)(B � Vi(a));

for a given family fAn : n 2 Ng of subsets of X, diam(An)! 0 if the condition

(8i 2 X)(9ai 2 X)(9n(i) 2 N)(n � n(i)) An � (Vi(ai))

holds.

Proposition 1 Let fAn : n 2 Ng be a family of nonempty closed sets in a complete topo-

logical space X, such that there exists a denumerable set of neighborhoods of each point, the

An satisfying An+1 � An for each n, and diam(An)! 0. Then
T
fAn : n 2 Ng consists of

a single point.
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Proof. Since each point has a denumerable family of neighborhoods, we may take N for

a subset of the index set I, in such a way that for each a 2 X, we have Vn+1(a) � Vn(a)

with fVn(a) : n 2 Ng a basis of open neighborhoods of a.

If we consider xn 2 An � Vn(an) where

(8m)(m � n) Am � Vn(an))

(which is possible, according to the hypothesis), the sequence (xn) is an I-thick sequence.

Hence there exists x = limxn in X, and since the sets An are closed, we have V \ An 6= ;

for each n, whenever V 2 Vx, that is, x 2
T
fAn : n 2 Ng. If y is a point in this intersection,

then with (xn) as above, we may consider the I-thick sequence (x1; y; x2; y; :::) which must

converge to x = y, since the space is separated, and the theorem is proved.

Lemma 1 An I-complete topological space X is a Baire space if and only if every denu-

merable intersection of dense open sets is dense.

Proof. Let I be the index set forX, and assume that X is a Baire space. Let fAn : n 2 Ng

be a denumerable family of dense open sets. We prove that, for W a nonempty open set,

then A \W 6= ;, where A =
T
fAn : n 2 Ng. If A \W0 = ; for some open set W0 6= ; then

X = (A \W0)
c = Ac [W c

0 , so that

W0 = X \W0 = Ac \W0 = (
\
fAn : n 2 Ng)c \W0

=
[
fAc

n
: n 2 Ng \W0 =

[
(Ac

n
\W0).

This shows that W0 is a set of the �rst category, since int(B \W0) �int(B) = ; for each

B = Ac

n
; (notice that p 2 V � Ac

n
and V open implies V open, V 6= ;, V \ An = ;,

contradicting that An is dense). It follows that W0 cannot be open, and we conclude by

absurd that A is dense. Conversely, assume that every denumerable intersection of dense

open sets is dense in X. If U is an open set of the �rst category in X, we prove that U = ;,

concluding the proof.

Let fAn : n 2 Ng be a denumerable family of nowhere dense sets, such that U =
S
fAn :

n 2 Ng. Then f(An)
c : n 2 Ng is a family of open sets, each of which is dense, and since

int(An) = ; implies that for each open set V , it follows that V \ (An)
c 6= ;. By hypothesis,

A =
T
f(An)

c : n 2 Ng is dense in X. Therefore

U �
[
fAn : n 2 Ng )

\
f(An)

c : n 2 Ng = A � Uc,

which implies that X � Uc = Uc, thence U = ;, as wished.

Theorem 1 Let (X;T ) be a regular, I-complete topological space, which satis�es the �rst

axiom of countability. Then X is a Baire space.

Proof. We may consider the indices for the neighborhoods, in such a way that I � N,

Vn+1(a) � Vn(a) for each n and each a 2 X. We have to prove that

A =
\
fAn : n 2 Ng

is dense inX, for each denumerable class of dense open sets An, according to the lemma. We

prove that for x 2 X, n 2 N we have Vn(x)\A 6= ;. Since A1 is open and A1 = X, and since

we may suppose the neighborhoods Vn(a) to be open sets, it follows that x 2 Vn(x)\A1 6= ;;

since X is regular, there exists n1 2 N, with x1 2 V n1
(x1) � Vn(x)\A1, for some Vn1(x1) 2
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V (x1). It follows analogously, that there exists x2 2 X with x2 2 V n2
(x2) � Vn1(x1) \A2,

for some n2 > n1 since A2 is dense and, Vn1(x1) \A2 is open and nonempty.

Inductively, if x1, :::, xm, n1, :::, nm have been selected, we may choose xn+1, nm+1

with

V nm+1
(xn+1) � Vnm(xm) \ Am+1,

(nm) a strictly increasing sequence.

So, there exists a sequence (xm) in X , and a strictly increasing sequence of natural

numbers (nm), with V nm+1
(xm+1) � Vnm(xm) \ Am+1. We have: for each nk given, there

exists a = xk such that

(8m;n � k)(xm; xn 2 Vnk(xk))

which shows that (xm) is an I-thick sequence. Hence xm ! u, for some u 2 X. Therefore,

for each n 2 N, there exists k 2 N such that m � k implies xm 2 Vn(u). For each m, it

holds that u 2 V nm
(xm) � Am, thence u 2

T
fAm :m 2 Ng = A.

Moreover, we have u 2 V n1
(x1) � Vn(x), so that u 2 Vn(x) \ A, which proves the

theorem.Therefore, for a suitable indexation by means of some index set I, if (X;T ) is

a regular I-complete topological space, satisfying the �rst axiom of countability, and if

X =
S
fAn : n 2 Ng, then the interior of some An is nonempty.

If I is an index set for X, � 6= A � X then a 2 A if and only if there is a net in A

indexed through the directed set (I;�) where, i � j if and only if Vi(a) � Vj(a) such that,

the net converges to a. In fact, suppose that (
;�) is a directed set and, (x�) 2 X
 is a

net such that x� ! a. It follows that the set 
i = f�(i) 2 
 : � � �(i)) x� 2 int(Vi(a))g

is nonempty for each i 2 I. If we de�ne i � j if and only if Vi(a) � Vj(a) clearly (I;�) is

a directed set. Denoting ' : f
i : i 2 Ig ! 
 the choice function, according to the Zermelo

axiom of Choice and, '(
i) = �(i) for each i we have: for each given k 2 I, it holds that

i � k implies x�(i) 2 int(Vi(a)) � int(Vk(a)). This means that the net x�(i) ! a and this

net is idexed in (I;�), if we let �(i) constant on 
i.

Theorem 2 Let X, Y be topological spaces, Y regular and complete, and consider f :

A ! Y with A � X an (I-J)-uniformly continuous function. Then there exists a unique

(I-J)-uniformly continuous extension of f to A.

Proof. We may consider J such that each Vj (y) is closed, and such that fVj(y) : j 2 Jg

constitutes a basis of neighborhoods of y, if y 2 Y . Given x 2 A, we consider a net (xi) in

A indexed as above with xi ! x. Since f is (I-J)-uniformly continuous, (f(xi)) is a J-thick

sequence in Y (see claim 1 above); therefore it converges in Y , to a point which we denote

by g(x). This de�nition makes sense, for if (uk) is another net in A with limit x, indexed

through the same directed set, then (xi; uk)! x, where we consider �(k) = '(
0
k
nf�(k)g),

the 
0
k
standing for uk analogously to the xi above and, the same way for the �

k
. Therefore

the net of the images is a J-thick net in Y , so converging to the unique limit g(x).

We next prove that g is (I-J)-uniformly continuous. Let x, z 2 A. If (xj ), (zl) are

nets in A with x = limxj , z = lim zl, k, l 2 J , a 2 A, there exists some i 2 I such that

f(Vi(a)) � Vj(f(a)) \ Vl(f(a), for each a. Also there exist some j; l 2 I such that

(8j)(8l)(j � j ^ l � l) (xj ; zl) 2 Vi(x) � Vi(z)):

We then have

(f(xj ); f(zl)) 2 (Vj(f(xj )) \ Vl(f(xj ))) � (Vj (f(zl)) \ Vl(f(zl))):
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It follows that

(g(x); g(z)) 2 V (g(x); g(z)) = Vj(g(x)) � Vl(g(z)):

We conclude that, for given Vi(x) in A, and for each z 2 Vi(x), then g(z) 2 Vj(g(x))

(choose zl ! z above). This means precisely that g(Vi(x)) � Vj(g(x)) and the proof is

complete.

De�nition 6 In what follows, if (X;TX) is a topological space, with index set I, we say that

the complete topological space (E;T ) is an I-completion of X, if there exists an injective

mapping � : X ! E, such that � is (I-J)-uniformly continuous, ��1 is (J-I)-uniformly

cont�inuous,and �(X) = E. It follows from theorem 2 that if E, F are two I-completions

of X, then there exists a bijection v : E ! F such that both v and v�1 are uniformly

continuous.

Theorem 3 (Existence of the I-completion) If E is a regular topological space, then

there exists a regular topological space bE which is an I-completion of E.

Proof. Recall that the �lter F of subsets of E is I-thick if it satis�es the condition that

there exists a set fai : i 2 Ig � E, where I is the index set for the neighborhoods of the

points, such that for each i 2 I there exists F 2 F such that F � int(Vi(ai)). We put

(ai) 2 I(F) for such a set fai : i 2 Ig.

Consider the set C of all I-thick �lters F on E, and the binary relation � de�ned by

F�G i� there exists (ai) 2 I(F) \ I(G) on C that is, if we may consider

F � int(Vi(ai)), G � int(Vi(ai)),

with F 2 F and G 2 G in the above condition. Clearly � is an equivalence relation on C.

We denote by eF the equivalence class of F , and bE will stand for the set of the eF . In

order to de�ne a topology on bE, we put for each index k 2 I,

bU
eF;k

= feG 2 bE : (9(ai) 2 I( eF))(9(gi) 2 I(eG))(Vk(ak) = Vk(gk) ^ ak = gk)g

where the notation I( eF) instead of I(F) is understood from above. Next, let

U
eF;k

= feG 2 bE : (8j 2 I)( bU
eG;j
\ bU

eF;k
6= �g

for each k 2 I.The class of sets f
T
fU

eF;i
: i 2 Lg : L � I ^ L �niteg is the basis of a �lter

bU
eF
on bE such that eF belongs to each of the sets. Also the intersection of each class reduces

to f eFg.
Considering eG 2 bU

eF;k
, and if eH 2 bU

eG;k
, then there exist (gi) 2 I(eG), (hi) 2 I( eH) such

that gk = hk, Vk(gk) = Vk(hk). Since we also may consider (ai) 2 I( eF) with ak = hk,

Vk(ak) = Vk(gk), it follows that ak = hk, thence eH 2 bU
eF;k

. Thus it holds that, for each

eG 2 bU
eF;k

it follows that bU
eG;k

� bU
eF;k

. Consequently, we �nd that for each eG 2 U
eF;k

, also

U
eG;k

� U
eF;k

, so that the classes fU
eF;k

: k 2 Ig are basis of �lters of neighborhoods of

each eF 2 bE, for a topology bT ( bE) on bE, for which bE is a (T1) space. ( bE;T ( bE)) is a regular
space, since each bU

eF;i
is closed, as we prove in the following. It holds that U

eF;k
= bU

eF;k
.

In fact, if eG 2 U
eF;k
nbU

eF;k
, it follows that for each j 2 I, bU

eG;j
\bU

eF ;k
6= � and, for each
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(ai) 2 I( eF) and each (gi) 2 I(eG) we have Vk(ak) 6= Vk(gk) or ak 6= gk. In particular with

j = k, it would hold that there exists some eH 2 bU
eG;k
\bU

eF ;k
that is: there exist (hi) 2 I( eH),

(gi) 2 I(eG), (ai) 2 I( eF) such that Vk(hk) = Vk(ak) and hk = ak, Vk (gk) = Vk(ak), whence

Vk(hk) = Vk(gk) and hk = gk, contradicting the above. Thus U
eF ;k

� bU
eF;k

and it follows

that U
eF;k

= bU
eF;k

for each k. We conclude next that each U
eF;k

is closed in ( bE; bT ( bE )),

so that this is a regular topological apace. For if eG =2 U
eF ;k

, there exists j 2 I such that

U
eG;j

= bU
eG;j
� bUc

eF;k
= U

c

eF;k
. Since that the cardinality of bU

eF
= fbU

eF;k
: k 2 Ig, it follows

that we may consider the same index set I, for the indexation of the neighbrhoods of eacheF 2 bE.
We now prove that the map Q : a 7! fVa, where Va is the �lter of neighborhoods of a,

from E to bE (clearly Va is an I-thick �lter: take ai = a for (ai) 2 I(fVa)), is (I-I)-uniformly

continuous. Given Va, F 2 bU
fVa;k

i� there exists (ai) 2 I( eF) with Vk(ak) = Vk(a), ak = a

for all k in a co�nal subset of I, provided we consider the partial ordering in I de�ned

through

i � j i� Vi(a) � Vj(a) i� Vi(ak) � Vj(ak) (but possibly for one of the ak, see the

remark following def. 1); for b 2 int(Vk(a)), there exists j 2 I such that Vj(b) � Vk(a).

It follows that considering Vb, b 2 int(Vk(a)),we may take b = bk = a, Vk(b) for Vk(a)

in what concerns the index k, since Vk(a) 2 Vb; we conclude that fVb 2 bUfVa;k, therefore
Q(Vk(a)) � bUfVa;k. This shows that Q is (I-I)-uniformly continuous. Also Q clearly is an

injection, and the inverse map from Q(E) to E is (I-I)-uniformly continuous. In fact, given

Va with a 2 E, consider Vj(a). If eF 2 bU
fVa;k

it follows that, there is (ai) 2 I( eF) such that

Vk(ak) = Vk(a), ak = a for some k � j, as we saw. This shows that if fVb 2 bUfVa;k for such a

k, then b 2 Vk(bk) = Vk(a) so that b 2 Vk(a). Therefore the inverse of Q is (I-I)-uniformly

continuous.

It holds that Q(E) is dense in bE, since for each eF 2 bE and each i 2 I we have with

(ai) 2 I( eF) that eVai 2 bU eF;i, for Vi(ai) belongs to both �lters Vai , F . Finally, we show that

bE is I-complete, by proving that each I-thick �lter of subsets of bE is convergent. Let cM
be a thick �lter of subsets of bE constituted by sets cM . This means that there exists a set

f eAi : i 2 Ig � bE such that for each i, there exists some cMi 2 cM, cMi � bU eAi
;i
. We have:

the class

fVi(cM ) : cM 2 cM; i 2 Ig

where

Vi(cM ) =
[
fbU

eF;i
: eF 2 cMg

is the basis of a �lter of subsets of bE and, the �lter generated by this basis is an I- thick

�lter on bE. In fact, Vi(cM ) � Vj(cM ) provided that we suppose i � j i� bU
eF;i
� bU

eF;j
for

each eF 2 cM ; also

Vi(cM ) \ Vi( bN ) � Vi(cM \ bN ) 6= �

for each cM; bN 2 cM. The �lter generated by the class of the Vi(cM ) is an I-thick �lter,

due of cMi � bU
eAi
;i
implying Vi(cMi) � bU

fAi
;i
. In fact, it holds that, under the hypothesis

cMi � bU eAi;i
,

fW 2 Vi(cMi)) fW 2 bU
eF;i
; eF 2 cMi
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which implies that, in turn

fW 2 bU
fW;i

� bU
eF;i
� bU

eAi;i

Moreover, each of the sets Vi(cM )\Q(E) (cM 2 cM, i 2 I) is non empty, due of Q(E) being

dense in bE, since that the Vi(cM ) are open sets. Also each intersection Vi(cM )\Vj( bN)\Q(E)

is non empty, and the class

\
fVi(cMj ) : i 2 L; j 2 L0;cMj 2 cM^ L;L0 finiteg

is the basis of an I- �lter bF on Q(E) equipped with the induced topology, as follows

from above. Let then G = Q�1( bF). Q�1 being (I-I)-uniformly continuous, it follows that

G is an I-thick �lter of subsets of E. We prove that cM ! eG. Since G is an I-thick �lter

on E, there exists a set fai : i 2 Ig � E such that for each i, there is some G 2 G with

G � Vi(ai). This implies that for each i 2 I, there exists some j(i) 2 I such that,

Q�1(Vj(i)(cMj(i)) \Q(E)) � Vi(ai)

Therefore, also for each i 2 I, there exists k(i) 2 I such that

cMk(i) \ Q(E) � Vk(i)(cMk(i)) \ Q(E) � bUeVc;i
where we write c = ai, so that

cMk(i) � bUeVc;i
due of the bU

eF;i
being clopen. Now Vi(ai) 2 G, (ai) 2 I(G) and Vi(ai) � Vi(ai), Vi(ai) 2

Vai , imply that the �lter Vai which is generated by the basis fVk(ai) : k 2 Ig is such that
eVai 2 bUeG;i thence bUeVc;i � bUeG;i. This implies that cM = cMk(i) above satis�es that cM � bU

eG;i

and the proof is

complete.
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