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ABSTRACT. The n-sector (n > 2) open-loop Nash strategies can not be discussed
directly within the framework of usual variational principle. In this paper, by extending
the original variables, it is shown that a maximizing problem under constraints in the
strategies can be included in a problem (composite maximizing problem) in the usual
variational principle. A model is given for the derivation of conservation laws, through
which optimal paths are determined completely for finite horizon and then detailed for
infinite horizon.

Introduction. Noether theorem (Noether [12]) concerning with symmetries of the
action integral or its generalization (Bessel-Hagen [1]) with those up to divergence plays
an effective role for discovering conservation laws from the Lagrangian or the Hamiltonian
structures of considering problem. In contrast with Noether theorem, we built up a new
operative procedure for the derivation of conservation laws (Mimura and Noéno [8]) and
applied it to various economic growth models (Mimura and Néno [9]; Mimura, Fujiwara and
Nono [10], [11]; Fujiwara, Mimura and Nono [3]-[7]) to discover new economic conservation
laws including non-Noether ones.

The application can be extended to the n-sector differential game in which the sectors
(the players) are not able to make binding commitments in advance of play on the strategies
they will employ. Such strategies are called open-loop Nash strategies. In the game, each
sector has his own objective functional to maximize under a constraint leaving the strategies
of other sectors out of account, i.e., regarding the variables with respect to other sectors as
constants. This fact put difficulties for the application of, as well as Noether theorem, the
new procedure in [8] to discover conservation laws in the open-loop Nash strategies.

Fershtman and Nitzan [2] introduced a model of the voluntary contributions to the
provision of a collectively produced good in the dynamic framework of differential game.
They compared the Parato-efficient and the level of the collective contributions in the
corresponding steady states of the open-loop and the feedback Nash strategies. The model
is interesting in the sense that the objective functional of each sector include both of the
state variable (the stock of total contributions) and the control variable (the contribution
rate of each sector). In this paper, the model is used with some generalization to formulate
a way of discovering conservation laws in the n-sector open-loop Nash strategies (in which
general derivation of conservation laws has been never discussed).

In section 1, we set objective functional of each sector ¢ (i = 1,---,n) whose maxi-
mizing problem will be discussed under a constraint. In the open-loop Nash strategies,
we first show that the n functionals can be unified into a single objective functional. And
then, introducing new variables, we give a composite maximizing problem (an extended
maximizing problem in the usual variational principle), in which the optimal paths of the
original variables are those in the maximizing problem of the single objective functional
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in the open-loop Nash strategies. In section 2, by appling the new procedure in [§] to the
composite maximizing problem in the usual variational principle, we find three conserved
quantities for a model in two-sector open-loop Nash strategies. Finally in section 3, through
the obtained conserved quantities in section 2, optimal paths are determined completely for
finite horizon and then detailed for infinite horizon. The determined optimal paths will il-

lustrate the level of the collective contribution at the stationary open-loop Nash equibrium
obtained in [2].

1. A composite maximizing problem. In the n-sector open-loop Nash strategies, we
consider the following model which will be understood later as a generalization of the model
of Fershtman and Nitzan [2]. Each sector ¢ ( = 1,---, n) has a common state variable z(#)
and his own control variable u’(#). Leaving the behavior of u’(t) (j # i) out of account,
sector i seeks to maximize the integration over finite (T' < oo) or infinite (T = oo) period
of time:

T
(1) [ et +outat st
Jo
under a constraint

n
(2) T =ar+ Z,@kuk (o, Bg: const., k=1,---n; a < 0),
k=1

where ¢ and ; are assumed to be a monotonically increasing function and a concave
function with respect to his control variable u’, respectively, i.e.,

0%,
du'du’

(3-i) ¢ >0, <0.

So that sector ¢ has the following Lagrangian L; with the multiplier =;:
Li = e—Pt(,\p(I) + l/)i('lﬂ P 7un)) + 7 (17 —ar — Z/Bkuk> .
k=1

Here keep in mind that sector 7 regards v/ and 7; (j # i) as constants for the determination
of his Euler-Lagrange equations which consist of (2) and

(4-1) i+ am = e ¢! (2),
O (ul --- ym”

(5-0) i = e Qi)

ou?
Then n systems of Euler-Lagrange equations (2), (4-1) and (5-1) of sector i (1 = 1,--- ,n)
are called together in the space of all variables z, v = (ul,--- , u") and 7 = (71,--- , 7"
to determine the optimal paths.

Here assume that ¢; in (1-i) (i=1,--- ,n) satisfy
D% D%1h;

6 = (5 =1,--,n),
(6) Ouldu'  Qu'dui (@3 )
which guarantee an existence of function ¥ (u®,--- , u") such that

Op O .
(7) aui - 6’[1/7: (Z - 17 7n)'
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Accordingly, in the open-loop Nash strategies, since the sector i regards u’/ and 7 (J #1)
as constants, the relating Euler-Lagrange equations of sector ¢ remains unchanged even if
the utilities ¢ + ; are replaced with ¢ + ¢, which satisfies the similar condition of (3-i):

0%y

/ ) — r

(8) Q&>07 W<O (l—l,"'7fL>.

Consequently, it follows:

Theorem 1. Let ¢(x) + i(u', -+ u™) in (1) (i= 1,---, n) satisfy (3-i) (i= 1,--- ,n)
and (6). Then, in the n-sector open-loop Nash strategies, the mazimizing problem of (1-1)
(i=1,---, n) under the constraint (2) is equivalent to that of

T
(9) /; eipt(kp(x) + ’(?/)(ul? e :un))dt

under the constraint (2), where ¥(ul,---

,u™) is a function satisfying (7).

Remark 1. In the open-loop Nash strategies, since sector i regards u/ (j # 1) as constants
for the determination of his Euler-Lagrange equations, the equations (4-1) and (5-1) are
unchanged even if 37} _, Bruk is replaced with B;u® in the constraint (2) of the maximizing
problem of sector .

Remark 2. In the model of [2] in the open-loop Nash strategies, the utility V; of sector
i (i =1,-++,n) is of the form V; = vf(z) — C(u*) (v: const.). By virtue of the theorem
1, Vi can be unified into V = v f(x) — Y.7_, C(u*), where f(z) and C(u*) were specified
respectively as f(z) = ar — bz? (a,b: const.) and C(uf) = %c(u’“)2 (c: const.) for the
tractability.

Now introduce new variables y?(t) (¢ = 1,--- , n — 1) and put
1 —
(10a) 2= - <x + ;y”) .
(10D) Lo :%(x—y”) (=1, n—1).
The equations (10a) and all of (10b) for o = 1,--, n — 1 are added to see

(11) sz =z,
k=1

so that the integration (9) is written as

T
(12) /0 e Pt (c,o(zl + 42" —I—Q’)(ul,-n ,un)) dt.

So, in the usual variational principle, consider the maximizing problem of (12) under the
reformed constraints

(13) 2=zt 4 fiu' (t=1,---,n).



208 FUMIYO FUJTWARA, FUMITAKE MIMURA AND TAKAYUKI NONO

Here denote the principal k-th minor of Hessian matrix of ¢(u', - ,u™) by Dy(¢) (k =
1,-+-,n). Also, ¢ in (12) is assumed to be a concave function, i.e., (see, e.g., [13])
(19 (CDFDU) >0 (k=10 )
Then the Lagrangian with the multipliers m; (i = 1,--- , n) is written as
(15) L =e "t (ga(zl o ™) Fap(ut - 7u,”:)) + Z Tk (z"k —azk — ,Bkuk) ,
k=1

whose Euler-Lagrange equations consist of (13) and

71 e Zn
(16) 7a—i‘l_O‘iﬂ—i:e_ptag&(N T ; i ) (Zzlan)a

(2,1

(17) Bimi = e_ptaw(u 7“..

ou’
All of (13) for 7 = 1,---, n are added and then (11) is used to derive (2). The equation
(16) is equivalent to the collection of (4-i) (i=1,---, n) by dp(z' +---+27)/0z! = ¢'(x).
The equation (17) is equivalent to the collection of (5-1) (i = 1,---, n) if (7) is satisfied.
The equations (2), (16) and (17) are used to find optimal paths 2(¢) and «(¢). The equation
(10Db) is substituted for (13) and then (2) is used to derive

(18) yg_ayg = Z‘Bkuk_nﬁg‘i‘lug-i—l (U: 1 ,n— 1)7
k=1
whose right hand side is written as ¢7(¢) on the optimal path u(t) = (71,1 (t),---, u"(t)). In

the solution y7 = A%e® (A7: const.) of the subsidiary equation y7 — ay” = 0 of (18), the
constant A7 is replaced with an arbitrary function of ¢, and then determined as

A%(t) = /;o”(t)e*mdt.

Therefore, if the optimal paths z(¢) and u(t) exist, the optimal path y(¢) = (y'(¢), -+, y" 1(t))
exists also, where y(t) = A7(t)e*" (6 = 1,--+, n — 1). Therefore, it is deduced:

Theorem 2. Let p(x)+(u', -+ u™) in (9) satisfy (8) and (' +---+z")+p(u', - ju")
in (12) satisfy @' (z' +---+2") > 0 and (14). Then the mazimizing problem of (9) under the
constraints (2) in the n-sector open-loop Nash strategies is included in that of (12) under
the constraints (13) in the usual variational principle, i.e., the former and the latter expect
an ezistence of the same optimal paths x(t) and u(t).

2. Conservation laws for a model in the open-loop Nash strategies. Particularly

in the two-sector open-loop Nash strategies, we consider the problem that each sector ¢ (i =
1,2) seeks to maximize the integration

T
(1-i) |ttt + ot wtar
0
under the constraints

(2) i =ax+ ful + Bu® (e, Br, Ba: const., a < 0);
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where the utility ¢(x) + ¢;(u', u?) satisfying (3-i) and (6) is given by
(192) p(z) = a1z + %anQ (v < —a1/ag; a1, ay: const.; a; > 0,ay < 0),
(19b) bi(u', u?) = biu' + %bii(ui)z + brgutu® + gi(u?) (b, b5 const., 1,7 =1,2; b;; < 0),

in which g;(u’) is an arbitrary function of u’/ (j # 7). By the theorem 1, the functions
@+ (1 = 1,2) are unified into ¢ + ¢ where

(20) b(u', u?) =bru' 4+ byu® + $biy(u')? + bpu'u® 4 $baa(u?)?,

which is also assumed to be provided with the concavity, i.e., D1(¢) = by < 0 and Dy (y) =
bi1b2z — b7, > 0. So it follows for ¢(z) + ¥ (u', u?) that

(21) ay > 0, ay < 0, bll < 0, bzz < 0, bllbzz — b%_, > 0.
Since n = 2, (10a) and (10b) are reduced respectively to

(10&)' 2=
(10b) 22 =

(x4 y),
(x —y),

[CI[Syy-

where y = y! is the new variable. And the Lagrangian (15) is also to
(15) L= (p(z' +22)+¢(u', uv?) + m(Z' —az' = Bru') + m(3* — az® — Bau?),

where @(z' 4+ 22) + (u', u?) is given by (19a) and (20) with (21). The Euler-Lagrange
equations for the Lagrangian (15)" consist of (13) with i = 1,2 and (see (16) and (17))

(16)’ T +am; = e_pt(al + ag(zl + 22)) (1=1,2),
(17)’ /31‘77'1' = e_pt(bi + bh‘u1 + b,‘guz) (z = ]_2)

In the situation, by the theorem 1 and the theorem 2, through the integration of e ~**(¢(x)+
Y(u', u?)), the maximizing problem of (1-i)’ under the constraints (2)' in the two-sector
open-loop Nash strategies is included in that of

T
(12)' / e P p(2t + 2%) +p(ut, u?))dt
0
under the constraints

(13)' P=ar Bt (i =1,2),

/

in the usual variational principle, where (2! + 22) + ¥ (ul, u?) in (12)’ is given by (19a)
and (20) with (21).

Now recall the theorem 2 in [4] for the derivation of conservation laws. By putting
q= (2%, 2%, ul, u?) and \ = (71, m2) respectively, it shows here the following result:

On the optimal paths for the maxmizing problem of (12)" under the constraints (13)’,
let £€4(¢, ¢, ) (i =1,2,3,4) and 1,(¢, g, t) (a = 1, 2) satisfy the equations

22a) ¢ —at' = pe,
22b) €2 — af? = Byt
22¢) m 4+ an = (128_pt(§1 + 52)a
22d) 2 4 amy = aze”PHEN + €2),

NS S
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(22e) Bim = e (011 € 4 biat),

(22f) Bany = €774 (b12€” 4 baot?).

Then the following conserved quantity {2 in the problem is constructed:

(23) Q=zlp + 220 — (71 + pm )" — (72 + pra )€

The solutions ¢ (i = 1,2,3,4) and 7, (a = 1, 2) can be determined as follows. The
difference 173 — 71 = —a(nz — m1) of (22¢) and (22d) is integrated as

(24) n2=m +Cie " (Ci: const.).

In view of by1byy — 6%2 # 0 in (21), ny of (24) is substituted for the solutions €% and €* of
(22e) and (22f) to see

(25) €8 = myerin, — hzde e (o—alt
(26) 54 = nzeptm + b%ﬂg C1e(p7(1)t7

where n; and ny are the constants:

b22/317b12/32
B 9

Ny = Nog = 7111“3251712/317 (B = 1711[722 — [)?2)

The above appearances of (25) and (26) are used in the addition of (22a) and (22b) to derive
(27) (€' +E) —a(€ + &%) = (n1 1 + n2Ba)e’ i + naByCrelP ™,

Moreover the identity ¢! + &2 = LePi(ny + any) from (22¢) is substituted for (27) to have

(28) i+ o+ (alp —a) —az(nify + nafe))m = azngCre” "
By means of (21), which guarantees

P _ (buafr—b12B2)> | B3
Ng=n161 +nefe = baz(b11bio—b2,) + ey < 0,

the discriminant D of the subsidiary equation of (28) becomes positive:
D = (20 — p)* + 4axNg > 0.
So, the solution n; of (28) can be determined as
m = Ale(_p+\/ﬁ)t/2 + Aze(_p_‘/ﬁ)t/2 - %Cle_at (A1, A, Cy: const.),
which is substituted for (24), (25) and (26) to obtain respectively

s = Ale(*fH»\/B)t/Z_,'_AZe(fpf\/B)t/Q + %Clefat

2

53

nl(‘416(”+‘/ﬁ)t/2 + AQE(”_\/B)tﬂ) — _glﬁg Crelp=at,

54

na(Are(PHVDIU2 | 4, (o=VD)L/2y ¢ %fgz Cyelr=at,
g
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Moreover, after substituting the above £* for (22a) and ¢* for (22b), ¢! and £* are determined
respectively as

&= p—sz}fi/ﬁAle(H\/ﬁ)t/z + 07227;176\1/51426@—\/5):5/2 - BNf%fiZa) CrelP=" 4 Cye!,

62 — p_ZZZ?ff/BA1 €(P+\/B)t/2 + p_QQT;Q_B\Q/BAQE(p_\/B)t/Z + B]\’f%fiZQ) C] e(p—a)t o 612601157

(A1, Az, C1, Cy: const.).

Since Ay, A2, Cy and Cs are arbitrary constants, the conserved quantity Q of the form
(23) yields the following four conserved quantities:

Q= (' + 2'2)@(_”+‘/5)t/2 - 40_2631_\/5_(”151 (71 + pm1) + n2fa (72 + Pﬂ"z))e(”\/ﬁ)tﬂa
Q= (' + 22)6(—p—\/5)t/2 _ p_z(’,%\m(mﬁl(fﬁ + pm1) + 1o (7 _l_pﬂz))e(p—\/ﬁ)t/z7

Qs = (—naf2zt + i fr2?)e ' + Bélffa)((h + pr1) — (7o + pa))elrm ),

94 = (77'1 — 7{'2)60’1’.

Moreover, (10a)’,(10b) and(16)" imply #; = ¢ ?'(ay + azz) — ar; (i = 1,2), which is
substituted for 7; (i = 1,2) in Q; (j = 1,2,3); 21 + 22 in Q; (j = 1,2) is written by
(2)’,(10a) and (10b)" as 2! + 22 = ax + Biul + B2u?; (10a)" and (10b)’ are substituted for
£ (i = 1,2) in Q3 and then, in the result, (2)" and § = ay + Siu' + Bou? (see (18)) are
substituted for & and y; and finally (17)" is used to eliminate u® (i = 1,2). Consequently,
by

Ny =bing +byny,  Ngr=n151m + ngfama,

above conserved quantities are written respectively as

—D ai(p—2a—D 7 - £/ —VD)Ngr £/
(29) 0 = (p 5+ (o 2a3 ) _ J\/b) el=pHVD)[2 _ %e(rﬁﬁ)fﬂ?
VD a —2a+vD - N ++vVD)Ng, (p— .
(30)  Qy= ("*2 v+ wle=2atvD) M) VD)2 _ %cw VD)i/2,
(31) Qs = (MT + azﬁy _ M) oot _ (;leffB(Wl _ 772)6(;)7&)7:7
(32) Q4 = (7T1 — Fz)eat.

Thus, by virtue of the theorem 2, it is concluded (€3 is the conserved quantity with the
new variable y):

Theorem 3. In the two-sector open-loop Nash strategies, let each sector i (1 = 1,2) seek

to mazimaize:
T
(1-1)" / e_pt(alx + %CLQZEZ +but + %bii(ui)Z + bgutu® + ,(,Ji(uj))dt (J #1)
’ (z < —ai/as; ay, by, bij: const., 4,7 =1,2; a1 >0, ax <0, b;; <0)

under a constraint (2)', where g;(u?) is an arbitrary function of u? (j # i). Then, there exist
three conserved quantities (29), (30) and (32).
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3. Optimal paths for a model in the open-loop Nash strategies. In the conserved
quantities (29) and (30), the term Ng, can be eliminated to obtain the optimal path x(t):

(33) ”L’(t) _ Ele(p—\/ﬁ)t/Q + E2e(p+\/5)t/2 '11N5+(P a) Ny

a(p—a)—azNg

where =; = {4 /\/5 and =y = Qz/\/ﬁ Similarly, « in (29) and (30) is eliminated to have

Ngr = —2a3 N (p_E\l/ﬁe_(P+\/5)t/2 el= p+\/_)t/2) _ NolaratasNy) —pt,

p+\/5 alp—a)— ag’\ﬁ )

which and the conserved quantity (32) imply

(34) m(t) =— ji%e_("'i'\/ﬁ)tﬂ ji“&l e(—pVD)1/2 + nofrZae” — 701&1,5!5&,2&]\2]?% e~
(35) 7"2(t) = 723%67(,,4.\/5)#2 er% ( pEVDIZ n1 B4 54670”f - a(j}l—a':;a_‘zgﬁvs eipta

where =4 = Q4 /N3. The optimal paths (34) and (35) are substituted for (17)" to obtain
(36)

ul(f) — _2ao0miEy e(”_‘/ﬁ)t/z—l— 2a3n152 (p+\/_)t/2 B1B3Z4 e(p—a)t_ ni(arat+asNy)  booby—binbo

) B p—V'D p+vVD B a(p—a)—aaNg B ’

(37)

712(71‘) __ 2asn2= 6(0*\/5)75/2+ 2azn2=> e(P+\/5)t/2 o B3 2B P(p—a)ti no(a1a+aaNe)  by1ba—bioby
A o—V'D p+VD B ’ a(p—a)—aaNg B :

Finally, the optimal paths (33), (34) and (35) are used in (31) to have

y(t) = %( Lelp=VDt/2 | 26(/)+\/5)t/2)

(38) + €%t 4 261 62((P*a)(b§zs(1ptb22;7)lz)7(0*20052) = elp ot

+(nlﬁl—772/32)(”1Nﬁ+(ﬂ_0’)Nb) + 251/32("2(52251—5125) nl(blle_bl”bl))
Ng(a(p—a)—aaNg) BNsa

where =5 = 2Q3 /(Nga).

Theorem 4. In the two-sector open-loop Nash strategies of finite horizon T < oo, let each
sector 1 (i = 1,2) seek to mazimize (1-1)" under the constraint (2)'. Then the optimal paths

z(t),ul (t) and u?(t) are determined, completely as (33), (36) and (37).

In the case of infinite horizon T' = oo, the optimal paths in the maximizing problem of
(12)" under the constraints (13)" have to be feasible, i.e., they have to satisfy the transver-
sality condition:

(39) lim (my () (1) + ma(t)2* (1)) = 0.

t—oc0

Such paths are called feasible optimal paths. By (10a)" and (10b)’, the term 7 (¢)2"(¢) +
ma(t)z2(t) is written as
T ()21 (1) + ma(t)2* (1) = G(mi (1) + ma(t)2(t) + 3(mi (1) — m2(t))y(t),

for which the optimal paths (33), (34), (35) and (38) are substituted. Then, the result is a
first order polynomial of e(P—22— \/_)t/z elp=2a+VD)t)2 - (=p=VD)tf2  (—p+VD)t/2, e‘/ﬁt7 e~ VDt

P20t c=at ynd ¢t Therefore, since ¢(P =24~ \/_)t/27 el=r= \/_)t/z 7\/52 ¢ “ande !
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p—2a+vVD)t/2

go to zero as t — oo; the condition (39) requires that all of the coefficients of el
e(=ptVD)t[2 VD g e(p—20)t (all of which go to oo as t — oo) and the constant term

Vanish:
B3
NapPos— nl/gl — O./

(n2/32 — nlﬁl)E E4 — Ng

(arloz + as Ny + 2“1&2(1\1071-1\-/%—@“%)) Zy =0,

4as  —2 __ 0

p+vD T2 T

287 B2((p—a) (bran1+baona) —(p—20)B2) = -0
Bo(p—2a) =4 =Y

(1

2a0p

a(p—a)—azNg —1—2 = 07

3 —

which imply that =, = =3 = 24 = 0. Consequently, the optimal paths (33) (36) and (37)
lead respectively to

\ (1) = = vD)t/2 | a1Ng+(p—a)N
(33)/ J/(t) F(p D)t/ + ;(ps_a)_agj\rﬂbv
—2aon nq1(a1atas N, booby —biobo
(36)1 ul(t) — ‘;_\/151 elP— VvD)t/2 _ at‘()_la)_am\/’g; — boobiohizbs
2aonos= —V'D) 2 +as N b11bo—b1ob
(37)/ U,Z(t) _ _9/):\;51 e(P VvDyt/2 _ Z’(L{ES)faaZQJ\?@) _ bny P 1201

Theorem 5. In the two-sector open-loop Nash strategies of infinite horizon T = oo, let
each sector i (1 = 1,2) seek to mazimize (1-1)" under the constraints (2)'. Then there exist

the feasible optimal paths of the form (33),(36)" and (37)".

AN EXAMPLE. The results can be applied to the model of the voluntary contributions
to the provision of a collectively produced good (Fershtman and Nitzan [2], in which the
stock of total contributions K, the contribution rate of i-sector x;, the discount rate r and
the constant a are denoted here by z, u', p and v respectively), by putting a; = avy, az =
—2by, by = by =0, by = bay = —c, by = 0 and ¢1(u?) = g2(u!) =0 in (11)", i.e.,

T .
(1) / (v(az —ba®) — Le(u')?) dt
0
(z < af(2b), a, b, ¢, v: const., a>0,b>0,¢c>0,~>0),
and by putting @ = —4 and 8y = 2 = 1 in the constraint (2)', i.e.,
(2)"” i=—0x+u" +u® (J: const., §>0).

Then, the conserved quantities (29)-(32) are reduced respectively to

D av(p+26—VD — )
0 = (p VD, — (o 2 )) e(=ptVD)t/2 4 C(p+25+\/_)(771 _|_772)€(p+\/5)t/27

0, — (HQ\/BI_ aw(p+25+\f)) e—(ptVD)t/2 4 p+VD (W1+W2)6(p—\/ﬁ)t/2_/
1

c(p+25—VD)

Q3 = L (0x —dy — ul — UZ)e (71 — 7T2)6(;)-1-6)t7

~ e

Q= (7T1 — T&'2)€76t.’
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in which €5, Q3 and §4 are the conserved quantities in the maximizing problem of (1-1)"
(i= 1,2) under the constraint (2)" in the two-sector open-loop Nash strategies. Moreover,
the optimal path (33)" in the infinite horizon T' = oo is also to

2a~y

==1€ + oo eraby

:C(f) = (p—vD)t/2

So, it follows that

. N 2a~y
N 2 (1) = 5eE5 e

which is the level of the collective contribution at the stationary open-loop Nash equilibrium
K* appeared in ([2], Theorem 2, in which n is given here as n = 2).
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