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Abstract. Let B(H)n be the space of n-tuples of operators in B(H), the algebra of

bounded operators on a Hilbert space H. Given a set G of maps from B(H)n into

itself, which is appropriate for our situation, a tuple T 2 B(H)n is said to be G-de�nite

(resp., G-semide�nite) if for any � 2 G, each term of �(T ) is zero (resp., positive),

and essentially G-de�nite (resp., essentially G-semide�nite) if for any � 2 G, the image

of each term of �(T ) by the canonical quotient map of B(H) into B(H)=C(H), C(H)

the algebra of compact operators on H, is zero (resp., positive). We will show that

any essentially G-de�nite tuple can be decomposed into a direct sum of a G-de�nite

tuple and irreducible essentially G-de�nite, non G-de�nite tuples, and that the parallel

statement is also true for essentially G-semide�nite tuples.

1. Introduction.

Let H be a separable Hilbert space. B(H) (resp., C(H)) denotes the algebra of all

bounded operators (resp., compact operators) on H, � the quotient map of B(H) onto the

Calkin algebra B(H)=C(H). We say that T 2 B(H) is essentially normal if it satis�es that

�(T �T � TT
�) = O:

Behncke [1] proved that any essentially normal operator can be decomposed into a direct

sum of a normal operator and irreducible essentially normal non normal operators.

Let G be a set of polynomials in two noncommuting variables. We say that T 2 B(H)

is G-de�nite (resp., G-semide�nite) if it satis�es that

g(T; T �) = O (resp., g(T; T �) � O)

for any g 2 G. It is observed in Fujii-Kajiwara-Kato-Kubo [4] that any T 2 B(H) has a

maximal subspaceM which reduces T such that the restriction T jM of T onM is G-de�nite

(resp., G-semide�nite).

So, the question naturally arises: if T is essentially G-de�nite (resp., G-semide�nite),

namely, T satis�es that

�(g(T; T �)) = O (resp.; �(g(T; T �)) � O)

for any g 2 G, does the restriction T jM? of T on M? admit a decomposition into a direct

sum of irreducible essentially G-de�nite (resp., G-semide�nite), non G-de�nite (resp., non

G-semide�nite) operators. In the present paper we will concern with this problem and give

an aÆrmative answer, cf. Brown-Fong-Hadwin [2].
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But we rather like to put ourselves in a more general situation instead, dealing with sets

of maps beyond polynomial calculi, and, with tuples of operators.

2. Essentially G-de�nite, and G-semide�nite tuples.

Let B(H)n be the set of all n-tuples T = (T1; T2; : : : ; Tn) of operators T1; T2; : : : ; Tn 2

B(H). It may be considered as a C�-algebra under the term-wise de�ned linear operations,

multiplication, involution, and the norm

jjT jj = maxfjjT1jj; jjT2jj; : : : ; jjTnjjg; T = (T1; T2; : : : ; Tn):

Let E be the set of all maps from B(H)
n
into itself. E is an algebra under the linear

operations and multiplication de�ned in the usual manner. We further introduce to E the

pointwise norm topology. We may consider E as the product space
Y

T2B(H)n

X
T

of X
T
's,

where X
T
= B(H)

n
for any T 2 B(H)n, then the pointwise norm topology for E coincides

with the Tihonov topology for
Y

T2B(H)n

X
T
, where each X

T
is equipped with the norm

topology introduced above.

E is a topological algebra, in the sense that E is a locally convex topological linear space

and the multiplication is a continuous map of each of the factors for a �xed second factor.

For given n-tuples A = (A1; A2; : : : ; An), B = (B1; B2; : : : ; Bn) 2 B(H)
n
, we put

�
A;B

(T ) = (A1T1B1; A2T2B2; : : : ; AnTnBn)

for T = (T1; T2; : : : ; Tn) 2 B(H)
n
, and for a given n-tuple p = (p1; p2; : : : ; pn) of polynomials

in 2n noncommuting variables, we put

 p(T )

= (p1(T1; : : : ; Tn; T
�

1 ; : : : ; T
�

n); p2(T1; : : : ; Tn; T
�

1 ; : : : ; T
�

n); : : : ; pn(T1; : : : ; Tn; T
�

1 ; : : : ; T
�

n))

for T = (T1; T2; : : : ; Tn) 2 B(H)
n
.

We say that a subspace (which means closed one throughout) M of H reduces a tuple

T = (T1; T2; : : : ; Tn) 2 B(H)
n
if M reduces each of the terms T1; T2; : : : ; Tn of T . In the

case, we have the restricted tuple T jM = (T1jM; T2jM; : : : ; TnjM). If � = �
A;B

and M

reduces tuples A, B, then we have a map �M = �
AjM;BjM

from B(M)
n
into itself; if

 =  p, then we have a map  M =  pjB(M)n from B(M)
n
into itself.

Let S be a subset of B(H) which contains the identity operator I on H, and Sn the set

of all n-tuples T = (T1; T2; : : : ; Tn) with T1; T2; : : : ; Tn 2 S. We denote by ES the pointwise

norm closed subalgebra generated by the maps �A;B; A;B 2 Sn, and  p; p 2 P
n, where

Pn denotes the set of all n-tuples of polynomials in 2n noncommuting variables.

We call the n-tuple O = (O;O; : : : ; O) the zero tuple, and say that an n-tuple T =

(T1; T2; : : : ; Tn) is positive if Tj � O for j = 1; 2; : : : ; n; we say that an n-tuple T =

(T1; T2; : : : ; Tn) is essentially zero (resp., essentially positive) if �(Tj) = O (resp:; �(Tj ) � O)

for j = 1; 2; : : : ; n.

Now let G be a subset of ES . We say that a tuple T is G-de�nite (resp., G-semide�nite)

if for any � 2 G the tuple �(T ) is zero (resp., positive), and essentially G-de�nite (resp., es-

sentially G-semide�nite) if for any � 2 G the tuple �(T ) is essentially zero (resp., essentially

positive).
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If a subspaceM of H reduces any operator in S, then � 2 G induces the map �M from

B(M)
n
into itself by the familiar procedure. We put GM = f�M : � 2 Gg. If M reduces

a tuple T , then it makes sense to ask whether the restriction T jM is GM-de�nite (resp.,

GM-semide�nite) or not, and essentially GM-de�nite (resp., GM-semide�nite) or not.

A key step to our main result is the following

Theorem 1. Let A be a C�-subalgebra of B(H) which contains the identity operator on

H, and G a subset of A. If any operator in G is essentially zero (resp., essentially positive),

then there exists an orthogonal family fHm : m � 0g of subspaces of H which satis�es the

following statements:

(i) H =
M
m�0

Hm, Hm reduces A if m � 0, and AjHm is irreducible if m � 1.

(ii) H0 is the maximal subspace of H which reduces A such that T jH0
= O (resp.,

T jH0
� O) for any T 2 G:

Therefore, if m � 1, T jHm is essentially zero (resp., essentially positive) for all T 2 G,

but T jHm 6= O (resp., T jHm is not positive) for some T 2 G.

Proof. It suÆces to prove the case where any operator in G is essentially positive, because

any operator in G is essentially zero if and only if any operator in G [ �G is essentially

positive, where �G = f�T : T 2 Gg.

Put J = A \ C(H). Since

�(T ) = j�(T )j = �(jT j);

we have that T � jT j 2 J for any T 2 G: We may assume that T � jT j 6= O for some

T 2 G, and so, J 6= fOg. Let M be the closure of JH = fAx : A 2 J ; x 2 Hg, and put

R0 = M?. Then both M and R0 reduce A. Since J jR0
is zero for any J 2 J , we have

J jR0
= fOg which implies that

T jR0
= jT jjR0

� O

for any T 2 G.

Consider next the restriction map � :

�(J) = J jM for J 2 J :

This is a nondegenerate representation of J , and becomes a direct sum of irreducible rep-

resentations. So, we have an orthogonal family fRk : k � 1g of subspaces of M such

that

M =
M
k�1

Rk;

Rk reduces J , and, J jRk is non zero and irreducible. Therefore J jRk = C(Rk), which

shows that Rk reduces A. Hence we conclude that AjRk is irreducible.

On the other hand, it occurs either that

(1) T jRk = jT jjRk for any T 2 G
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or that

(2) T jRk 6= jT jjRk for some T 2 G:

Now denote the direct sum of R0 and all Rk which satisfy (1) by H0, and denote Rk which

satisfy (2) by Hm; m � 1, giving them new letters with new indices. Then, we have an

orthogonal family fHm : m � 0g of subspaces of H which satis�es (i) and (ii) stated in

Theorem 1. 2

Now we state the aimed

Theorem 2. Let G be a subset of ES . If a tuple T = (T1; T2; : : : ; Tn) 2 B(H)
n
is essentially

G-de�nite (resp., G-semide�nite), then there exists an orthogonal family fHm : m � 0g of

subspaces of H which satis�es the following statements:

(i) H =
M
m�0

Hm, Hm reduces T and each member of S if m � 0, and, there is no

nontrivial subspace of Hm which reduces T and each member of S if m � 1.

(ii) H0 is the maximal subspace which reduces T and each member of S such that T jH0

is GH0
-de�nite (resp., GH0

-semide�nite).

Therefore, if m � 1, T jHm is essentially GHm-de�nite (resp., GHm-semide�nite), but not

GHm-de�nite (resp., GHm-semide�nite).

Proof. Let A be the C�-subalgebra generated by T1; T2; : : : ; Tn and S and the identity

operator I on H, and put

~G = f�j(�(T )) : � 2 G and 1 � j � ng;

where �j (1 � j � n) means the projection:

�j(A) = Aj ; A = (A1; A2; : : : ; An):

We then apply Theorem 1 to A and ~G to obtain an orthogonal family fHm : m � 0g of

subspaces of H which satis�es (i) and (ii) in Theorem 2.

In fact, H =
M
m�0

Hm; Hm reduces A if m � 0, AjHm is irreducible if m � 1, and H0 is

the maximal subspace which reduces A such that, for any � 2 G,

�j(�H0
(T jH0

)) = O (resp:; �j(�H0
(T jH0

)) � O); 1 � j � n:

So H0 is the maximal subspace of H which reduces T and each member of S such that T jH0

is GH0
-de�nite (resp., GH0

-semide�nite). 2

3. Several examples.
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We show that Theorem 2 is not vacuous, giving examples of an operator which is essen-

tially G-de�nite, but not G-de�nite, and an operator which is essentially G-semide�nite, but

not G-semide�nite. In fact, in Example 1 we have an irreducible, essentially normal, non

hyponormal operator, and in Example 2 an essentially subnormal, non essentially normal,

non hyponormal operator.

Example 1. The weighted shift T with weights �0; �1; �2; : : :, where

�0 = 1; �n =

 
1�

nX
k=1

1=2k

!1=2

for n � 1;

on the Hilbert space H = l
2 is an essentially normal, non hyponormal operator.

In fact, T �T � TT
� turns out to be a diagonal operator with diagonal

1;�=2;�1=22;�1=23; : : : :

So, T �T � TT
� is compact, but not positive.

Furthermore, since �n 6= 0 for all n � 0, it follows that T is irreducible.

Example 2. Let H be a countably in�nite direct sum of copies of l2. De�ne X; K 2 B(H)

by the operator matrices

X =

0
BBBB@

O

I O

I
. . .

. . .

1
CCCCA ; K =

0
BBBB@

O

A O

O
. . .

. . .

1
CCCCA ;

resp., whereA is the diagonal operator on l2 with diagonal 1; 1=2; 1=3; : : :. Then the operator

T = X +K is an essentially subnormal, non essentially normal, non hyponormal operator.

In fact, since X is subnornal, X satis�es that for any A1; A2; : : : ; An(n � 1) in the

C
�-algebra generated by X and I,

nX
j; k=0

Aj
�
X
�k
X

j
Ak � O;

see [3]. So we have

nX
j; k=0

�(Aj )
�
�(X)�k�(X)j�(Ak) = �

0
@ nX

j; k=0

Aj
�
X
�k
X

j
Ak

1
A � O:

But the image by � of the C�-algebra C�(T ) generated by T and I makes the C�-algebra

C
�(�(T )) generated by �(T ) and �(I) full, it follows that T is essentially subnormal.

Meanwhile, sinceX�
X�XX� is a positive diagonal operator with diagonal I;O;O;O; : : :,

we have

�(T �T � TT
�) = �(X�

X �XX
�) 6= O;

which implies that T is non essentially normal. Since T �T � TT
� is a diagonal operator

with diagonal

(I +A)2; I � (I +A)2; O;O; : : : ;
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T
�
T � TT

� is not positive, and hence T is non hyponormal.

Next we see the following

Example 3. We have pairs A1; B1 and A2; B2 of n � n self-adjoint matrices, by which

each C�-algebra generated is the algebra of all n� n matrices, the former of which satis�es

A1 � B1, but on the contrary the latter fails to satisfy A2 � B2, e.g., for n = 2,

A1 = B2 =

�
3 0

0 3=2

�
; B1 = A2 =

�
1 1

1 1

�
:

Let us put

H0 = C
n 
 l

2
; H1 = C

n and H = H0 �H1;

and

T1 = (A1 
 I)�A2; T2 = (B1 
 I) �B2;

I the identity operator on l
2. Then, the inequality T1 � T2 does not hold, but it holds

essentially, that is, T1 � T2 is essentially positive. Furthermore,H0 and H1 reduces both T1
and T2, H0 is the maximal subspace which reduces both T1 and T2 such that the inequality

T1jH0
� T2jH0

holds, and there is no nontrivial subspace of H1 which reduces both A2 and

B2.

It, however, may be seen as in the following corollary, that what we observed in Example

3 commonly occurs.

Corollary 3. Let T1; T2 2 B(H) be self-adjoint. If T1 � T2 holds essentially, then there

exists an orthogonal family fHm : m � 0g of subspaces of H which satis�es the following

statements:

(i) H =
M
m�0

Hm, Hm reduces both T1 and T2 if m � 0, and, there is no nontrivial

subspace of Hm which reduces both T1 and T2 if m � 1.

(ii) H0 is the maximal subspace which reduces T1 and T2 such that T1jH0
� T2jH0

holds.

Therefore, if m � 1, T1jHm � T2jHm holds essentially, but T1jHm � T2jHm does not

hold.
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