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AgstracT. In this paper, we first prove some theorems connected with the convex-
ity of fuzzy-valued maps. In the course of our discussion, we shall have a necessary
and sufficient condition for fuzzy-valued maps to be convex. Next, we establish some
minimization theorems for fuzzy-valued maps on compact topological spaces.

1. INTRODUCTION

The theory of fuzzy sets was initiated by Zadeh [12] with a view to dealing mathematically
with objects or systems which cannot be characterized precisely. Since then, many kinds of
fuzzy concepts have been provided for various scientific disciplines and other ones. Amongst
these, the concept of fuzzy numbers was introduced by Dubois and Prade [3] as a natural way
of treating indefiniteness (fuzziness) of our judgment about the objects under consideration.
This was a fuzzy analogue of the concept of real numbers and led to optimization problems
with constraints in terms of fuzzy-valued maps, that is, the mappings whose values are
fuzzy numbers (see Section 4):

C being a subset (describing the constraints by fuzzy numbers) of a linear space
and F being a fuzzy-valued map on C, find z¢ € C such that F(xg) < F(z) for
all z € C,

where < denotes the partial order relation on the set of all fuzzy numbers (see Section
2). Indeed, from a standpoint of linear programming problems, such problems have been
discussed by Dubois and Prade [4], Ramik and Rimének [8], Campos and Verdegay [2].
Ramik and Rommelfanger [9, 10] and others. On the other hand, Nanda and Kar [6]
introduced the concept of the convexity of fuzzy-valued maps on a convex subset of a linear
space and gave some characterizations of various types of convex fuzzy-valued maps on
a linear space. They also deduced some properties of a minimum solution to the above
problems.

In this paper, we study the convexity of fuzzy-valued maps and establish some minimiza-
tion theorems for fuzzy-valued maps. In Section 2, we give notation and terminology to be
employed throughout the present paper. In Section 3, we prove some theorems connected
with the convexity of fuzzy-valued maps on a convex subset of a linear space. Then we shall
have a necessary and sufficient condition for fuzzy-valued maps to be convex. In Section
4, after a brief introduction of optimization problems with fuzzy constraints, we define the
lower semicontinuity of fuzzy-valued maps on a topological space and obtain a sufficient
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condition for them to be lower semicontinuous. Next, we establish some minimization the-
orems for lower semicontinuous fuzzy-valued maps on a compact convex subset of a linear
topological space connected with the existence of solutions to the above mentioned fuzzy
optimization problems.

2. PRELIMINARIES

Throughout this paper, all linear spaces are real, and we denote by R the set of real
numbers and by 1 the characteristic function for an arbitrary set E. We shall also use the
letter R to denote the real line. Let X be a linear topological space and let C, D be subsets
of X. Then clC denotes the closure of C', and there is defined C+D = {¢+d:c€ C, d € D}
and A\C' = {)Ac:c€ C} for any A € R.

Let A be a fuzzy set in R. We denote by A, the r-level set of A, which is a subset of R and
is defined by 4, = {z € R: A(z) > r} for every r € (0,1] and Ag = cl{z € R: A(z) > 0},
respectively. Then A is said to be convex (respectively closed) if for every r € (0, 1], A, is
a convex (respectively closed) subset of R.

Let A, B be fuzzy sets in R. By Zadeh’s extension principle [13], we define the addition
@ to yield a fuzzy set A ® B in R by

(A®B):)= s min(A(x), B(y))
z=z+y,x,yER
for all z € R. Also, we define the multiplication @ to yield a fuzzy set A ® B in R by
(A©B)(z) =  sup _min(A(z), B(y))
z=zy,z,yER
for all z € R. Then [A @ B], and [A ® B], denote the r-level sets of A ® B and A ® B for
every r € [0, 1], respectively. Note that, if both A and B are convex, then A ® B is convex;
see [7].

Let A be a fuzzy set in R. A is said to be a fuzzy number [3, 5] if it satisfies the following
conditions:

(i) A is convex;

(i) there exists a unique real number m € R such that A(m) = 1;
(i) Ag is a bounded subset of R.

Then the symbol F denotes the set of fuzzy numbers. Note that for any A € F, Ag is a
compact convex subset of R and that for every A, B € F, A @& B belongs to F.
Let A, B € F. We define an order relation < on F [8] as follows:

A < B if and only if sup A, <sup B, and inf A, <inf B, for all r € [0,1].

Note that the order relation < satisfies the axioms of a partial order relation. Let A € F
and let A € R. For the sake of convenience, we shall write A < A instead of A < 1yy).
Similarly, we shall write A & A (respectively AA, AXN) for A @ 1y; (respectively 14y; © A,
A © 1y). Then we observe that if A # 0, then (AA)(2) = A(%) for all z € R and that
(04)(2) = 140y(#) for all z € R. Consequently, it follows that [AA], = AA, for all r € [0, 1]
and hence, that \A € F.

Let C be a convex subset of a linear space and let f be a real-valued function on C. f
is said to be convex if f(Az + (1 — N)y) < Af(z) + (1 — N f(y) for any =,y € C and any
A € (0,1). f is called concave if —f is convex. Moreover, f is said to be quasi-concave
if for every ¢ € R, {z € C : f(x) > ¢} is a convex subset of C. Let C,I be nonempty
sets and let ¢ be a real-valued function on C x I. Then ¢ is called concavelike in its
second variable if for any yi,y2 € I and any A € (0,1), there exists yo € I such that
el yo) > Ap(z,y1) + (1 — Np(z,y2) for all @ € C. We know the following minimax
theorem; see, for instance, [11].
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Let C be a compact convex subset of a linear topological space, let I be a nonempty set
and let ¢ be a real-valued function on C' x [ satisfying the following conditions:
(i) For each y € I, the function @ — @(z,y) is lower semicontinuous and convex;
(ii) ¢ is concavelike in its second variable.

Then the following holds:

sup mine(z,y) = 111111 supp(z,y).
yel reC el yel

3. CONVEXITY OF FUZZY-VALUED MAPS

Let X be a nonempty set. A mapping F': X — F defined on X is called a fuzzy-valued
map on X if for every € X, F(x) belongs to F. Let C be a convex subset of a linear space
and let F be a fuzzy-valued map on C. F is said to be convex [6] if for every z,y € C and
every A € (0,1),

FAz + (1= Ny) < AF(z) & (1 = N F(y).

In this section, we study the convexity of fuzzy-valued maps on a linear space. We first

have the following two lemmas.

Lemma 3.1. For every A € F, we have

lim sup A, = sup Ag and lim inf A, = inf Ayp.
r—+0 r——+0
PROOF. It is easy to see that for every ri,ry € (0,1] with ry > rs, A, C A,, C Ag.
So, we have that sup A,, < supA,, < sup Ag. Therefore, since Ag is a nonempty bounded
subset of R, lim sup A4, bup sup A, exists. Put n = 11r_|1}0 sup A, and & = sup Ag. Then,

r——+0
by virtue of the above, it is cleal that that n < €. Conversely, let us take any = € R with
A(x) > 0. Then, by choosing rg > 0 such that A(z) > ryp > 0, we observe that = belongs
to Ay, and hence, that 2 < sup A,, < supsup A, = n. Consequently, since + € R with

>0
A(x) > 0 is arbitrary, we deduce that for every y € Ag, y < n. This implies that £ < n.
Thus, we have proved that ¢ = 7. Similarly, we show that 1ir_r|_10 inf A, = inf Ap. a
r—r

Lemma 3.2. For every A € F and every r € (0,1], we have

lim As = 1nf sup As = sup A, and lim As = supinf As = inf A,.
6—r—0 d—=r—0 s<r
Proor. Let r € (0, 1] be fixed arbitrarily and take any § > 0 with § < r. Since 4, C As,

we see at once that s lim As = mf sup As exists. Set £ = sup A, and n = mf sup As. Then,
—r—0

by the above observation, the mequahty ¢ < n evidently follows. In order to prove that
the inverse inequality holds, let us assume that ¢ < n. Then there exists zy € R such that
& < 29 < n. We infer that

infAs <inf A, <sup A, =€ <ao<n= (isnf sup As < sup 4;
<r

and hence, by convexity of a subset As of R, that z¢ belongs to As. Since § < r is arbitrary,
this implies that zo € ﬂAg = A,. Consequently, we have that zg < sup A, = £ < zo.

o<r
This is a contradiction. So, we deduce that ¢ = n. By the same way, we prove that
lim inf A; = supinf As = inf A,.. O

d—r—0 §<r
By Lemmas 3.1and 3.2, we obtain the following lemma.

Lemma 3.3. For every A, B € F and every r € [0, 1], we have
sup[A @ B], = sup A, + sup B, and inf[A & B], = inf A, + inf B,.
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ProoF. Let A,B € F. We know that A & B belongs to F. Let us fix an arbitrary
r € (0,1]. Then the inequality sup[A @ B], > sup A, + sup B, is obvious. Indeed, if
2z € A, + B, then there exist z9 € A, and yo € B, such that z = zg + yo. Since A(xg) > r
and B(yy) > r, we infer that
(A® B)(z) = sup min(A(z), B(y))
z=z+y,x,yeER
> min(A(zo), B(yo)) > 7

and hence, that z € [A @ B],. This implies that [A @ B], D A, + B, and consequently, that
sup[A @ B], > sup(A, + B,) =sup A, + sup B,.

We next claim that the inverse inequality holds. Let z € [A @ B], and choose any ¢ > 0
with 6 < r. Since (A @ B)(z) > 4, there exist z9,y0 € R such that min(A(zo), B(yo)) > ¢
and z = 2o + yo. This implies that z € As + Bs and consequently, that [A® B], C As + Bs.
Hence, we have that sup[A @ B], < sup As + sup Bs. Therefore, since § > 0 with ¢ < r is
arbitrary, it follows from Lemma 3.2 that sup[A & B], < sup A, + sup B,.

Thus, we deduce that sup[A® B], = sup A, +sup B, for all r € (0, 1]. Further, by applying
Lemma 3.1 to both sides of the above equality, we have that sup[A@ Bly = sup Ao +sup Bo.
By the same method, we prove that inf[A @ B], = inf A, + inf B, for all r € [0,1]. Hence,
we have proved the lemma. O

Let F be a fuzzy-valued map on a nonempty set X. [F(2)], denotes the r-level set of
F(z) € F for every € X and every r € [0, 1].

We now prove the following theorem.

Theorem 3.1. Let C' be a convex subset of a linear space and let F' be a conver fuzzy-
valued map on C. Then, for any r € [0,1], the real-valued function f,. on C defined by
fr(2) = sup[F(x)], for every x € C is convex.

PROOF. Let z,y € C,let A € (0,1) and let r € [0, 1]. We know that [AF(2)], = A\[F(x)]»
and that AF(z) € F. Since F is convex, it is obvious that
A+ (1=XNy) = sup[F(Az+ (1= Ny)l»
sup[\F(x) @ (1 — N F(y)),.

IA

Moreover, we infer by Lemma 3.3 that
sup[AF(2) & (1 = M F(y)], = sup[AF(2)] + sup[(1 = M F(y)],
= sup A[F(2)], +sup(l = A)[F(y)]»
= Asup[F(z)l; + (1 = A)sup[F(y)],
= AMr(x) + (1 =A)frly)

Hence, we deduce that for any r € [0, 1],

frQAe + (1= A)y) <Afr(2) + (1= A fr(y)-

This completes the proof. |
By the same way, we prove the following theorem.

Theorem 3.2. Let C' be a convex subset of a linear space and let F' be a conver fuzzy-
valued map on C. Then, for any r € [0,1], the real-valued function g, on C defined by
gr(z) = ind[F ()], for every x € C is conves.

Let A,B € F and let us assume that both A and B are closed, that is, for every
€ [0,1], each of the r-level sets A,, B, is a closed subset of R. Then we know that
[A@® B], = A + B, for all » € [0,1], so that, the proof of Theorems 3.1 and 3.2 is
straightforward; see [7]. However, if both A and B are not closed, we can not use this fact.
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Indeed, the following example implies that if A is not closed, then there exists r € [0, 1]
such that [A ® B], # A, + B,.

Example 3.1. Define 4 € F by

0, if o < —1,
Alz) =< 1—|z|, if-1<ae<s
0, if%gx,
and define B € F by
0, ifx<f%,
B(z)=< 1|z +1], if -2 <2<0
0, if0<x

Then we observe that (4 & B)(0) = sup min(A(x), B(—z)) = % and consequently, that

2
r€ER
0 € [A® Bly. On the other hand, since Ay = [ 1) and B, = [—2,—13], it follows that

1
2
0¢ AL+ B1 =[-2,0). Therefore, we have that [A® Bl # A1 + B;.

Let F be a fuzzy-valued map on a nonempty set X and let r € [0,1]. Throughout
the rest of the present paper, fI' and ¢g!" denote the real-valued functions on X defined
by fF(z) = sup[F(z)], for every 2 € X and by ¢f'(z) = inf[F(z)], for every = € X,
respectively.

Using Lemma 3.3, we also have the following theorem.

Theorem 3.3. Let C' be a convex subset of a linear space and let F be a fuzzy-valued
map on C. Assume that for every r € [0,1], both fI' and ¢I are convex. Then F is conves.

PROOF. Let z,y € C, let A € (0,1) and let r € [0,1]. By Lemma 3.3, we infer that
sup[AF(2) ® (1 — M) F(y)], = sup[AF(z)], 4+ sup[(1 — N F(y)]-
= AsuplF(@) + (1 — N suplF(y)],
= M)+ (1= ().
Therefore, it follows from hypothesis that
suplF (A + (1= A)y)],

FE O+ (1= Ny)
ME@) + 0 =N ()
sup[AF(z) & (1 — \)F(y)]»-

IN

Similarly, we deduce that
inf[F(Az + (1 = N)y)]r <inf[AF(2) ® (1 — N F(y)]r.

Hence, we have proved the theorem. O

We remark that Theorems 3.1, 3.2 and 3.3 give the characterization of the convexity of
a fuzzy- valued map F' in the sense that F' is convex if and only if for every r € [0, 1], both
fEF and ¢gI" are convex.

For further comprehension, let us employ the concept of L-R fuzzy number [8].

Let S be a function from R to (—oc, 1]. S is called a shape function [5] if it satisfies the
following conditions:

(i) S is quasi-concave;

i) S(x )-11fand0n1v1fx—0

) the set {# € R: S(z) > 0} is a bounded subset of R;
) S(z) = S(—x) for all z € R.

(ii
(iii

(iv
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Then, for any shape function S and any r € (0,1], S, and So denote the subsets {z € R :
S(z) > r} and cl{z € R: S(z) > 0} of R, respectively. Moreover, for every r € [0, 1], we
put k7 = sup S, € [0,00).

Let S, T be shape functions, let m € R and let «, 3 > 0. Then the L-R fuzzy nuber p
is a fuzzy number defined by the relation

max(S(£="),0), if @ <m,
plw) =

max(T(*5™),0), if « > m.

Then we shall say that u is generated by the shape functions S and 7. Further, we shall
denote the L-R fuzzy number p by

H= (mv O‘m@)LsRT

in the form of a parametric representation.
We should mention that the above definition of p includes the cases where a = 0 and
[ > 0 for instance. In these cases, we define 11 by

[0, if ¢ <m,
plr) = max(7T(*5™),0), if x > m.
Further, in the case where a, 3 = 0, p is defined by 1 = 1y,,).

As an immediate consequence of Theorem 3.3, we obtain the following theorem regarding
the convexity of fuzzy-valued maps whose range consist of L-R fuzzy numbers generated by
the same shape functions.

Theorem 3.4. Let C be a convex subset of a linear space, let m be a real-valued function
on C, let a,8 : C — [0,00) be functions and let S,T : R — (—o0,1] be shape functions.
Let F be a fuzzy-valued map on C such that for every x € C, F(x) 1s an L-R fuzzy number
denoted by

F(z) = (m(z),a(z), B())Ls Ry
in the form of a parametric representation. Assume that m and 3 are conver and that o 1s
concave. Then F is convex.

Proor. Without loss of generality, we may assume that S(z) > 0 and T'(z) > 0 for all
z € R. Let € C and let r € [0,1]. We observe that

[F(@))y = (m(e) +a(2)s.) | (mle) + 5(0)T; )
and therefore, that
£ (2) = suplF ()], = m(z) +sup T,8(x) = m(x) + k; B(x).

Similarly, we have that gf'(2) = inf[F(2)], = m(z) + inf S,a(z). Further, we infer by the
definition of a shape function that &2 4 inf S, = sup S, +inf S, = 0 and consequently, that
gF(z) = m(z) — kZa(x). Hence, since k2, kI > 0, we deduce from the assumptions of m, o
and 3 that both fI' and ¢g!" are convex. Thus, by Theorem 3.3, we have proved that F is
convex. O

We next present the following result relating to the comparison of two L- R fuzzy numbers
of the same type, which was essentially stated in [5, 8]. For the sake of completeness, we

give the proof.

Proposition 3.1 ([5, 8]). Let m,n € R, let o, 3,~4,8 > 0 and let S, T be shape func-
tions. Then, for two L-R fuzzy numbers A and B denoted respectively by A = (m, o, 8) Ly Ry
and B = (n,v,8)14r, n the form of a parametric representation, A < B if and only if
sup Ay <sup By, sup Ag < sup By and inf Ag < inf By.
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PRrROOF. Since the “only if part” is obvious by the definition of the order relation <,
it suffices to prove the “if part”. Let r € [0,1]. We observe that sup A, = m + k'3 and
sup B, = n + k!'§. Therefore, since sup A; = m and sup By = n, we infer that
kg(sup A, —supB,) = (m + LTB (n+ kT5))

ko (m —n) + K kg (8 —6)
kd'(sup Ay — sup By) + kX (sup Ag — sup By — (sup A; — sup By))
= (kI = kD) (sup Ay —sup By) + kI (sup Ag — sup By).
It is obvious that kI > kI > 0, so that, we have that sup A, < sup B,. By the same way,
we deduce that inf A, <inf B,.. This completes the proof. O

Applying Lemma 3.3 and Proposition 3.1, we simply obtain the following result, which
was essentially presented in [5].

Proposition 3.2 ([5]). Let C be a conver subset of a linear space, let m be a real-
valued function on C, let a,( : C — [0,00) be functions and let S, T : R — (—o0,1] be
shape functions. Let F be a fuzzy-valued map on C such that for every x € C, F(x) is an
L-R fuzzy number denoted by

F(x) = (m(x),a(x), B(x))Ls Ry
in the form of a parametric representation. Then, F is convez if and only if fI') fI" and g¥
are convez.

ProOOF. Let z,y € C and let A € (0,1). By Lemma 3.3 and Proposition 3.1, we
infer that F(Ax + (1 — /\) ) < AF(z) @ (1 — \)F(y) if and only if ff'(Az + (1 — \)y) <
ME (@) + (1 =N (v), fE QA+ (1=Ny) <A (@) + (1= (y) and g Az + (1= \)y) <
Mg’ (z) + (1 — N)gd'(y). This completes the proof. a

4. MINIMIZATION THEOREMS FOR FUZZY-VALUED MAPS

In this section, we establish minimization theorems for fuzzy-valued maps on a compact
topological space. First, let us begin with a brief introduction of optimization problems with
fuzzy constraints, which were discussed in the previous papers (see [2, 4, 8] for instance).

Let X = R", let E = R} =[0,00)" C X, let ¢y, ¢2,... ,¢, € Randlet f be a real-valued
function on E defined by

f(;p) =c1T1 +cox2 4+ +Cnn

for every @ = (x1,22,...,25) € E. Let a;; € R for every i = 1,2,... .m and every
7=12,...,n,let g1.92,... ,gm be real-valued functions on E defined respectively by

gz(l’) =a;1x1 +apre + -+ apry

for every @ = (21,%2,... ,2,) € E and every ¢ =1,2,... ,m and let
Eo={z € E:gi(v) <bi,g2(x) < bayooo ,gm(2) < b},
where by,by,... ,b, € R. As a usual linear programming problem, we know the following:

Find zg € Eg such that f(zo) < f(z) for all @ € Ejy.

However, in actual problems, the coefficients of the constraint functions g1, ¢2,... ,¢m are
often fuzzy because of, for instance, vagueness or impreciseness of our judgment (estimation,
evaluation or measurement) about the data. The concept of fuzzy numbers might be applied
to these cases.
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Let S,T be shape functions and let A;; be L-R fuzzy numbers denoted by A;; =
(aij, eij, Bij)Lsry in the form of a parametric representation for every ¢ = 1,2.... ,m and
every 3 =1,2,... ,n, where a;;, 3;; > 0. Then we define fuzzy-valued maps Gy, G2,... ,Gn
on F respectively by

Gi(z) = Ajar @ Aipaa & - B Ay

for every v = (z1,%2,... ,2,) € E and every 1 =1,2,... ,m and let
E1 == {l S E: G1<uL> j blez(IL‘) j bz7... 7Gm(L) j b,n}.

Then, as a contingent plan, the following fuzzy optimization problem can be stated:
Find 29 € Eq such that f(zo) < f(z) for all « € E5.

In the above, the objective function f is nonfuzzy, whereas the constraint functions are fuzzy.
So, it could be appropriate to consider that the objective function is also fuzzy, namely,
a fuzzy-valued map on E. In that situation, we might for instance employ a fuzzy-valued
map F on F instead of f defined by

F(z) =Cia1 & Coxg ® -+ & Cpayp

for every © = (21,22,... ,%,) € E, where C1,Cs,... ,C, are L-R fuzzy numbers denoted
respectively by

Ci = (¢iyVi, 0i)Ls Ry
in the form of a parametric representation for every ¢ = 1,2,... ,n, where ~;,4; > 0.
Consequently, the following minimization problem has been presented:

Find zy € E; such that F(xy) < F(z) for all z € E;.

It may be said from the above discussion that these problems are fuzzy analogues of linear
programming problems. Naturally, the following optimization problem in terms of fuzzy-
valued maps arises as a fuzzy analogue of convex problems; see also [6, 9, 10]:

C being a convex subset of a linear space and F being a convex fuzzy-valued
map on C, find z¢ € C such that F(xp) < F(x) for all « € C.

In the rest of the section, we prove some theorems in connection with the existence of
solutions to the above problem.

First of all, let us give a definition of the lower semicontinuity of fuzzy-valued maps on
a topological space.

Let F' be a fuzzy-valued map on a topological space X. F is said to be lower semicon-
tinuous on X if for every r € [0, 1], both f and ¢! are lower semicontinuous on X.

Next, concerning the concept of L-R fuzzy numbers, we prove the following theorem,
which gives a sufficient condition for fuzzy-valued maps on a topological space to be lower
semicontinuous.

Theorem 4.1. Let C be a nonempty subset of a topological space, let m be a real-valued
function on C, let o, : C — [0,00) be functions and let S, T : R — (—oc0, 1] be shape
functions. Let F be a fuzzy-valued map on C such that for every x € C, F(x) is an L-R
fuzzy number denoted by

F(:E) = (m(I%a(I)vﬂ(I))LSRT
in the form of a parametric representation. Asswmne that m and 3 are lower sericontinuous
on C and that o is upper semicontinuous on C. Then F is lower semicontinuous on C.
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PROOF. Let € C and let r € [0,1]. Since fI'(z) = m(z) + k1 B(z), we infer by
the assumptions of m, 3 that f. is lower semicontinuous on C. Similarly, by the equation
gf(z) = m(z) — kZa(z), it follows from the assumption of a that g, is lower semicontinuous
on C'. This completes the proof. O

Moreover, we need the following definition and notation. Let X, I be nonempty sets and
let {h; : ¢ € I} be a family of real-valued functions X. zo € X is said to be a common
minimizer of {h; : i € I} in X if h;(2g) < hi(z) for every x € X and every i € I. Let F be
a fuzzy-valued map on X. We denote by P¥ the family {fl, gL' : r € [0,1]} of real-valued
functions on X. Then, for any z¢ € X, it is easy to check that F(zy) < F(z) for every
# € X if and only if #g is a common minimizer of P¥ in X.

Now, we establish the following minimization theorem.

Theorem 4.2. Let F be a lower semicontinuous fuzzy-valued map on a compact topo-
logical space X. Suppose that every finite subfamily of P¥ has a common minimizer in X.
Then there exists xo € X such that F(xg) < F(x) for every x € X.

PROOF. For every r € [0,1], let C, = {z € X : fF(z) = 11€1§(ff(y)} and let D, = {z €
Y

X :gl(x) = ylél)f(gf(y)} We observe that both C, and D, are nonempty closed subsets

of X. Further, we infer by hypothesis that the family {C, N D, : r € [0,1]} has finite
intersection property. Therefore, we deduce that ﬂ (C. N D;) # 0. This implies that
refo,1]

there exists z9 € X such that for every z € X and every r € [0,1], fI'(z0) < fF'(2) and

gF(20) < gF'(x), that is, g is a common minimizer of P in X. Hence, we have z¢g € X

such that F(z¢) < F(z) for every € X. This completes the proof. O
Further, we obtain the following minimization theorem for lower semicontinuous and

convex fuzzy-valued maps on a compact convex subset of a linear topological space.

Theorem 4.3. Let C be a compact convex subset of a linear topological space and let

F be a lower semicontinuous and convex fuzzy-valued map on C. Let ¢ be a real-valued

function on C x PY defined by ¢(x,h) = h(x) fmigh(u) for every (x,h) € C' x PY. Suppose
ued

that ¢ 1s concavelike in its second variable. Then there exists xg € C such that F(xo) < F(2)
for allz € C.

PRrROOF. By the hypothesis of F', we deduce from Theorems 3.1 and 3.2 that for every
h e PF, the function 2 @(x,h) is convex. Therefore, we infer that ¢ satisfies the
assumptions of minimax theorem. Hence, we have that

sup mine(x,h) = min sup ¢(z,h)

hepF rz€eC rz€eC hepF
and consequently, that mig sup ¢(z,h) = 0. This implies that there exists zg € C such
el pepr
that p(zg,h) < 0 for all h € PY, that is, h(zo) < mi}}h(u) for all h € P¥. This completes
ued
the proof. O

Moreover, we prove the following two theorems relating to the concept of L-R fuzzy
numbers.

Let F be a fuzzy-valued map on a nonempty set X. The symbol P denotes the family
{FEFE, ob) of real-valued functions on X.

Theorem 4.4. Let C be a nonempty subset of a topological space, let m be a real-valued
function on C, let o, 3 : C — [0,00) be functions and let S, T : R — (—o0, 1] be shape
functions. Let F be a fuzzy-valued map on C such that for every x € C, F(x) is an L-R
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fuzzy number denoted by

F(z) = (m(z),a(2), 8(2)) s Ry
in the form of a parametric representation. Then there exists vy € X such that F(xg) <
F(z) for all x € X if and only if there emists xg € X such that xg is a common minimizer

of P in X.

Proor. Let zy € X. By Proposition 3.1, it is easy to verify that F(z¢) < F(z) for all
2 € X if and only if for every @ € X, fl'(xo) < fI'(2), f&(20) < f8(2) and gf'(20) < gd'(2),
that is, zg is a common minimizer of P{" in X. This completes the proof. Ol

Theorem 4.5. Let C' be a compact conver subset of a linear topological space, let F be
a convez fuzzy-valued map on C such that for every v € C, F(z) is an L-R fuzzy number
generated respectively by the same shape functions. Suppose that for every h € PL. h is
lower semicontinuous on C and that the real-valued function @o on C x PL defined by
wo(z,h) = h(z) — inehclh(u) for every (z,h) € C x P is concavelike in its second variable.

Then there exists 9 € C such that F(xo) < F(x) for allx € C.

PRrROOF. Applying minimax theorem, we have that
sup mineg(x,h) = min sup golz,h).
2, mingo(, ) xechefgW( h)
Consequently, we deduce that there exists 2o € C such that @g(zo,h) < 0 for all h € PL,
that is, h(zg) < migh(u) for all h € Pl". Hence, by Theorem 4.4, the statement ensues. [
uC

By the above discussion, we remark that, when we impose on a fuzzy-valued map F
being “L-R fuzzy-valued”, we can confine ourselves to the family PZ".
Finally, let us provide an example of fuzzy-valued maps satisfying the assumptions in

Theorem 4.5.

Example 4.1. Let C be a compact convex subset of a linear topological space, let
m : C — R be a lower semicontinuous and convex function, let o, > 0 and let S, T :
R — (—o0, 1] be shape functions. By virtue of Theorems 3.4 and 4.1, let us define a lower
semicontinuous and convex fuzzy-valued map F on C by the relation

F(x) = (m(z), 0. 8)Ls Ry
for every x € C. Then we infer that for every r € [0,1], ff(z) = m(x) + kl3 and
gl (x) = m(z) — kZ o and therefore, that ¢ is concavelike in its second variable.

REFERENCES

[1] J. P. Aubin, Optima and Fquilibria, (Springer, Berlin, 1993.)

[2] L. Campos and J. L. Verdegay, Linear programming problems and ranking of fuzzy numbers,
Fuzzy Sets and Systems, 32 (1989), 1-11.

[3] D. Dubois and H. Prade, Operations on fuzzy numbers Int. J. Systems Sei., 9 (1978), 613-626.

[4] D. Dubois and H. Prade, Systems of linear fuzzy constraints, Fuzzy Sets and Systems, 3 (1980),
37-48.

[5] N. Furukawa, Convezity and locally Lipschitz continuity of fuzzy-valued mappings, Fuzzy Sets
and Systems, 93 (1998), 113-119.

[6] S. Nanda and K. Kar, Convez fuzzy mappings, Fuzzy Sets and Systems, 48 (1992), 129-132.

[7] H. T. Nguyen, A note on the extension principle for fuzzy sets, J. Math. Anal. Appl., 64
(1978), 369-380.

[8] J. Ramik and J. f{fmének, Inequality relation between fuzzy numbers and its use in fuzzy
optimization, Fuzzy Sets and Systems, 16 (1985), 123-138.

[9] J. Ramik and H. Rommelfanger, A single- and a multi-valued order on fuzzy numbers and its
use in linear programming with fuzzy coefficients, Fuzzy Sets and Systems, 57 (1993), 203-208.



CONVEXITY OF FUZZY-VALUED MAPS AND MINIMIZATION THEOREMS 31

[10] J. Ramik and H. Rommelfanger, Fuzzy mathematical programming based on some new inequal-
ity relations, Fuzzy Sets and Systems, 81 (1996), 77-87.

[11] W.  Takahashi, Nonlinear  variational  inequalities and  fized  point  theorems,
J. Math. Soc. Japan., 28 (1976), 168-181.

[12] L. A. Zadeh, Fuzzy sets, Information and Control, 8 (1965), 338-353.

[13] L. A. Zadeh, The concept of linguistic variable and its application to approzimate reasoning,
(1);(11);(III), Information Science, 8 (1975), 199-249:8 (1975), 301-357;9 (1975), 43-80.

DEPARTMENT OF MATHEMATICAL AND COMPUTING SCIENCES, TOKYO INSTITUTE OF TECHNOL-
0GY, OHOKAYAMA, MEGURO-KU, Tokyo 152-8552, JaPAN
F-mail: amemiya@@is.titech.ac.jp

DEPARTMENT OF MATHEMATICAL AND COMPUTING SCIENCES, TOKYO INSTITUTE OF TECHNOL-
oay, OHOKAYAMA, MEGURO-KU, ToKyo 152-8552, JAPAN
E-mail: wataru@@is.titech.ac.jp



