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ABSTRACT. Suppose that a trigonometric polynomial

N-1

T(@ia): Z akeika, 0 € [0,27),

k=—N+1

is positive, any—1 # 0, N > 2. Then a classical matter due to Fejér asserts that the

estimate _
|(yl| < ag cos N/—‘ﬂ— 1
for the modulus |a1]| of @1 holds and that the equality occurs only for the polynomial
QTN (ez(g_m)7 where
5 N—1 (k ) 2
i0 . T ik
™(e") = Nl }Z_% <sm NH) e 0 € [0,27),

and ¢ € [0,27). In this paper, we will show that the corresponding estimate

|an| < g cos

[N/n] + 1

for the modulus |ay| of an is true, 1 < n < N —1, [N/n] the minimum integer not
smaller than N/n, and that the equality for n = ng occurs only for the polynomial 7
of the form

T(€i9) = a(eie)T[N/no'\ (eino(v—v))’ 0 € [07 277)7

where ¢ is a positive trigonometric polynomial and ¢ € [0, 27).

1. Introduction.

Let Sy, where N > 2, be the N x N shift matrix, i.e.,

10
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Then it is known by Davidson and Holbrook [1], Corollary 2, that for n with 1 <n < N — 1,
[N/n] denoting the minimum integer not smaller than N/n (whichinfactis[(N — 1)/n]+ 1),
the numerical radius

w((Sn)") = sup [((Sx)"¢,¢)]

l1¢ll=1

of the power (Sny)" of Sy coincides with cos [N/niﬂ]-l-l But, in the case when n = 1,
Haagerup and de la Harpe [3], Proposition 1 (and T. Yoshino [5], Lemmas 6 and 7, p.134,

also) proves that, given a unit vector { € C", the equality

™

<SNC7 C> = COs m

holds if and only if
¢ =e( forsome ¢ €0,27),
where (; is the vector in CV of which mth coordinate is
1/2
2 mm
—_— in——, 1<m<N.
<N—|—1> BNrr =T

Haagerup and de la Harpe observed further that this serves to lead us to the classical
matter due to Fejér ([2]; [4], 8.4) which asserts that if a trigonometric polynomial

N-—-1

T(em): Z akeikg, 6 € [0,2m),
k=—N4+1

is positive, namely
T(Ele) > 0 for any 6 € [0,27),

and not identically zero (or equivalently ag > 0) with a1 # 0, then one has the estimate
|a1] < ag cos

T
N+1

for the modulus of a4, and the equality occurs only for the polynomial (XOTN(ei(‘Q*“")), where

o | (k+ 1)r ’
oy _ < . iko ).
v(e") = N1 kg_o (sm NIl ) e 6 €0,27)

It is easy for us to give the corresponding estimates for the moduli |o,| of the nth
coefficients ap, of 7, =N 4+ 1<n < N —1 (but for the case n = 0 we give an appropriate
understanding). In fact, By the Fejér-Riesz theorem (See [2], [4]), there exists a polynomial

N-—-1

U(eie) _ Z A/keikO
k=0

such that
N-—1

T(eié’) _ |0'(6i€)‘2 _ Z Pyk;ﬂei(kfl)t?
k,i=0
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(So it is immediate that a_p, = ap, —N +1<n <N —1). Let ¢ be the vector in cV of
which kth coordinate are vy;_1, 1 < k < N. Then we have
ao = [|¢])? and o, = ((SN)"(,¢C), 1<n< N -1
Therefore, by [1], Corollary 2, it actually follows that

Syt Qg Ccos ——————.,
<( T T /| S @0 Ty 1

We will devote ourselves in the following two sections to determining the polynomial 7
for which the equality

[vn| = [IC117

s

N/n]+1°

|an| = g cos 1<n<N-1,

occurs. In the last section, an application will be given to positive “operator-valued” trigono-
metric polynomials.

2. Unit vectors which attain the numerical radius of (Sx)".

For the sake of convenience, we identify, through the canonical manner, the space cV
with a subspace of the space cIN/nl g C", and accordingly the power (Sy)" of Sy with

the operator P, (Sn/n1 @ In)

Y which restricts the operator Pn(Sin/n) @ In) on cN, I,

the n X n unit matrix, P, the orthogonal projection from ¢/l g ™ onto OV
Let & € C™/"1 be the unit vector of which mth coordinate is

[/ e
Z sin? _ kvm sin _fmm 1<m<[N/n]
— [N/n]+1 [N/n]+ 1’ -~ ’

and ¢; € C" the unit vector of which [th coordinate is 1 and others 0. Then the vectors
&k ®u, 1 <k <[N/n], 1 <l<n,make an orthonormal basis for cN/ml g cm,

Lemmal Letl<n<N—1, and let ( € CN be a unit vector. Then

((Sn)"C, () = cos W

occurs if and only if ¢ € CV is of the form

(= Pu(&1 @),
where n = Z,é’m with Z > =1,r=N—([N/n] —1)n.
=1 =1
Proof. First assume that n divides N, that ¢ € C" is a unit vector and that

((SN)"C,¢) = cos ﬁ
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Put
C = Z /gk,lfk TR with Z ‘/3]”‘2 -1

1<k<N/n, 1<I<n 1<k<N/n, 1<I<n
Then, since
kmr

Re(‘S]V/n)gk = (COS m

)£k7 1 Sk S 17\7/77/,

we have

s

cos m = <(:5N/n ® I,)C, C>

= <RG(SN/n DIn) > Brilr D Y Br by © Ll'>

k., kU

= Z BraBrr v (Re(Snyn )k, Err ) (L, err)

kLD

= Br.1f3 7]“ &k, € ( )

= N cos NS Ly, Ly
kk%.”l‘ kDR 1 Nin41) S0k 1,0

= Z |/6k,l
k,l

This shows that 81 ; = 0 for &k > 2. So, putting 5; = (1,1, we have

n= Zﬁm and Z |51|2 =1.
=1 =1

Next assume that n does not divide N, and that a unt vector { € C'” satisfies

2 kr
Ccos —————.
N/n+1

n B 7
{(SN)7¢, €) = cos [N/n]+1
Then we have <(STN/H1 ® I,,)C, C> — cos ﬁ It follows that ( is of the form
N/n

(=60 A
=1

with Z 61> = 1. But one has 8; = 0 if [ > r, since ( is in C*. QED

=1

3. Positive polynomial for which the modulus of a,, attains the bound.
Now we will show the aimed theorem in this paper:

Theorem 2 Suppose that a trigonometric polynomaial

N—-1
r(et?) = Z are*® 8 c0,2r),
k=—N+1
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is positive and such that an—_1 #0, N > 2. If 1 <ng < N — 1, and the equality

s

N/no] + 1

|otn,| = g cos

holds, then 7 is of the form
T(eie) = U(eie)T[N/no] (einO(aig))v 0 S [07 277)7

where o is a positive trigonometric polynomial of degree 1o — 1, 1o = N — ([N/ng]| — 1)nq,
T[N/no] the trigonometric polynomial already introduced and ¢ € [0,27). Moreover, for any
n#ng, 1<n<N-—1, one has

s

N/n] + 1

lan| < ag cos

Conversely, for the polynomaial J(Gie)TrN/nD“ (61'710(9—90))_/ the modulus |ay,,| of cn, 1s equal
to ag cos .

[N/nol + 1
Proof. By the Fejér-Riesz theorem one has a polynomial

N-1

O_(ei9) — Z ’chike
k=0

such that
N-—-1
T(ew) — |0’(619)|2 — Z 'Yk:/lez(k_l)e-
k., [=0
Assume that the equality
7

|atng| = g cos

[N/no] + 1

holds for ng,1 <ng < N — 1.
First we let ag = 1 and a,, > 0. The vector ¢ of which kth coordinate is y5_1 (1 <
kE < N) achieves the numerical radius w((Sx)"°) of the matrix (Sy)"°, so, by Lemma 1, ¢

is of the form
(= Py, (51 ® Zﬁlk!) ; z 16i* = 1,
I=1 I=1

where P, is the orthogonal projection from CIN/mol & 0™ onto €N, € the unit vector in
CTN/moT of which kth coordinate is

2 1/2 knm
- ey 7
([N/no] ¥ 1) S N a1 LS RS [N/l

¢; the unit vector in C"® of which /th coordinate is 1 and others 0, 1 < [ < rg. Then we
have

~k_3'< 2 >l/2sin(j“)”
TP [N nol + 1 [N/no] + 1
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ifk=l+4+noj—1, 1<1<ry, 0<j<[N/ng]—1, and v = 0 otherwise. Therefore, we
have

N-1

E o tko
Yre
k=0

() =

o [N/nol—1 g

_ )Tr piI=1+4n0j)6
= TWlT1| & Zﬁ’sm [N/nol +1°

=0 =

Lei=18

[N/no] ,
2 1 -
§ sin (]+ )7T ez'nnJG ,
[N/ngl +1 = [N/np] +1

and G,, # 0. Therefore, putting

3et (=17 6 € [0,2n),

which in fact is positive, we have

T(eie) o(e' 9)7(;\7/”0]( ”’”9), 6 €[0,2m).

Assume that
T

[N/ni]+1
holds for ny, 1 <n; < N — 1. Then ( is of the form

51 ® Z/BILZ

where P! the projection from cIN/ml @ o™ onto N, € the vector in CTNV/mT of which

9

|, | = cos

kth ('oordma,te is

e _—_ sl ——————,
’—47\/7/711-‘ + 1 ’_17\//711-‘ + 1

¢} the vector in C™" of which Ith coordinate is 1 and others 0 and 11 = N —([N/ni] —1)n

Therefore, we have
251’1 Pro(61 @ Zﬁm).
I=1

But it occurs only when ry = rg and ny = ng.

Y €10,27), 1<k <[N/ny],

Now we turn to the general case. We apply the foregoing argument to the positive
trigonometric polynomial

() =19 /ag, 8 €]0,2n),

¢ = Argay,, /no. Then we have the desired conclusion.
Conversely, let

T(em) = a(eie)TrN/now(ei’"’ow_w), 6 € [0,2n),
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where o is a positive trigonometric polynomial, then we can easily have the equality
| -
Q| = g €O8 ————.
ol T O TN g ] + 1
QED

4. An application to operator-valued trigonometric polynomials.

Theorem 2 yields the estimates for numerical radii of operators which are coefficients of
positive operator-valued trigonometric polynomials:

Corollary 3 Let Ay be bounded operators on a Hilbert space H, —N+1 <k < N—-1, N >

2. Suppose that
N-—-1

r(e?) = Z Are’*® >0
k=—N+1
for any 8 € [0,2x). Then, Ay > O and one has

7
w(An)SHAOHCOSW, 1<n<N-1.
Proof. Let ( € H and ||(|| = 1. Then
. ]\7_1 .
(€)= Y (Al Qe 6 e(o0,2m),
k=—N+1

is a positive trigonometric polynomial. So it follows that Ag > O. If {4(, () > 0, then we
know that the inequality

s

N/n] +1

<*4n<=7 C> ‘ S <‘40C7 C> cos

holds. If (Ag(,¢) =0, then we have ({A4,(,{) =0, 1<n <N —1, and so, we know that

the above inequality turns out to be trivial. Hence we have

™

< || £ —_—.
lU(An) = ||A0HCOS |’]\7/n'| _I_l

QED
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