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ABSTRACT. We continue our study on the racetrack model. In the previous paper, we
have shown that the global solution has an w-limit which is a stationary solution. In
this paper, we introduce a simplified racetrack model and study stability and instability
of stationary solutions by using the linearization principle.

1 Introduction. We continue our study on the racetrack model which has been presented
in [9] by M. Fujita, P. Krugman, A. Venables in order to describe the dynamics of a tutorial
economic system on a circumference driven by economic incentives. The model is written

by

Es

w(t,z) = [ N0 + (1 o6y
(t,x) € [0,00) x S,
wy {6 = | [t ey T ) oo x s,
w(t,z) = w(t, z)G(t, )™ (t,x) € [0,00) x S,
%(t,x) . [w(t,x) - /g w(t,y)/\(t,y)dy} AMbz) () €[0,00) x S,
A0, 2) = Ao(x) xeSs.

Here, S is a circumference on which economic regions exist continuously and x is a spatial
variable varying on S. The unknown function A\(¢, z) is a function such that uA(¢, x) denotes
population density of manufacturing workers at time ¢ € [0,00) at a position € S. The
other unknown function w(t, z) denotes nominal wage at (¢,z) € [0,00) x S. The function
G(t,z) and w(t,x) denote respectively, price index and real wage at (t,z) € [0,00) X S.
The function ¢ is a given function such that (1 — u)é(z) denotes the density of agricultural
workers on S. Tt is assumed that 0 < ¢ € L'(S) and [ ¢(z)dz = 1. The function |z — y|
denotes a symmetric distance between z, y € S along S. The exponent 0 < p < 1 denotes
a ratio of the manufacturing workers on S to the total number of (manufacturing and
agricultural) workers. Meanwhile o > 1 stands for an index of preference for manufacturing
goods, and 7 > 0 stands for a parameter concerning the transportation cost.

In the previous paper [11], we have studied (1.1) mathematically and numerically. In
fact, we have shown, after discussing the global existence, that the global solution has an
w-limit which is a stationary solution of (1.1) and that any stationary solution to (1.1) is
either the homogeneous solution on S or an inhomogeneous solution whose manufacturing
density is a sum of Dirac delta functions.

We are then interested in investigating stability of stationary solutions to (1.1). As men-
tioned in [9] (and indeed reviewed in [11]), the homogeneous stationary solution is always
unstable. So, in this paper, our interest is addressed to considering inhomogeneous station-
ary solutions. Meanwhile, our numerical computations suggest that there are no continuous
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shifts of manufacturing regions along S but there is growth or decline in manufacturing
population at each manufacturing region. In order to simplify the situations, we are here
led to introduce a modified racetrack model of a finite number of manufacturing regions.
We assume that the whole manufacturing population agglomerates only in a finite number
of fixed positions z1,--- ,zp € S which will be called manufacturing regions of the model.
Then, (1.1) reduces to

M
wi(t)a = ,U'Z )\j (t)U)jGj (t)ailef(afl)ﬂwif:vj
j=1
+(1—p) / o(y)G(t, y)”_le_(d—l)‘rlm—y\dy’
S
t e [0,00), 7 = ]_’2,... ’M’
M
2 G(t, ) =7 = N, (8) ~7e” O ITlm vl i € [0,00), @ € S,
j=1
w; = wi(t)G;(t) ", tef0,00), i=1,2--,M,
d M
Ait) = {wilt) - ;/\j(t)wj(t) (),  te0,00), i=1,2,---, M,
)\i(o):)\i,Ov 22172’ ,M.

Here, w;(t), A\;(t), and w;(t) are, respectively, nominal wage, manufacturing population size,
and real wage, at time ¢ € [0,00) and at manufacturing region x; € S.

We begin with deriving (1.2) from (1.1) by putting A(¢t,z) = 224:1 Ak ()0k (), 0;(x)
being the Dirac delta function with center z;. Then, after formulating (1.2) mathematically
in a suitable way, we construct a global solution as well its numerical computations. The
second part of the paper is devoted to studying stability of stationary solutions to (1.2). As
will been seen, (1.2) is finally reduced to an M dimensional ordinary differential equation but
including complex implicit functions. Anyway, we can use the usual linearization principle
for studying the stability. The linearization matrices at stationary solutions are calculated.
In the case of M = 2 or 3, the signs of their eigenvalues are known, provided that the
exponent « := 7(c — 1) is sufficiently small or sufficiently large. More refined results are
obtained by numerical computations.

Generally speaking, increase of « provides existence of more stable stationary solutions

under the no black hole condition )
o —

> .

This condition suppresses too strong centripetal forces in spatial economy, and thus pre-
vents the manufacturing workers from agglomerating to only single economic region (see [9,
p59]). On the other hand, as o decreases, stationary solutions lose their stability and only
stationary solutions with single manufacturing region remain stable (i.e., M = 1).

When M is fixed, say M = 3, the configuration of x1, x2, x3 on S also influences the
stability of its stationary solution. As will be seen, the symmetric configuration solution
has the highest degree of stability, that is, can remain stable as a decreases than any other
non-symmetric stationary solution.

Let us finally refer to some papers related to our paper. Actually, the racetrack model
(1.1) is one of the many models which may be divided into discrete space models and contin-
uous space models. The discrete space models have already been studied in many papers.
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Especially, the bifurcation property of stationary solutions is well studied. We want to
quote Castro-Correia da Silva-Mossay [5], Ikeda-Akamatsu-Kono [10], Akamatsu-Takayama
[3], Akamatsu-Takayama-Ikeda [1], Akamatsu-Mori-Takayama [2]. Tabuchi-Thisse [13] con-
sider the racetrack model in which the agricultural sector is distributed continuously, and
the manufacturing sector is distributed discretely. This setting is similar to our model (1.2),
however due to their assumption on a utility function of consumers, their model is quite
different from (1.2). Most of the papers on stationary solutions to the racetrack model treat
only the symmetric stationary solutions except a few paper Fabinger [7]. Using a discrete
space model, Barbero-Zofio [4] discussed the relation between stability and a configuration
(they call it space topology) of economic regions.

2 Modeling. In this section, we will sketch the derivation of (1.2) from (1.1). In what
follows, a stands for & = 7(0 — 1). The manufacturing regions z1,--- ,z) € S are posi-
tions at which all the manufacturing workers accumulate, and A;(t),-- -, Aps(t) denote the
manufacturing population size at time ¢t € [0,00) at each manufacturing region. Then, the
manufacturing population density A(t,x) on S is written in the form

(2.1) At,x) = Me(t)or(z), te(0,00), w€S,

where 0y () is the Dirac delta function with center z. From [ A(¢, z)dx = 1, it holds that
ny:l Ak(t) =1 for any time ¢. By (2.1), the first equation of (1.1) becomes

w(t,z)’ = ,uZ)\ G(t,z;)° temale—al
(2.2)

(1—p /qﬁ Gt,y)te @l vldy  te[0,00), z€S8.
So, the first equation of (1.2) is verified.

Let us write w(t, z;) = w;(t) for i = 1,--- ;M. By (2.1), the second equation of (1.1)
becomes

(2.3) G(t,2)' ™7 =Y N(Hw;(t) Te " te0,00), x€S,

hence the second equation of (1.2).
Let us write w(t, x;) = w;(t) and G(t,x;) = G;(t) for i = 1,--- , M. Then, the real wage
at each manufacturing region is given by

(2.4) wilt) = w ()G (1), tef0,00), i=1,---,M.

Finally, the fourth equation of (1.1) reduces to

(2:5) %/\i(t) = |wi(t) = > we®Me() | Mit), i=1,---, M.

This is the fourth equation of (1.2).

3 Mathematical Formulation In this section, let us make mathematical formulation
for (1.2).
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3.1 Norms on RM. As seen, the unknown functions w(t) and A(¢) of (1.2) take both
their values in RM. Tt is however convenient to use different norms of RM for w(t) and A(t).
We denote the space RM equipped with the maximum norm || - || as E>, i.e

B> — (]RM7 |w]|so = max {|ws],--- ’|wM|}) )
We further denote a positive subset of E>° as
EYX ={we E®w; >0, i=1,---,M}.

It is reasonable to expect that w(t) € ES° for any t > 0.
On the other hand, we denote the space RM equipped with the summation norm || - ||
as E', ie.,
EY = RY M=l + -+ ) -

We further consider a subset of E' such that
M={A€eE'\\>0,i=1,---,M, [A=1}.
It is reasonable to expect that A(t) € M for any ¢ > 0.

3.2 Formation. We begin with formulating the first equation of (1.2) as a fixed point
problem in £°°. To do so, let us introduce the operator G which maps E° x M into the
space of continuous functions C(S) defined by

(3.1) (G, \)](z) = ijff‘le—alw—m . zes.

Put [G(f, N)](x;) = G(f,A); for i = 1,---, M. We also introduce the operator ® : E° x
M — E by

ES
o

M M)\]fj e—alzi—aj] ¢(y)e—a‘l‘i—y| a
(3.2) ; G(f, )j +(1—M)/3Wdy, i=1,---, M.

Then, by putting f = w?, it is observed that at each ¢ the first and second equations of
(1.2) are confined into

(3.3) f=a(f,)), [feET®, AeM

Next, we formulate the fourth equation of (1.2) as an ordinary differential equation in
E'. To do so, let us introduce the operator w : E3* x M — E° given by

= - .
(3-4) w(f, N = f7 (G N)]T, i=1,-.- M,
and the operator ¥ : E{° x M — E' given by

M

(3.5) V()i = |w(fsN)i = wlf, ek | Ay i=1,--+, M.

k=1

Then, the fourth equation of (1.2) becomes
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In this way, putting f(¢) = w(t)?, the problem (1.2) has been formulated as stationary
and evolution equations:

f@)=2(f(t),A\#), 0<t<oo,

A(0) = Ao

(3.6)

in the product space
E® x E'={(f,\)|f€E>®, A€ E"'}.

The initial value \g is taken in M.

4 Global solution. In this section, we construct a global solution for (3.6). This section
consists of two subsections. In Subsection 4.1, the fixed point problem (3.3) is handled for
each fixed A\ € M. Based on the results, a local solution is constructed in Subsection 4.2
and is extended to global one in Subsection 4.3.

4.1 Fixed Point Problem (3.3). For real numbers 0 < r; < ra, we set a bounded closed
subset E° . of E* by

71,72

EX, ={uceE®r <u;<rq, i=1,---,M}.

71,72

In addition, denote the maximal value of the distance between the manufacturing regions
as

d = max|z; — x;].
1

Theorem 4.1. Assume that o > 1 and T > 0 are sufficiently small so that
(4.1) e™ < 1/p.
And, put numbers a and b as

_ [(1—u)e‘“”]”’

a 1 —ad
(4.2) R
b [(1 - u)ea”]
1-— ,uef"E ’

respectively. Then, for any X\ € M, (3.3) has at least one solution f in EX.

Proof. The proof is based on the Brouwer fixed point theorem.
The bounded closed subset EZ9 is convex. In fact, for any u,v € Eg5 and 6 € (0,1), we
have
[Ou+ (1 —0)v], = Ou; + (1 — 0)v;
<O+ (1-60b=0b, i=1,---,M.

Similarly,
fu+(1-0)v],>0a+(1—-0a=a, i=1,---,M.
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The operator ®(-, A) defined by (3.2) maps ESS

e~ alzi—a;]
O(f,\); < ubZ >

& )\ke—a‘%—fﬂ

177 704|z1 y'
[ A
< lubead + (1 o N)bl ;eomr

=b

due to the definition of b. Similarly, fori =1,--- | M,

. ,uaz Aj e—alzi—a;|

Z )\ke oz —xk|
177 7&‘11 yl
17 /Zk)\ke aly—zg| y
> pae” ™ + (1 — p)at Te T

= a.

ap into itself. In fact, fori =1, --

: qu

The operator ®(-,\) is continuous in EZ5,. More strongly, it is actually Lipschitz con-

tinuous. Indeed, for any f,g € E29,

M L ei—zs M 1 oz —zs
M:fe alz;—zj] \:g? olx;—aj|
<> il 19 °

M Ly
=12 MRS e ale; —al

L3
=1 Ykt gy emelmmand
Bly)elov plye—lmi
) / — T dy — YA dy
S ZkZI )‘kfk;g @_Oé‘y_xk" S Zk:1 Akgk";' e_(’é‘y_xk'l

1 11 L1 e
g MR g e
<p

(Zk )\kfk%_le—almjka\) (Zk )\kgk%_lefala:jkal)

o1 —a|r;—T %
DSy e o=kl )\
+u§ (

+(1-

e—a\xi—acj\

_ gj
1_ 1_

Do A SS 16_“‘%_”') (Zk )\kglg 1670"“‘77%')

1_q 1_q

7 () Sdwelor = 57 ;

1% 1 1 Y

S (Zk )\kfk“l' 1e_<¥‘y—$k|) (Zk )\kglg’ 16_043!—151@‘)

< n (g)2<%—1>ead+ plo —1) (9)5—2 Jod
o \b b
—2
¢ 1S = glloe

e—a\zi—zj

e—cly—zkl

+(1-

g

(1-ple—-1) a
+ o p2(

al| o=
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Therefore, ®(-, A) is Lipschitz continuous with the Lipschitz constant

L= g (%>2(%—1)eag+ @ (%)5—2 o
(1-p)(e—-1) as 2 Jor

o p2(E-1)

(4.3)

+

As shown, ®(-,\) is a Lipschitz continuous operator from the bounded closed convex
subset EJY into itself. Then, by the Brouwer fixed point theorem, (3.3) has at least one
solution f € EZ%. O

Uniqueness of the solution is obtained by the following theorem.

Theorem 4.2. In addition to (4.1), assume that

I3 (9)2(1/071) ea3+M <9)1/072eaa

b o b
4.4 g
44 Q-we-1) alr2
+ . bZ(l/g_l)e < 1.

Then, for any A € M, the solution f € EZ5, to (3.3) is unique.

Proof. Since (4.4) means that L <1, (4.4) implies that ®(-, A) is a contraction on E25. O

Because of the following theorem, the solution f constructed in Theorem 4.2 is unique
in the whole space F%°.

Theorem 4.3. Under (4.1), any solution to (3.3) in EX° actually lies in EZ5,.

Proof. Let f € E® be a solution to (3.3). Then, an upper estimate such as

Sum,ax\fﬁeaa-i—(l—ﬂ) (maX\fil) "
i 1

holds. By solving this inequality for max; | f;|, we see that max; |f;| < b.
On the other hand, a lower estimate such as

fi=®(f, N
_ 1
> pomin file™ + (1 - ) (min )" eo"
holds, too. By solving this inequality for min; |f;|, we see that min; |f;| > a. O

The following proposition gives upper and lower bounds for G(f, A\) and w(f, \) when
(f;A) varies in EZ9 x M.

Proposition 4.1. Fori=1,--- , M, we have the estimates

(4.5) ar <G(f,N)i <bve™,  (f,\) € B x M,
(46) a%bigeilﬂ—g S W(fa >‘)2 g b%aiga (f7 >‘) € Eg,ob x M.
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Proof. These estimates are verified by direct calculations in view of the definitions of G(f, \)
and w(f,\) and the range condition a < f; < b, i = 1,--- , M. For example, the upper
bound for G(f, \) is verified by

M

11 olei—as

G A= D Nify erolos
j=1

§ [b%7167a3:| T-0o
=boem
O

In the case when the fixed point problem (3.3) admits a unique solution f € E$° for
A € M, we denote it by f = ®¢(\). Then, (3.6) ultimately reduces to the Cauchy problem

(4.7) %(t) =U(Pe(A(1),A(t),  0<t<oo,
A(0) = Ao

in E' with an initial value Ao € M.

4.2 Local Solution. We construct a local solution to (4.7) using the Banach fixed point
theorem. The following proposition plays an important role.

Proposition 4.2. Under (4.1) and (4.4), the estimates

(4.8) [@:(A) = @e(K)lloo < BrllA = Kll, A, K€ M(S),
(4.9) [G(@e(A), A) = G(Pe(r), 5)lloo < B2llA = £ll1, A, k€ M(S),
(4.10) lw(@r(A); A) = w(@t(K), K)o < Bsl]A = Kll, A, & € M(S)

hold true with some constants 81, B2, B3 > 0.

Proof. Tt suffices to prove (4.8), because (4.9) and (4.10) are easily verified from (4.8).
For A\, k € M, we write f = ®¢(\), g = P¢(k), and we use the following notations

1
AJ:ZK’kg]: 16_a‘$j_wk‘7 j:l’... ’M7
k
1 ) .
szz)‘kfkg e_a‘%_wk‘a Jj=1-,M,
k
11 _aly—
y)=> rrgy e “mloyes,
k
1_
Bly) =Y Apfy leelmml yes.
k
Then,

‘Af A /iJgJB‘

—o|zi—x;

9z\<uz

(4.11)

|A B(y ‘ e—a|wi—y\
/ o afy)e =y
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Furthermore, it follows that
1 1
’Ajfjv As = 1597

1 1_ 1 9
<NST D [mngt Tt = Mg e 4 B
k

1
qo
Iijgj

1
I

1 1_q 1_1 19 _ -
S)\]f]UZ{HkLg]: 7fka |+fka |I€k*)\k|}€ a|z] Ik‘
k

1
o

{)\ IR DY KJJI}
)at NS~ gl Y et
k
+ a7 e Ak — Alh
+ 2B ~ gl D dyemeleie

(4.12) < (O_ 1

1 1,1 —alz;—xk|
a= " b7 [N — Ky E Ape” HEITERL
k

It is also verified by the similar calculations that

|A(y) — B(y)| <
4.13 o—1\ 1_ R — 1_
1 < o >a" 2||f*9||oozk:'€k€ el p a7 A = g1

In addition, the estimates

2900 () (o).
k
Aly)B(y) >b2 (3-1) (Zﬁke ey zkl) (Zkke_aw_wkl)
k

(4.14)

hold obviously. Using (4.12), (4.13), and (4.14), and noticing (4.4), we conclude from (4.11)

that
1f = glloe < B1lIA= 5],

i.e., (4.8), where

8 :{1 B g (%>2(1/071) gl _ @ (%)1/072 L

(1 - ,u)(a B 1) al/o’—2 am
- P p2(1/o—1) ¢

cﬁ_1 ai_l
i 2ad ad _ i 2am
x {“bi—z (e +e) 1 Qe }
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106 KENSUKE OHTAKE, ATSUSHI YAGI

To construct a local solution to (4.7), we have to introduce an auxiliary problem for
(4.7). For a given A € M, let ¥ be an operator from E> x M to E' defined by

M
(4.15) T(w,\); = w(w,;\)i - w(w,;\)k/\k A, t=1,---, M.
k=1

For a given A € €([0,00); M), consider an auxiliary problem

(4.16) %(t) = (&A1), A1),  0<t< oo,
A(0) = Ao.

Proposition 4.3. Under (4.1) and (4.4), let X be given as above. Then, (4.16) possesses a
unique local solution \ € C1([0, c]; M), provided that (1 >) ¢ > 0 is sufficiently small, but c
being independent of the given function X and the initial value Ag.

Proof. Set a closed subset of E' given by

M
El:=SXeE'\> N=1y,

j=1

and define an operator T : C([0, c]; E}) — €([0, ¢J; E) by

[T0] (1) =20 + /O LB (Be(A(s), A(s))ds.

Using T, we rewrite (4.16) into an equivalent problem
At) = [T(V](t), 0<t< .

It is verified that \i'(‘l)f(;\), A) is Lipschitz continuous with respect to A € EL. Indeed,
by (4.6) and (4.15), we see that

(4.17) H@(@(X),A) - xiz(@f(X),n)Hl <3bva 5N —klh, M ke EL

Meanwhile, T maps €([0,c]; EY) into itself. To verify this, it is sufficient to see that
> T(\); = 1, because T obviously maps €([0,¢]; E}) into €([0,c]; E'). Then,

S[] 0= S s =3 [ @) A6
:/0 3 #(@:(A(5)), A()ds = 0

due to (4.15).

From (4.17),
TO) =T H < /pr@ F(@p(N), Hd
H () (1) e(0,;EY) tren[%)ie i Y(@:(N), ) 48
< 3bra + maxe / [IA(s) = k(s)]|1ds

te[0,c]

< 3b7a" % max e / [IA(s) — k(s)||1e"%e’ds
te(0,c]
TR
< 3beam (1 —e A = klle(o,e:m)-
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Therefore, if ¢ is sufficiently small, then T becomes a contraction mapping. Thus, (4.16)
has a unique fixed point A € ([0, ¢]; E}) for sufficiently small ¢ > 0.

As a matter of fact, this A € C([0,c]; E}) is in C([0,c]; M). Indeed, it is sufficient to
verify \;(t) >0, Vi=1,--- , M for ¢t € [0, ¢]. Since the solution to (4.16) can be written as

Ai(t) = Ao, exp [/0 {W(‘I)f(S\(S))» A(s))i = Y w(@r(A(s)), x(8))Mk(5)} dS] ;

k
X >0, i=1,--- M, imply that \;(¢) >0 foralli=1,---, M.
As seen above, the time ¢ > 0 was determined independently of A and Ag. O

Now, we are ready to construct a local solution to (4.7).

Theorem 4.4. Under (4.1) and (4.4), for each A\g € M, there exists a unique local solution
A € CH[0,¢];M) to (4.7), provided that (1 >) ¢ > 0 is sufficiently small, but c being
independent of the initial value \g.

Proof. By virtue of Proposition 4.3, for each Ay, we can define an operator Fl, which
corresponds A € C1([0, c]; M) to the local solution A € €1([0, c]; M) of the auxiliary problem
(4.16). By the definition of F),, it immediately follows that

(O] =0+ [ ¥ (@06, 11,1 ds.

If there exists a fixed point of F,, then it is obviously a local solution to (4.7). So, we will
prove that F), is a contraction mapping from CL([0,¢]; M) into itself.
For A\, &k € €([0,c]; M),

[ (7 0@ = [F () 0 H

1

</Ot\@(q>f<x>,m<ﬂ>> B (D¢ (R), Fi, (R H

(4.18) : /ot

W(@r(N), Ny, (A) — w(@(R), 7) Fx (7) H1 ds

D w(@e(R), Rk Fag (7)1 - Fao (R)
k

—Z (@A), N Frg M - Fa, (V|| ds.

1
Note that ), F),(%k); = 1, then it follows from (4.6) and (4.10) that

Hw(@fm,mm — (e (R), R (R)|,

<b0a 4 FAU(/\)() G H +63H/\_KH1
and
D w(®(R), &) Fa (R)r - Fa, (7)
k

=) w(@c(N), NiFag W)k - Fag(A)

k

<2baa &

1
- o, s,
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By applying these estimates to (4.18), it follows that
| B0 - [Pu@®] @) <3670 /0 t 1P ()(s) = Py (R)(5)|| ds
+ 203 /Ot Hj\(s) — Fo(s)”l ds, 0<t<ec

As a result, we obtain that

Fa(3) — By (3) <k|]x- ’
H )\0( ) )‘O(K) C([O,C];El) - & G([07013E1)

with
_ 2B3(1 —e™°)
1—3bsa=5(1—e°)
Therefore, if ¢ > 0 is sufficiently small, then k£ < 1, and F), is a contraction mapping in
C([0, c]; M). O

4.3 Global Solution. We can now easily extend the local solution of (4.7) to global one.

Theorem 4.5. Under (4.1) and (4.4), for each A\g € M, there exists a unique global solution
A € CL([0,00); M) to (4.7).

Proof. Note that the interval [0, ¢] on which we construct a local solution is independent
of the initial value Ag. Then, the uniqueness of the local solution shows that the unique
local solution A € C*([0, 2¢]; M) is obtained by repeating the same argument but with the
initial value A(c). By repeating this procedure, we finally obtain a unique global solution
to (4.7). O

5 Numerical Results. In this section, some examples of numerical computations are
illustrated. In Subsection 5.1, the case of M = 2, and in Subsection 5.2, the case of
M = 3 is handled, respectively. Throughout this section, the parameters y and o are fixed
as u = 0.5 and 0 = 3. And 7 > 0 is changed as a control parameter. The density of
agricultural workers is assumed to be constant, i.e., ¢(x) = 5-. The initial value for the
manufacturing population size A = (Aq, -+, Ay) is given by adding small perturbations to
the uniform population size \; = A = 1/M, i = 1,--- , M. The circumference S is identified
with the interval [—7, 7r]. In the following, we refer the manufacturing region as the region

and the manufacturing population as the population for simplicity.

5.1 Case of M = 2. We consider two kinds of configurations of two regions such that
|z1 — 22| = 7 and |z; — 72| = 7/4. Figures 1 and 2 illustrate the stationary solutions A to
which the solutions A(¢) converge as t — oo for the cases m and 7 /4, respectively. Here,
the horizontal axis and the vertical axis denote the interval [—7, 7| and the population size,
respectively.

Figure 1(a) shows when 7 = 1.3 that the population is separated in the two regions
uniformly. However, Figure 1(b) shows when 7 = 1.2 that the population is accumulated
into a single region. On the other hand, Figure 2(a) shows when 7 = 1.5 that the population
is separated in the two regions equally, and Figure 2(b) shows when 7 = 1.45 that the
population is accumulated into a single region. In any case, there exists a threshold 7 such
that, if 7 > 7 the population is equally divided between the regions, and if 7 < 7 the
population is concentrated in a single region. Moreover, it is observed that the threshold 7
differs by configurations. In fact, Figures 1 and 2 show that 1.2 < 7 < 1.3 when |21 —zo| = 7
and 1.45 < 7 < 1.5 when |z — 22| = 7/4.
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0.9 0.9
0.8 0.8
0.7 0.7
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0.4 0.4
0.3 0.3
0.2 0.2
0.1 0.1
0 0
1 2 1 2
(a) T=1.3 (b)y T=1.2

Fig. 1: X when |z; — a9 = 7

0.9 0.9
0.8 0.8
07 07
06 06
05 05
04 04
03 03
0.2 0.2
0.1 0.1

(a) =15 (b) T =1.45

Fig. 2: X\ when |z; — 0| = 7/4

5.2 Case of M = 3. Let us put nine points on S equidistantly. Then, we select three
manufacturing regions from them. By doing so, we consider the seven cases of configurations
of the regions as below.

Fig. 3: Equilateral triangle
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— o —— ———

(a) Isosceles 1 (b) Isosceles 2 (c) Isosceles 3

Fig. 4: Isosceles triangles

(a) Scalene 1 (b) Scalene 2 (c) Scalene 3

Fig. 5: Scalene triangles

Figures 6 - 12 illustrate the stationary solutions A to which the solutions A(t) converges
as t — oo for the seven cases. Here, the horizontal axis and the vertical axis denote the
interval [—m, 7] and the population size, respectively.

Figure 6(a) shows under the equilateral configuration, when 7 = 1.5 that the population
is separated in three regions equally. However, Figure 6(b) shows when 7 = 1.45 that
the population is accumulated into two regions only. Under the isosceles configuration 1,
although the population is dispersed to the three regions when 7 = 3, the population is
separated into two regions when 7 = 2.9 as shown by Figures 7(a) and 7(b). The numerical
results illustrated in Figures 8 - 12 are similar, i.e., there exists a threshold 7 such that,
T > 7 the population is equally divided among the three regions, and if 7 < 7 the population
is concentrated in two regions. Moreover, it is observed that the threshold 7 differs by the
types of configurations. In fact, there is more than seven times difference in the value of 7
between the equilateral configuration and the isosceles configuration 2.
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(a) T=15 (b) 7 =1.45

Fig. 6: X for equilateral triangle
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0 0
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(a) 7=3 (b)y 7=29

Fig. 7: X for isosceles 1
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0.3 0.3
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0.1 0.1
0 0
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(a) T=115 (b) 7=10.9

Fig. 8: X for isosceles 2
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Fig. 9: X for isosceles 3
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Fig. 10: X for scalene 1
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STABILITY OF INHOMOGENEOUS STATIONARY SOLUTIONS
TO RACETRACK MODEL IN SPATIAL ECONOMY

0.8 0.8

0.7 0.7

0.6 0.6

0.5 0.5

04 04

0.3 0.3

0.2 0.2

0.1 0.1

Fig. 12: X for scalene 3

6 Stability of Stationary Solutions. In this section, we want to investigate stability
of stationary solutions for (1.2). As in the previous section, the agricultural population
density is assumed to be constant, i.e., ¢(z) = ¢. After discussing existence of stationary
solutions, we investigate their stability in the cases of M = 2 and 3.

6.1 Existence of Stationary Solutions. By (f,\) we denote a stationary solution

o (3.6), where f = (f;, -+, fa) € RM and X = (A\y,--+, ) € RM. We also denote

w = (Wi, ,Wp), where ? =w] fori=1,--- , M. Then, the price index and the real

wage of stationary state are given by G=G(x ), x € Sand w = (wy, - ,Wp), respectively.
From (3.3), the stationary solution must satisfy

&L Nwgeeleal
w, = —
Z Z_1 AL N “emel
(6.1) J=L k=

*Oé|17i*y\

1_
¢/ Zk 1)\kw1 06_04'!/ Tk

dy, i=1,2,---,M.

Moreover, by the fact that W(f, \) = 0 in (3.6), the following equations

{Z )\k—l % a|azixk,|}0_1

(6.2) e
Mo (M o1
=ZM{ZAkwi”e‘”F“} =12, M
j=1 k=1
must be satisfied. Thereby, the number of unknowns A1, ---, Ay and @y, - -+, Was is equal

to the number of equations. This fact suggests that there may exist a stationary solution
to (3.6) under any location of M manufacturing regions on S. But it is very difficult to
demonstrate this assertion. We consider only the symmetric solutions.

Definition 6.1. A stationary solution satisfying the conditions:
1. all the distances between adjacent manufacturing regions are equal,

2. the population size and the nominal wages are uniform for the regions,

113
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18 called a symmetric stationary solution.
When M = 2 or 3, the symmetric stationary solution is obtained analytically.

Theorem 6.1. When M = 2, for any configuration of x1 and 2, (3.6) has a symmetric
stationary solution such that

w,=w=1, 1=1,2,

6.3 -
(6:3) N=A=1/2, i=1,2

Proof. Tt is easy to verify that (6.3) is a stationary solution of (3.6) in view of

—alz;—y|
dy=m i=1,2.
/S e—alzi—yl 4 e—alzz—yl y ’ ’

O

Theorem 6.2. When M = 3, let |v2 — x1]|, |z3 — 22| and |x1 — z3| be equal to 2m/3. Then,
(1.2) has a symmetric stationary solution such that
=1, i=1,2,3,

w
(6.4) - .
N=A=1/3, i=1,23.

Proof. Tt is easy to verify that (6.4) is a stationary solution of (3.6) due to the fact that

—alz;—y| 2
¢ T i=1,2,3.

< . .4 ;
s 33 el T3
O

6.2 Linearization Matrix. Let a stationary solution (\,w) be given. We want to lin-
earize (3.6) around it. Let Aw, AX € RM be small perturbations added to w and A,

respectively, but satisfying the restriction Ef‘il AX; = 0. The linearized equations are
given by

(I — A) Aw = BAX,

(6.5) d _
AN = L[I —A][(E+FC)Aw+ (FD — R) AA],

where I stands for the identity matrix. Here, the M x M matrices A, B, C, D, E, and F
are given by

A B el
U g l—o e—olzj—zk|
o Zk )\kw J
s
+ ——w; T \w;
(66) p % 35 Z [ kmglv o 7a|x57:rk\]

1— -1 _ —aly—z;| p—aly—z;]
L G N / Gl i
[Zk Akw Uefa‘y zkl]
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@]e—am—f’?j\

Zk )\kwl 7oz —z]

—l—0 _—alzs— :vJ|€ oz —xs]

PV w; e
i, g

6.7 - —w;

(6.7) 2 [Ek )\kil Ue—@\ws—wkl]

—X|Yy—x; — —Zj
1 _walfo'—wlfo'/ € ly 7|€ ly—a;]
i J 1— a — 2
2mo [Zk AW aly— xk|]

dy,

6.9) E = diag(él_u7 e ,éx/j#%
. ) 1 o ue
F = diag(—pw G, ", — Gy 1)

respectively. The matrix A denotes

51 EM
_ Al A
A= ) ,
SV

and the matrix L is L := diag(\;,--- , Ayr). Finally,

1 -+ 1
- 1 - 1
R=w i

1 - 1

As a matter of fact, by using the matrix
Q:=[E(I-A)'B+F{C(I—-A)"'B+D}],

the linearized equations (6.5) is reduced to
(6.10) iA)\ = JAX
' " ’

where J =L [(I ANQ - R].
Since 27 1 A = 1, it is natural to impose the condition that 27 1 AX; = 0; therefore,
Al = —(AXN + -+ AXps—1). The M-dimensional ordinary equation (6.10) is actually

reduced to an ordinary differential equation for AN = (A)q,--- ,A)\M_l)T. Introduce an
(M —1) x M matrix P, and an M x (M — 1) matrix P, as

10 --- 0 0
01 0 00
P =
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and
1 0 -~ 0 0
0 1 o -+ 0
P2 = )
o o0 - 0 1
1 -1 - -1 -1
respectively. Then, (6.10) is reduced to

%AX = P JPAN.

Hence, stability of the stationary solution is determined by the eigenvalues of the matrix
J' := P JP,. In general, it is very complicate to calculate exactly the eigenvalues of J’, and
we have to rely on numerical computations. However, in the case of symmetric stationary
solutions with M = 2 or 3, we can compute J' analytically.

Define the M x M matrices X and Y by
(6.11) X, = e olm-wl

e—aly—zi| g—aly—z;|
M _aly—z
S Zk:l e—aly—zk|

respectively. Then, from (6.6) and (6.7), A and B are described as

(6.12) Y, =

Y,

—1)= P .
PR e SOy e T
(6.13) g g
PECETICET P
2mo
- o - 1—
(6.14) B=-Eus-2G" x2 4 Eroq” ' x - ——EX 7y
o o 2o
Similarly, from (6.8) and (6.9), C, D, E and F are described as
C=G  \u "X,
po Ty
o—1
E=G "I,
F = @@_”_1I,

respectively. Thereby, €2 is given by

o—

QO=G "(I-A)"'B-wa G "X(I-A)'B

P _ge—oq "X,
o—1

(6.15)
+

Note that all the diagonal components of € are equal each other, and all the non-diagonal
components are also equal, i.e., ) takes the form:

_ ()

when M = 2, Q—<Q2 Ql)’
Q1 Qy Qo
when M = 3, Q= QQ Ql Qg
Qo Qo U
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We call such a matrix as “a strong diagonal matria”. It is easy to see that sum, product, or
linear combination of strong diagonal matrices is also a strong diagonal matrix. Moreover,
the inverse of a strong diagonal matrix is also a strongly diagonal. By these facts, {2 is seen
to be strongly diagonal, because X and Y are strongly diagonal (See (6.11), (6.12)). As a
result, the matrix J’ is simply given by

when M = 2, J’:%(Ql—Qg),
(6.16) o Lo
when M = 3, J=3(Q1—Qz)<0 1>7

in the symmetric stationary solution.
6.3 Case of M =2. When M = 2, we have the following theorem.

Theorem 6.3. Let the no black hole condition (0 —1)/o > p be satisfied. If T >0 oro >1
is sufficiently small, then the stationary solution given by (6.3) is unstable. On the other
hand, if T > 0 or o > 1 is sufficiently large, then the stationary solution given by (6.3) is
stable.

Proof. In this proof, the circumference S is identified with the interval [—m, 7] and two
regions x1, xo are set as x1 =0, zo = d € (0, 7).

First, for sufficiently small 7 > 0 or o > 1, i.e., for sufficiently small a;, we consider the
Taylor expansion for J’. Since J’ is composed of the matrices X,Y, A, B, we calculate the
Taylor expansion for them. As M = 2, X is given by

1 e—ad
!
thereby

(6.17) X:(} 1)—(1(? é)a—l—O(aQ).

The matrix Y is given by

1— ead 14+ eQad
Yii=Yso=d+ ——— )
11 22 + O[(1+€ad) ( )(1+6ad)2’
el — 1 2e2d
Yo=Yy = ——— —d)———=
PTG + ed) +m )(1 + ead)?
thereby
_ 7T 1 1 2
(6.18) Y—2<1 1)+O(a).
In addition, G s expanded as
—1—0c d 2
(6.19) G " =1- Zot O(a”).

Hence, A is expanded as
A = A1 —+ AQCM =+ O(a2),
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where )
e 11
Al* 2% <1 1)5

_ (-1 1
A2__4a< 1 1)'

(I-A)'=T+A+A%+ A%+

Since ||A|| < 1, we have

Note that A1 Ay = Ay A, is the null matrix. It then follows that
A" = AT+ 0(a?), forn=2,3,---.

So,
(I-A)'=T+A+A%+ A%+

=TI+ (A4 +AT+ AT+ )+ Asa+ O(a?).

oo n
2 3. ... _ o—1l+4p n-1( 11
R _Z_1< 20 > 2 (1 1

Moreover,

Hence, we obtain that

(6.20) (I—A)—1:I+‘;(+U_1<1 1)—‘”(_11 11>a+0(a2).

Meanwhile, B is expanded as

(6.21) B:—l_”(

g

1 1 ud -1 1
1 1)—20( 1 _1)a+0(a2).

y (6.17), (6.18), (6.19), (6.20), and (6.21), it is observed from (6.15) that
l1+puoc—-0oc (1 1
2= o—1 ( 11 )
pd(20 —1) wd(l+poc—0o) (1 1 2
+{ 20(0 — 1) ( 1 ) 30— 1) 11 )| et ol
Thus, J' is given by
pd(20 — 1)
o(loc—1)
The first order term obviously takes positive value for @« > 0. Therefore, the symmetric
stationary solution (6.3) is unstable for sufficiently small o > 0.

Next, let us verify that when 7 or ¢ is sufficiently large, i.e., when « is sufficiently large,
J' is negative. From (6.3), (6.11) and (6.12), it follows that

J = a+0(a?).

lim G 7 =1/2,

a—r o0

lim X =1,
a—r 00

lim Y =nx«l.

a—00



STABILITY OF INHOMOGENEOUS STATIONARY SOLUTIONS
TO RACETRACK MODEL IN SPATIAL ECONOMY

It follows from these results and (6.13), (6.14) that

a—o0 o
lim (I —A)'= 21,
a—o00 1-— 1%
2(1 —
lim B= 2021
a—o0 o
Therefore, we obtain from (6.15) that
lim Q= ot O F1tpo,
a—r00 o—1
Then,
lim J = orts 0P 1T 0o
a—00 oc—1 ’

Obviously, this value is negative under the assumption of no black hole (¢ —1)/0 > p. O

Figure 13 illustrates the value of J’ as a function of « obtained numerically. Here, the
horizontal axis and the vertical axis are taken as a > 0 and the value of J’, respectively.
The red line indicates the case when d = 1; similarly, the green line d = 2, the blue line
d = m. This shows that there exists a threshold o = «o* where the sign of J’ changes.
Then, smaller o* means higher degree of stability. Since the longer d results in smaller
a* according to this figure, it follows that the longer distance between two regions is, the
higher degree of stability is.

—d=1
01 | d=2
0.05 ——d=n

eigen value

-0.05 |

-0.1 f

-0.15 |

02 L

Fig. 13: Value of J’

6.4 Case of M = 3. In this subsection we consider the case of M = 3.

Theorem 6.4. Assume the no black hole condition (0 —1)/o > p. If >0 oro > 1 is
sufficiently small, then the stationary solution given by (6.4) is unstable. On the other hand
for sufficiently large T or o, the stationary solution given by (6.4) is stable.

119
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Proof. In this proof, S is identified with the interval [—7, 7] and three manufacturing regions
x1, o and xg are set as x1 = —2?“, 2o =0, x3 = %’T

First, for sufficiently small 7 > 0 or ¢ > 1, i.e., for sufficiently small a;, we consider the
Taylor expansion for the matrix J as in the proof of Theorem 6.3. Since the matrix J is
composed of the matrices X,Y, A, B, the Taylor expansions for them should be calculated.

The matrix X is given by

27 27
1 e Y3 e %%
X = e~ F 1 —adf ,
27 27
e Y3 e Y% 1
and its Taylor expansion is
11 1 9 0 1 1
i 2
(6.22) X={111]-5(101 |at0(@
1 1 1 1 1 0
In general, the function given by
F(a) = (o, z)dx

can be expanded as
F(a) = F(0) + F'(0)a + O(a?)

:/7r f(0,z)dx + i 8—f(O,z)d:l:-oz—l—O(on).

- _x O
We then set
e—2a|x—x1\
floa) = N
[efa|a:fa:1| + efa\xfa:ﬂ + efa\zfa:3|]
It is easy to see that
1
07 =
F0,2) = 5
and
g(O 7) = —4lx — z1| + 2|z — 22| + 2|z — 23
da 27 '

Hence, Y7, is expanded as

us

1 1 i
Y = 9 dy + ﬁ/ [—4ly — 21| + 2|y — 22| + 2]y — x3]] dz - a + O(a?)

2

== ? + 0(042).

Other diagonal elements are also expanded as

P

Yoo = —;T +0(a?),
P

Yas = — + O(a?).

9
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As a non-diagonal element, let us consider Yi5. If we set

efa\zfa:1|efa|m7m2\

fla,x) =

b
[efa|rfa:1| +67a\zfx2| +67a\1713|]2

then it is easy to see that
1
0,z) =—,
F0,2) = 5

and

of _f|x—x1\—|x—x2|+2|x—x3
8a(0’x)_ 27 '

Hence, Y75 is expanded as

1 /™ 1 i

Yio= 1 d:v—i—ﬁ/ o — 21| — |2 — 22| + 2|z — @[] dz - @ + O(a?)
2
:§+O(a2).

Other non-diagonal elements are also expanded as

2
Yis = 5 +0(a?),

2
Yoy = 5+ 0(a?).

After all, Y is expanded as

111
(6.23) Y="-| 11 1 |+0(a?.
11

(6.24) G "=1-—a+0(?).
Hence, A is expanded as

oc+pu—1

(6.25) A=—r

Since ||A|| < 1, we have
(I-A)'=T4+A+A2+A%+....

Repeating the same argument as for the case of M = 2, we obtain that

1 1 1
-1
(I—A)yt—14ZH 111
3(1—p) 1 1 1
(6.26)
s 11 )
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Moreover, the matrix B is expanded as

11 N
11 |- 1 2 1 |a+to0@?).
11

(6.27) B=— 5
g 1 1 =2

g 1

By (6.22), (6.23), (6.24), (6.26), (6.27), (6.15) provides that

1 1 1
1 _
0= LIU 1 11
7 11
27ru20—1 dp(l 4 po — o) 1 1 1
— - «
o(o—1) 9(c —1) 11 1

By this and (6.16), it is easy to see that the eigenvalue of J’ is expanded as

27 (20 — V)

1
3 (=) = 3o(c—1)

a4+ 0(a?).
The first order term obviously takes positive value for &« > 0. Therefore, the symmetric
stationary solution (6.3) is proved to be unstable for sufficiently small o > 0.

Next, let us verify that when 7 — 0o or ¢ — o0, i.e., when o — oo, the eigenvalue of J’
is negative. From (6.4), (6.11) and (6.12), it follows that

lim G 7 =1/3,

a—r o0

lim X =1,
a— 00

lim Y = 2—71—].
a— oo 3

Tt follows from these and (6.13), (6.14) that

-1
lim A = uL
a—00 o
lim (1 —A)t=-2 1
a—00 1-— 1%
1—
lim B— - S0L—1;
a— 00 g
By these results, (6.15) provides that
lim = 3 (Co L po)
a—00 o—1

Then, as a — oo, the eigenvalue of J' converges to the limit

3ﬁ(—0'+1+/140')
oc—1

which is obviously negative under the of no black hole condition. O
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In fact, Figure 14 illustrates a graph of the eigenvalue of J' as a function of o obtained
numerically. Here, the horizontal axis and the vertical axis are taken as o > 0 and the
eigenvalue of .J', respectively. It is observed that the sign of the eigenvalue changes at some
threshold oo = a*.

0.1 f

0.05 F

eigen value

-0.05

-0.1

o1s L v 0

Fig. 14: Eigenvalue of J' when M = 3

Even for non-symmetric stationary solutions, we can compute the eigenvalue of J' and
investigate its sign. These results show good agreement to the numerical computations
performed in Subsection 5.2. But we will omit the details.
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ABSTRACT. Recently the geometric operator mean is extended to the multi-variable
one; the Karcher mean. Including these multivarible means, we discuss a construction
method by the Moore-Penrose inverse. The key concept is the orthogonality of operator
means.

1 Introduction. Let m be an operator mean in the sense of Kubo-Ando [12] which
is defined by a positive operator monotone function fi, on the half interval (0,00) with

fm(l) =1

AmB = A%}, (A*%BA*%> A3
for positive invertible operators A and B on a Hilbert space. Thus every operator mean
can be constructed by a numerical function f,,(x) = 1 mz which is called the representing
function of m. Among common properties for operator means, we pay attention to the

orthogonality:
(Al D AQ) m (B1 D BQ) = (A1 HlBl) D (A2 HlBQ)

and the transformer inequality:
T*(Am B)T < (T*AT)m (T*BT).

Recall that the Karcher mean X = G(w;; A;) for invertible A; > 0 with a weight {w;} is
defined as a unique solution of the Karcher equation [11, 13, 14]:

ZWjS(X|Aj) = ijX% log (X*%AjX*%) X% —0.
J j

We extend it to non-invertible case in [11], which is an extension of the weighted geo-
metric mean. Moreover in [11], we extended such multi-variable operator mean M(A;) =
M(wj; Az, ...., Ay,) including the Karcher mean: Define an (n-variable) general operator mean
M(w;; A;) as an n-ary operation on positive invertible operators on H satisfying the follow-
ing properties where each weight w; is assumed to be positive here:

(M1) transformer equality: T*M(w;;A;)T = M(w;; T*A,;T) for all invertible T'.
(MY1’) homogeneity: M(w;;tA;) =1t M(w;; A;) for t > 0.

(M2)
(M3) monotonicity: A; < B; implies M(wj;4;) < M(wj; B)).

2000 Mathematics Subject Classification. 47A64, 47TA63 ,15A09.
Key words and phrases. operator mean, kernel inclusion, transformer inequality, generalized inverse.

normalization:  M(w;; A) = A.
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(M4) sub-additivity:  M(wj; A; + B;) > M(wj; 4;) + M(wj; B)).

(M5) adjoint sub-additivity: M(wj; 4, : B;j) < M(wj; Aj) : M(wj; Bj).

(M6) orthogonality: M(w;; @,, Ag.m)) =@, M(wy; A§m)).
Here : stands for the parallel sum defined by

A:B=(A"+B )"
In addition, we can define
M(w;; Aj) = s—lirgl M(wj; (A +¢))
£—

for (non-invertible) positive operators A; where the above properties preserve, which in-
cludes our extended Karcher mean. Also for ¢ € [0, 1], note that

(M7) joint concavity:  M(w;; (1 —t)A; +tB;) < (1 —t)M(w;; A;) +t M(w;; B;)

follows from the sub-additivity and homogeneity. Here we pay attention to the orthogonality
for operator means as in the below.

On the other hand, for the parallel sum (the half of the harmonic mean), rephrasing
them into the harmonic mean, we have

.
AhB:A(A—;B) B

if A+ B has the generalized inverse [1]. Incidentally the Moore-Penrose generalized inverse
T for operators was discussed in [9, 15]: It is known that if ran X is closed, then ran X*,
ran X X* and ran X*X are also closed, and (X*X)" = (X*X]|
Xt = (X*X)1X* = X*(XX*)T

In this note, we observe operator means from the viewpoint of the generalized inverse,
which includes our extended version of the Karcher mean. We discuss the constructing
formulae for operator means using the Moore-Penrose inverses if they exist:

ranX*)il [S2) O(ranX*)i and

1 1 1 1
A*(ImA'?BAT®)AT  or  B*(BY?AB!?>mI)B>.
Our equality condition [6] for the transformer iequality shows that it represents the operator

mean Am B if ker A C ker B or ker A D ker B respectively. We also show that they are not
less than the original one if the kernel of the mean Am B includes those for A and B.

2 Transformer equality. In [6], we gave an equality condition for transformer inequal-
ity for certain means:

Theorem F. If kerT* C ker ANker B, then T*(Am B)T = (T"AT)m (T*BT) for an
operator mean m.

This assures the Izumino construction of operator means: Let R = (A + B)%7 then,
there exist the derivatives D and E with A2 = RD and B2z = RE by the range inclusion
theorem in [3, 4]. So we have D*D + E*E = [_—% and an operator mean is reduced into
the commutative case [6]:

AmB=R(D*"DmE*E)R,
which is a space-free version of the Pusz-Woronowics means [16, 17].

But the original proof of the above was based on the integral representation of operator
means, so that we cannot extend the equality in Theorem F to multi-variable means. Under
the closedness of the ranges for operators, we show the equality for our extended (multi-
variable) operator means including the Karcher operator mean:
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Theorem 1. Let M(A;) = M(wj; A1, .., Ay,) be an operator mean (satisfying the orthogonality).
If an operator T on H satisfies ker T* C ﬂj ker A; and ranT is closed, then the transformer
equality holds:

T* M(A;)T = M(T*A,T).

Proof. Note that ranT™* is also closed. Recall that P = TTT and Q = T'T are projections
onto ranT and ran T* respectively, see e.g. [9, 15]. By the assumption ran T+ = ker T* C
ker A;, we have PA;P = A; for all j. Also QT*A;TQ = T*A;T implies QM (T*A;T)Q =
M(T*A,T) for all j by the orthogonality. Then we have

T*M(A;)T < M(T*A;T) = QM(TA;T)Q = T*T™ M(T* A; T)T'T
<T*M(TH™T*A;TTT)T = T* M(PA; P)T = T* M(A;)T,
which shows the required equality. O

Remark. The assumption ker T* C ; ker A; in the above is equivalent to ranT" > V jrand;
under the closedness of operators.

Corollary 2. Let m be an (2-variable) operator mean. If ker A C ker B and ran A is
closed, then

1 1 1 1
AmB=A*(Im A" BAT?)A2 = A2 f (A1? BAT?)As.

Remark. Contrastively we have

Nl

1 1
AmB = B*(B'?AB'?> mI)B

if ker B C ker A and ran B is closed.

3 Means satisfying the kernel condition. Initiated by [5], we observe the kernel
conditions for operator means, see also [7, 8

ker Am B D ker AV ker B (1)

if and only if 1m0 = 0m1 = 0. The geometric or harmonic mean satisfies this, while the
arithmetic mean does not. In [11], we showed ker A#B = ker A V ker B. Moreover, based
on this property, we introduced the Karcher mean X = G(wj;; A;) for non-invertible positive
operators A; under this kernel condition: ker X = V; ker A4;.

For invertible operators, we have two expressions:

AmB=A*(ImA 2BA %)A* = B*(B 2 AB *mI)B>. (2)

Then we discuss the means where the inverses in (2) are exchanged into the Moore-Penrose
inverse:

Theorem 3. Let m be an operator mean satisfying the above kernel condition (1). If ran A
(resp. ran B) is closed, then

AmB < A}(Im At? BAT?) A3 (resp.gB%(BTfABTEmI)B%).
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Proof. Let P be the projections onto (ker A)*, that is, P = ATA = Atz Az. The kernel
condition shows ran Am B C ran P and hence Theorem 1 implies

AmB = P(AmB)P
< (PAP)m (PBP) = Am(A? ATz BATz A%)
— At (Pm(athaath)) ab < at (1m(ati path)) ab.

Similarly we have the other case. O

Remark. The kernel condition (1) is necessary in the above theorem. In fact, the arithmetic
mean AVB = (A + B)/2 does not satisfy (1). Let P(= B2) be a projection that does not
commute with A. Then PAP # A, so that

PAP+P A+ P

S %5~ = AVB.

P(PYAP'VI)P = PAPVP =

The difference in the inequality in the above theorem is somewhat larger than we ex-
pected as in the following examples:

Example. For 0 < a < 1, we define a positive-definite matrix A and a projection P : Put

2
(10 (1 a) 1+ a? 2a
P_<0 0>’A_<a 1>_< 2a 1—|—a2)'

1 _
Then we have A=2 = Af3 = 1 “ and
1—a2\—a 1

Pz\/ Pt3 APt: P37 = PVVPAPP = \/1+a2P (> P).

On the other hand,

2
t1 1 1 1 —a\ 14+a
I R )
1 1 —a). —
where Q = T5 a2 0 o2 ) B2 rank 1 projection. Hence we have
a2 \—
1 1 1 2 1 1 1_ 2
AP — P#A = ASV AT patiar = Y15 pioas = 2% p (< p).
1 a2 Jita

These differences are under the kernel inclusion as in Corollary 2.

2
! b) for0O<b<1l. For X=P&®B,Y=A&P,

To see a general case, we put B = (b 1

the orthogonality shows
1—a? 1—b2

P®
V1+a? V1 +0b2

X#Y = (P#A) ® (B#P) =

Thus we have

1—0? 1—a?
X#Y <P ———_P=M, and X#Y < ——2 P& P=M,
#Y = 1+ 57 ' =T ’
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while

1 1—b?
X2 =V14+a?P® ——P > M; and
Vit =
1—a

2
1 1 1 1
YeVYTs XYTsYe = ———P@ 1+ b2P > M.
V1+a? =

~
:e<\>-t
ol
[ME
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POSITIVE DEFINITE SEQUENCES WITH CONSTANT MODULUS

IMAM NUGRAHA ALBANIA AND MASARU NAGISA
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ABSTRACT. Let ag,a1,...,any be complex numbers. We consider the
Toeplitz matrix Ty, where the (7, j)-th component is a;—; if ¢ > j and
aj—; if i < j. If Ty is positive and |ag| = |a1| # 0, then as, as, ...,an can
be represented in terms of ag and a; and there exists a unique positive
definite sequence f such that f(i) = a; for any ¢ = 0,1,2,..., N. In
particular, it holds |f(n)| = |ag| for any n. We also provides some
applications related to this fact.

1 Introduction

Let N ={0,1,2,...} and f is a complex-valued function on N. An n x n matrix
A = (a;;) with complex entries is said to be positive and it is denoted by A > 0
if

Z oo a;; > 0 for all aq, ag, ..., o, € C.

ij=1
It is well-known that A > 0 if and only if there exists a k X n matrix B in
which A = B*B for some k € N\ {0}. We call that f is a positive definite
sequence if, for any positive integer N, the following (N +1) x (N +1) Toeplitz
matrix

(1) f(N)
(0) :
. - - f(1)
FN) e 1) (0)
is positive, where the (7, j)-th component of Ty is f(i—j) if i > j and f(j —9)
if i < j. We remark that the positivity of Ty implies |f(i)] < f(0) for any
i=1,2, ... N.

2010 Mathematics Subject Classification. Primary 47B35, 47B65; Secondary 43A35.
Key words and phrases. positive matrix, Toeplitz matrix, positive definite sequence,
positive definite function on group.
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For any n € N and # € R, the function f given by f(n) = eVl is a
positive definite sequence. In fact, for any positive integer N, Ty is positive
since

1 OV T .. pNeyI
6v/—1
Ty = e 1 :
: . SN |
B N 1
1
V-1
eNov-1

This function is a typical example of positive definite sequence.
Our result is as follows:

Theorem 1. Let N > 1. If |ag| = |a1]| # 0 and

ao al o« o e a‘N
aq a
T = 0 >0,
ai
aN .« . al ao

then there exists a unique positive definite sequence f such that
f@i)=a;  foranyi=0,1,.., N.
Moreover, it holds

f(n) = f(0) (%) (in particular, | f(n)| = f(0)) for any n € N\ {0}.

2 Proof of Theorem and Application

1
Let T = | « where «a, 3,7 are complex numbers and |o| = 1. The
Y

P = 0
— =2

following fact is known and is used in this paper.

() T >0 if and only if |f| <1 and v = af.

The statement (1) for operators had been considered in [6], and we extend
as follows:
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Lemma 2. Let u,v,w be bounded linear operators on a Hilbert space H and
u isometric (that is, u*u = 1). Then

*

1w w
T=|u 1 v |>0ifandonlyif|v] <1 and w = vu.
w v 1

Proof. Assume |[v|| <1 and w = vu. Since (1 — uu*)? = 1 — uu*, we have

0
)+ | T—we | (0 1—wuu* (1—uu*)v*)
v(1 — uu®)
0 0
+10 0 0 > 0.
00 1—wv*

*

! ) is positive, we have [|v|| < 1.

Conversely, Assume 7' > 0. Since (11) 1

For any vectors =,y € H, we have

x T w*y x
0< <T —uz |, | —ux > = < vy , | —ux >
Y Y wTr — vuxT + Y Y

= (w'y,z) + (v'y, —uz) + (Wr — Vur + Y, Y)
= (y, wr — vux) + (wr —vux + y,y).

Set y = —(wz — vuzx), then —|lwx — vuzx||* > 0. This implies w = vu. O

Proof of Theorem 1. By the assumption, we have ay > 0. We want to
show that a; = ag(a;/ag)’ for any i = 1,2, ..., N.
For each 7 = 2,3, ..., N, the matrix

1 (ar/ao) (ai/ao) ]
al/ao 1 (ai,l/ao) = a_E3»iTE§,i > 0’
a;/ay  ai-1/ag 1 0

where Ej; is a 3 x (N + 1) matrix and its (a, b)-th component is

{1 L if (a,b) = (1,1),(2,2), (3,i + 1)
€Cab = .

0 ; otherwise

Since |aj/ag| = 1, we have a;/ay = (a1/ap)(a;—1a0) for any ¢ = 2,3,.... N
by (1). This implies a; = ag(ai/ap)® for all i = 1,2, ..., N. By setting f(n) =
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ap(ay/ag)™ for any n € N and continuing the above argument to the larger
number than N, then f is a positive definite sequence with f(i) = a; for any
1=20,1,..., N and

1 n
f(n) = f(0) <M> for any n € N'\ {0}.
f(0)
We assume that there exists another positive definite sequence g with
g(i) = a; for any i = 0,1,..., N. For M > N, we then have

g(0) g(1) - g(M)
o0 g0 |
: T E
g(M) - g(1) g(0)

Since (0) = g(0), /(1) = g(1) and |g(0)| = |g(1)], we have

M M
=00 (22) " oy (40Y" ~
o0 =90) (53} = 100y (43) " = sy
by the above argument. So, f = g. m
Corollary 3. Let f be a positive definite sequence. If there exists a positive
integer K in which f(0) = |f(K)|, then
f(nK) = f(0) (%)" foranyn =1,2,... .

Proof. We may assume that f(0) > 0. Define the (n + 1) x (nK + 1) matrix
F,, x whose (a,b)-th component is

1 ;if(a,b)=(G+1,iK+1)fori=0,1,...,n
fab = . .
0 ; otherwise

Then we have
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and this matrix is equal to

fnK) - f(K)  f(O
Hence, by Theorem 1 we have

i) = 10) (5

O

In the setting of Corollary 3 we have f(0) = |f(nK)| for all n € N.
In general, the sequence {|f(n)|} is not necessarily constant. For instance,
consider the function f(n) = e5™V=T Tt is clear that f and f are positive
definite sequences. Then, so is

here we have

1 ifn=0,3609,..
gn)=4q¢" , .. :
1 ifn=1,2,4,578,..

Let G be a group and e the unit of G. We say a complex-valued function ¢
on G is positive definite if for any positive integer N and for any g1, g2, ..., gn €
G, the following N x N matrix

90(91*191) @(95191) @(9&191)
0917 92) (95 792) -+ w9y 92)

. . . . > 0.
e(g'gn) wlgs'gn) - wlgn'on)

By definition, p(e) > 0, p(g7!) = ¢(g), and |¢(g)| < ¢(e) and for any g € G.

Corollary 4. Let ¢ be a positive definite function on G with p(e) # 0 and K
a subgroup of T = {z € C| |z| = 1}. Then

H=<geG 2(9) e K
w(e)
is a subgroup of G and the function -~ is multiplicative on H.

w(e)
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Proof. It is obvious that e € H and if g € H, then g~ € H. Given g,h € H,
then by the assumption we have that the following matrix

ple)  wlg™h) @((gh)™) ple) »lg) @lgh)
elg)  wlglg)  elgh)lg) | =1 »lg) wle) @) | =0
©(gh) ©(g~'(gh)) »((gh)~(gh)) @(gh) »(h) o(e)

By (f), we have
p(gh) _ »(g)e(h)
ple)  ele) ele)
It follows that ¢(gh)/¢(e) € K. That is, gh € H. O

Let ¢ be a positive definite sequence, that is, a positive definite function
on Z. By Bochner’s theorem (or Herglotz’s theorem [5]), there exists a positive
finite measure ppon T = {z € C | |z| = 1} which is identified by [0,1)(= R/Z)
such that

1
o(n) = / ™ =1rqu(z) for all n € Z.
0

It is known that

0D = Jim gy D el

To see this, it suffices to show that

P01 = 0=l e 37 () =0

n=—

by considering p — p({0})dg instead of p, where ¢y is a Dirac measure at 0.
Since |sinz| < |z| and 2 < sinz for = € [0,Z], we have

N 1 N 1
1 ) 90(”)‘ T 2N+ 1 ) /0 eI dp(x)
= n=—N

1 1 sin(2N + 1)nx
= / ( ) dp(x)
0

N 2N +1 sin x
< /5 1 sin(2N + 1)z
- Js
1-6
-
p)

2N +1 sin Tx

dp(z)

1 sin(2N + 1)z
2N +1 sinw

dp(z)

<

Sk

1
(2N +1)sin 7T5'M<T)'
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1) Hence, limsupy .. | xS0y 0(n)] < 5u((~5.9)).

Since 4 is arbitrary and u({0}) = 0, then we have limy o0 5577 SN veln) =
0.

for any ¢ € (0

Proposition 5. Let ¢ be a positive definite function on Z. If lim,,_, @(n) =
©(0), then p(n) = ¢(0) for all n € Z.

Proof. Let p(n) = [ e2™V=I"¢q;(z) (n € Z). Then, ©(0) = u(T). Also, we
0 N
have 1u({0}) = limy o0 5577 2on——n ©(n) = ©(0). This means that x is a non-

negative scalar multiple of Dirac measure at 0 and so we have ¢(n) = ¢(0)
for all n € Z. ]

Corollary 6. Let ¢ be a positive definite function on a group G and G is
generated by {g; | 1 € I}. If

lim p(g!') = p(e) foralli €I,
n—oo

then p(g) = p(e) for all g € G.

Proof. We may assume that ¢(e) # 0. By assumption and since lim,, . ¢(g7") =
©(e), we have p(g) = ¢(e) for all n by Proposition 5. In particular ¢(g;) =
o(e) for all i € I. Set

H:{geG

elg)
ole) © {1}}‘

Using Corollary 4, we conclude that H is a subgroup of GG. Since G is generated
by {g; | i € I} and g; € H for any i € I, we have p(g) = p(e) forallg € G. O

Remark. Let ¢ be a positive definite function on the additive group R.
We assume that the sequence {¢p(nz)}5°, converges to ¢(0) for any = € R.
If ¢ is continuous, then there exists a finite positive measure y on R such
that o(z) = [ eV~ qdu(t) (z € R) by Bochner’s theorem. We can prove
o(x) = ¢(0) by using the fact

um»ﬂmi/wmmw

T—o0 2T _T

(see [3]:Appendices A.4). Without the assumption of the continuity of ¢, we
can also have p(x) = ¢(0) by Corollary 6.
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EXPONENTIAL ATTRACTORS FOR SELF-REGULATING
HOMEOSTASIS MODEL ON A SPHERE

MAvA KAGEYAMA! AND ATSUSHI YAGI?
Received July 31, 2017

ABSTRACT. This paper is devoted to studying a complete two-dimensional Daisyworld model
on a sphere. The Daisyworld model which has been originally introduced by Andrew Watson
and James Lovelock (1983) describes the process of planetary self-regulating homeostasis by a
biota and its environment. After formulating our two-dimensional model, we construct global
solutions, dynamical systems and exponential attractors. We also show some numerical results
suggesting pattern formation of stripe segregation.

1 Introduction We are concerned with the initial-boundary value problem for a reaction-diffusion

system
% =dAu+[(1—u—0v)®(u,v,w) — flu in S x(0,00),
(L1) % =dAv+[1—u—v)¥(u,v,w) — flv in S x(0,00),
%~ Daw + (1~ glu,v)]R(w) — ow’ in S % (0,00),
u(w,0) = up(w), v(w,0)=1vp(w), w(w,0)=wy(w) in S,

on a sphere § C R3. This is a tutorial mathematical model originally introduced by Watson-
Lovelock [20] in order to investigate how the mechanism of global homeostasis works in Daisyworld
which was ideally set as a biological and climatological system. Daisyworld is an imaginary planet
that has only two types of daisies with contrasting brightness. They are expressly referred to as
white and black daisy. On the planet, there are enough water and nutrients to sustain daisies, and
thus the temperature is an only factor affecting the growth of daisies (for the details, see the review
of Wood-Ackland-Dyke-Williams-Lenton [22]).

Unknown functions v = u(w,t) and v = v(w, t) denote a coverage rate of white and black daisy,
respectively, at position w € S and time ¢. Therefore, u >0, v > 0 and u+v < 1 at any (w,t), and
1 — u — v denotes a rate of uncovered ground. The third unknown function w = w(w, t) denotes a
surface temperature. We assume that u and v satisfy a diffusion equation on S with diffusion rate
d > 0. It is the same for w with diffusion rate D > 0. So, A denotes a Laplace operator on the
sphere S. It is natural to assume that 0 < d < D. The function g(u,v) stands for an averaged
albedo of the surface that is given at each point as a function of u, v in the form

g(u,v) = apu + apv + ag(l —u—v)

= (ay — ag)u+ (ap — ag)v + ag,

where a,, a, and a4 denote the proper albedo of white daisy, black daisy and bare ground, respec-
tively. In general, we have 0 < ay < a4 < a, < 1; as a consequence, it is always the case that

2010 Mathematics Subject Classification. 35B41, 35Q92, 58J35.
Key words and phrases. Reaction-diffusion equations on a sphere, Exponential attractor, Daisyworld model.
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ap < g(u,v) < a,,. Furthermore, ®(u,v,w) and ¥(u,v,w) denote a growth rate of white and black
daisy, respectively. According to [20], they are set as

@ (u,v,w) = {1 = §(w — w — qg(u,v) — au])*}+,
U(u,v,w) = {1 —6(W—w — qlg(u,v) —ap))?*}4.

Here, w is a fixed optimal temperature for growing for both white daisy and black daisy. The term
qlg(u,v) — ay] (resp. qlg(u,v) — ap]) means some suitable adjustment on a local temperature to the
global one (i.e., w) at each position where white daisy (resp. black daisy) grows, ¢ > 0 being some
coefficient. Since g(u,v) < a, (resp. g(u,v) > ap), we see that w is always adjusted negatively
(resp. positively) where white daisy (resp. black daisy) grows. The notation {w}; = max{w,0}
denotes a positive cutoff of the function w for —oco < w < oo; consequently, {1 — §(w — w)?}; is a
positive cutoff of the square function 1 — §(w — w)? for —oo < w < 00, § > 0 being some coefficient.
Both white daisy and black daisy die at a rate f > 0. Finally, the term [1 — g(u,v)|]R(z) denotes
an increasing rate of the global temperature which is determined by the averaged albedo g(u,v)
mentioned above and the incoming energy R(w) from the sun which is a function of w € S hitting its
maximum on the equator and vanishing at the two poles. And, the term —ow? denotes a decaying
rate of the temperature due to the Stefan-Boltzmann law, ¢ > 0 being the Stefan-Boltzmann
constant of the surface.

A planetary biota modifies its environment and its environment regulates a biota by natural
selection. Self-regulating homeostatic system is an idea that the feedback between a biota and its
environment keeps the planetary surface environment stable and habitable for a biota. Daisyworld
has been introduced by Lovelock [13] as a simple parable to verify a hypothesis that the Earth
maintain self-regulating homeostasis (see Lovelock-Margulis [14] and Lenton [12]). In the original
Daisyworld model due to Watson-Lovelock [20], the whole planet is regarded as a single point. The
model is governed by rather simple rules: black daisies absorb more incoming energy, while white
daisies reflect more. They showed that the competition of daisies controls the global albedo of the
planet and regulate the global temperature to be more suitable for daisies. Their results suggested
a possibility that the Daisyworld model is very valuable for understanding the mechanisms of self-
regulating homeostasis of the Earth. The Daisyworld model was analyzed by several authors (e.g.,
[7, 16]), on the other hand, that inspired many modifications and extensions. Adams-Carr [2] and
Adams-Carr-Lenton-White [3] extended the original model to one-dimensional one including varia-
tion of incoming solar energy and heat diffusion on the sphere. The one-dimensional model retains
the temperature regulation and shows a stripe pattern that shows two types of daisies segregate.
A two-dimensional extension of the Daisyworld model based on cellular automata was introduced
by von Bloh-Block-Schellnhuber [19]. In [19], the equation for heat transfer on Daisyworld is gov-
erned by a simple energy balance equation and the spatial distribution of daisies are determined
by discretized equations. Additional extensional models based on the two-dimensional one were
presented (e.g., [1, 23]).

In this paper, we want to consider a complete two-dimensional version of the Daisyworld model
adding diffusion terms of daisies on a sphere. After formulating our model as a reaction-diffusion
equations on the sphere, we will analytically construct local solutions, global solutions, dynami-
cal systems and exponential attractors. In the last section, we will show some numerical results
suggesting two-dimensional pattern formation of the Turing type.

We denote by S a sphere given by

S ={w=(z,y,2) € R* 2% +y* + 22 = (*}
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with radius ¢ > 0. And, A denotes a Laplace operator on S, namely, A is a Laplace-Beltrami
operator on S whose definition will be reviewed in the next section. Following [3], we assume that
the solar energy incident on the surface is parallel to the latitude lines. The incoming energy R(w)
thus arrives symmetrically with respect to the equator, and it is given by

(1.2) R(w) = Ro/1 — (2/0)?, w=(x,y,2) €8,
with some coefficient Ry > 0.

2 Diffusion equations on S. The theory of diffusion equations on Riemannian manifolds is
already well known (see, e.g., [5]). It is however constructed in a very general context only using
Riemannian metrics and without using any information in which Euclidean spaces the manifolds
are embedded. On the other hand, in order to treat nonlinear diffusion equations like (1.1), the
functional analytical approach has a great advantage over other ones.

By this reason, we want to review in this section the theory of diffusion equations on S using
the fact that S is a special Riemannian manifold embedded in R3.

2.1 Local coordinates of S. We will use two polar coordinates in R3. First one is the usual
one. Let Hy = {(z,y,2) € R3 y=0, 2 > 0}. For P = (z,y,2) € R — Hy, put

x = rsin 6 cos ¢,
(2.1) y =rsinfsing,

z=rcos#,

where r = /22 4+ y2 + 22, 0 is the zenithal angle of OP and z-axis and ¢ is the azimuthal angle
of OQ and z-axis, = (z,y,0) being the projected point of P on the xy-plane. Therefore (7,0, ¢)
varies in 0 < r <00, 0 <6 <mand 0 < ¢ < 27.

Second one is defined in R? — Hy, where Hy = {(z,y,2) € R3; 2 =0,2 <0}. For P = (x,y,2) €
R3 — Hy, put

x = rsind cos p,
(2.2) z =rsindsin g,

y =rcosdv,

where r = \/a? + y? + 22, ¥ is the zenithal angle of OP and y-axis and ¢ is the azimuthal angle of
OQ and z-axis, @ = (z,0, z) being the projected point of P on the zz-plane. Now (r, 9, ¢) varies
n0d<r<oo,0<d¥d<mand —m<p<m.

These polar coordinates immediately provide a local coordinate system for S. Let S; =5 — Ty,
where I'y = SN Hy. Then, fixing r = ¢, we get from (2.1) a homeomorphism ©;:5; — Dy with
Dy ={(6,9); 0 <0 <m0< ¢ < 2r}. Similarly, setting Sy = S — I'g, where I's = S N Ha, we
get from (2.2) a homeomorphism @3 : Sy — Dy with Dy = {(¥,¢); 0 < ¥ <7, -7 < ¢ < w}. By
{(Si,0i)}i=1,2, S becomes a differentiable manifold.

Let {¢;(w)}i=1,2 be a partition of unity subordinate to {S;,©;}, that is, ¢;(w) are smooth
functions on S such that 0 < ¢;(w) < 1, 1 (w) + Ya(w) =1 on S and supp ¥; C S;. We need also
suitable rectangular domains G; C D;. For i = 1,2, let GG; be a rectangular domain such that

@i(suppwi) C G; C éi Cc D;.
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We equip S with the surface measure dw. For 1 < p < 0o, L,(5) is the space of all measurable
functions such that |f(w)|P is integrable on S. By the usual L,-norm, L,(S) is a Banach space.
When p = 2, Ly(S) is a Hilbert space with the usual inner product. Of course, f € L,(5) if and
only if ¢ f € L,(S;) for i = 1, 2; furthermore, ;f € L,(S;) if and only if (¢;f) 0 O;7 ' € L,(G;)
with norm equivalence of [|¢); fz,(s;) and ||(¥if) 0 ©; |z, (ch)-

2.2 Laplace-Beltrami operator on S. Let us denote by Vg the gradient operator acting to
the differentiable functions on S.
In Si, Vgu is described by the polar coordinate (2.1) in the form

(2.3) Vsu = % <cos¢9(:os¢gz — Z%zg—;, cos@singb% + Z?i?g—;, sin&?Z) .
If w € S, then the normal vector for S at w is given by n,, = (sin 6 cos ¢, sin @ sin ¢, cos @). Thereby,
it is directly verified that Vsu(w) - n, = 0, i.e., Vsu(w) is a tangential vector of S at w.

It is the same for the description of Vg on Ss.

We can then give a definition of the first order Sobolev space H*(S) on S using Vs. In fact,
H(S) is the space of all functions u € Ly(S) for which |Vsu| also belong to L2(S). It is easy to
see that u € H'(9) if and only if ¢u € H*(S) for i = 1,2. Furthermore, in S; it follows from (2.3)

that
2 L[(0u)’ 1 (o)
Vsul" =% 1\ ) *snza\as) |

Hence, yyu € H'(S) if and only if (Yyu) 0 ©71 € H'(G1). Tt is the same for 1ou € H'(S). We
equip H'(S) with the inner product

(u,v) 1 = /(Vsu - Vs + ut)dw, u, v € HY(S9).
S

Then, H'(S) becomes a Hilbert space. The norm ||¢;ul| g is equivalent to ||(¢;u) 0 ©;* |1 (c,) for
i=1,2.
We are now led to define the Laplace-Beltrami operator Ag by

(2.4) Ag = Vg - Vg.

In view of (2.3), in Sy we observe that

1 1 0 (. Ou 1 9%u
(25) ASU = ﬁ |:S1n989 <Sln989) + Sin20w:| .

In Ss, too, the similar description of Ag by means of (2.2) is verified.

2.3 Realization of Ag in L3(S). In order to formulate (1.1) in the space Lo(.S), we have to
define Ag as a linear operator acting in Lo(S). For this purpose, we consider the sesquilinear
form a(u,v) = (u,v)g1, u,v € H(S). Trivially, a(u,v) is continuous and coercive on H(S).
For each u € H'(S), the mapping v ~ a(u,v) is an anti-linear continuous functional on H!(S).
Then, elements v € H'(S) for which the mappings are continuous in the topology of L(S) are
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picked up. By the Riesz theorem, for such a u, there exists a unique element f € Ly(S) such that
a(u,v) = (f,v)r, for all v € H'(S). We then set Au = f, that is,

{'D(A) ={uec H(S); (u,v)m = (f,v)r, for all v € H*(S)},
Au = f.

It is immediate to see that u — f = Au is a linear operator from D(A) into Lo(S). Moreover, the
theory of variation (see Dautray-Lions [6]) provides that D(A) is dense in Ly(S) and A is a positive
definite self-adjoint operator of Ly(S). Furthermore, D(A) is shown to coincide with the second
order Sobolev space H?(S) which consists of functions u € Ly(S) such that (¢;u) o ©;' € H?(G;)
fori=1,2.

We here set A = A — 1 with D(A) = D(A) = H*(S). By definition, it holds for u € D(A) that

(Au,v)p, = / Vsu - Vsudw forall v € Hl(S).
s

Therefore, A is a nonnegative self-adjoint operator of Lo(S). And, Au = 0 implies |Vsu|> = 0
and hence u = const. In the meantime, by integration by parts we verify that Au = —Agu for
u € D(A). Hence, A is a realization of —Ag in the space Ls(S). Since D(A) is compactly embedded
in Ly(92), A can be decomposed of the form

oo

(2.6) Au = Z)\k(u,ek)Lzek,

k=0

where )y are eigenvalues of A and ey (w) are eigenfunctions of A corresponding to Ay, respectively.
Clearly,
0=X <A <A< <A< — o0

Meanwhile, er(w) compose an orthonormal basis of L2(S). As noticed above, eg(w) must be a
constant function on S, hence ep(w) = Q%/H.

2.4 Semigroup generated by —A. Since A is a nonnegative self-adjoint operator, — A generates
an analytic and contraction semigroup e~*4, 0 < t < 0o, on Ly(S). As the minimal eigenvalue \o
is zero, we have just

(2.7) He_tAHL(LZ(S)) =1 for any 0 <t < oo.

For any initial function uy € L (S), e~ 4 gives a unique solution to the Cauchy problem of diffusion
equation

U _ A '
2.8) 5 su in S x(0,00),
u(w, 0) = up(w) in S,

on S. Indeed, u(t) = e *4uy is a unique solution to (2.8) in the function space:

u € €((0,00); H2(S)) 1 €([0, 50); La(S)) N €*((0, 00): La(S))-
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From (2.6), e *4ug can be expressed by

o0

(2.9) e ug =" e M (ug,ex) ek, o € La(S).
k=0

The formula (2.9) immediately provides various properties of the solution u(t) to (2.8) as follows:
(1) If ug > 0, then e~ *4ug > 0 for any 0 < t < o0.
(2) It holds that [, e "*ugdw = [ uodw for any 0 < ¢ < oco.
(3) Let Pyug = (uo,€)r,e0 be the projection from Lo(S) onto the eigenspace of A\g = 0. Then,

(2.10) [ Pollc(rasy) < e~ Mt for any 0 <t < oo.
(4) As an operator from Lo(S) into H'(S), e~/ satisfies
1\ 2
(2.11) Hv,se ”L(Lg(S (/\1 + ) et for any 0 < t < co.
(5) As an operator from Lo(S) into H?(S), e~/ satisfies
1
(2.12) [Ase™ £ (ra(s)y) < ()\1 + t> e Mt for any 0 < t < o0.
e

The estimate (2.10) follows from

e’} 2
le™*4ug — Poug ||z, = e (Z e 2R (4, ek)L2|2> < e gl L,
k=1

Similarly, the estimate (2.12) follows from

|Ase gl L, = [[Ae™ M ugl|L, = “(ug, ) Lok

Lo
00

S Ok = A+ Aalem MM (ug, e) e
k=1

< M ol

_ e—Alt

Lo

Finally, the estimate (2.11) is observed by
[Vse " ugl7, = (Ae™ug, [ — Polug) L, < ||Ae™ " ugl|L, ™™ — Poluol L,
< [|[Ae™ | c(zacsy e = Polle(racsy lluoll,-

3 Construction of Solutions. In this section, we shall construct global solutions to the Cauchy
problem (1.1) and a dynamical system generated by them. We begin with formulating (1.1) in an
abstract form (cf. [11, 17, 24]).



EXPONENTIAL ATTRACTORS FOR SELF-REGULATING

HOMEOSTASIS MODEL ON A SPHERE 145

3.1 Abstract formulation. We consider (1.1) in the product Ls-space

u
X=(U=1|v];ueLyS),ve LyS), we L(S) »,
w

X being a complex Hilbert space by the usual inner product. Let A be a linear operator acting in
X which is given by

dA 0 0
A=[0 a4 o |,
0 0 DA

where A is the realization of —Ag in Ly(S) introduced in Section 2. Then, A is a nonnega-
tive self-adjoint operator of X and generates an analytic semigroup e ** which is expressed by
diag {e194 e7tdA e=tPAY on X. Tt then follows from (2.7) that

(3.1) le” " gxy <1 for 0 <t < oo.

Moreover, it is seen from (2.11) that

1
_ 1\2 _
IVse= A luagon < (Mot g ) e for 0 < ¢ < .
—tDA L\? oo
[Vse llc(acsy) < (A + i) ¢ ! for 0 <t < 0.
As a consequence,
tA 1?2 dArt
(3.2) IVse ™™ lexy < (A1 + o e M for 0 <t < oo.

From the view point of modeling, we may expect that the solutions exist in the ranges of
1 o, . .
u>0,v>0,u+v<1land 0<w<(Ry/o)7. On account of these range conditions, we introduce
a nonlinear operator F of X by

[x1(1 —Reu — Rev)®(x1(Reu), x1(Rev), x2(Rew)) — flx1(Rew)
FU)={[x1(1 —Reu—Rev)¥(x1(Reu), x1(Rev), x2(Rew)) — f]lx1(Rev)
[1—g(x1(Rew), x1(Rew))]R(w) — ox2(Rew)*

Here, x1(§) and x2(§) are cutoff functions defined by

0, —oc0<(<0, 0, —00 <€ <0,
xa@=q¢ 0<e<l, x2(§) = § € 0< &< (Rofo)?,
1, 1<E<, (Ro/0)%, (Ro/o)% <& < oo,
respectively.
The problem (1.1) is then formulated as the Cauchy problem
au
— + AU = 5(U), 0<t<oo,
(3.3) a " @) >

U(0) = U,
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in X, where U(t) = *(u(t), v(t), w(t)) is an unknown function and Uy is an initial value. As for the
space of initial values, we set

Uuo R %
(34) K=<Uy= | vg e X; U0>0,1)0>0,U0+’U()<1,0<’U)0<<O)
g
Wo

It is clear that x1(£) and x2(&) are uniformly bounded and globally Lipschitz continuous func-
tions for —oo < € < oo. Consequently, ®(x1(Reu), x1(Rev), x2(Rew)) and ¥(x1(Rew), x1(Rev),
x2(Rew)) are uniformly bounded and globally Lipschitz continuous functions for (u,v,w) € C3.
Therefore, it is easily verified that F is a bounded operator and satisfies the Lipschitz condition,
ie.,

(3.5) |1FO)|x < Ch, UeX,
with suitable constants C; > 0 (i = 1, 2).
It is then possible to apply the general theory of abstract parabolic evolution equations, see [24,

Theorem 4.4], to (3.3) to obtain that, for any Uy € K, there exists a unique local solution to (3.3)
in the function space:

U € C((0,Ty,]; D(A)) N ([0, Ty, ]; X) N €H(0, Ty, ]; X).

Here, the time Ty, > 0 is determined by the norm ||Up| x alone.

3.2 Global solutions. We can verify that the local solution U(t) constructed above takes its
values in K.

Proposition 3.1. The condition Uy € K implies that U(t) € K for any 0 <t < Ty, .

Proof. Tt is easy to verify that, if U(t) is a local solution of (3.3), then its complex conjugate U (t)
is also a local solution with the same initial condition. Therefore, U(t) = U(t) and U(t) is real
valued.

Firstly, let us see that u(t) > 0. For this purpose, we use a €2-cutoff function H(u) given by

%uz—l—%u—i—%, —oo < u < —1,
H(u) = { —gu?, -1<u<0,
0, 0<u<oo.

Put h(t) = [¢ H(u(w,t))dw. Then, for 0 <t < Ty,

dhl /H —dwf /H'(U)Agudw
S
+ /S H (w1 — w — 0)@(xa (), xa (0), xa(w)) — flxa (u) doo.

Since
/ H'(u)Agudw = —/ Vs H'(u) - Vsudw = —/ H" (u)|Vsu|?dw < 0
S 5 s
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and since H'(u)x1(u) = 0 for —oco < u < 00, it follows that ‘é—'g(t) <0, i.e., h(t) < h(0) =0 for any
0<t< TU0~

The same arguments for v(t) conclude that v(t) > 0 for any 0 < t < Ty, .

Secondly, in order to see that u(t) + v(t) < 1, we notice that z(t) = 1 — u(t) — v(t) is regarded
as a solution to

% = dAgsz — [P(x1(u), x1(v), x2(w)) + ¥(x1(u), x1(v), x2(w))]x1(2) + flxa(u) + x1(v)].

We can then repeat the same arguments as for u(t) and v(¢) to conclude that z(¢t) > 0 for any
0<t< Ty,

Thirdly, let us observe that 0 < w < (Ry/0)% for any 0 < t < Ty,. The verification that

w(t) > 0 is the same as for u(t) and v(t). Putting w;(t) = (Ry/0)3 — w(t), we notice due to (1.2)

that
8’(1)1

W = DAgwy — o[Ro/o — x2(w)*] + Ro {1 +[g(u,v) — 1]y/1— (z/4)2}.
Then, put hq (¢ fs (w1 (w,t))dw. Since H’((RO/U)4— )[Ro/o—x2(w)?] =0 for —0o < w < o0,
it follows that dgtl( ) €0, ie., hy(t) < hi(0) = 0. Hence, (Ro/o)i — w(t) > 0 for any 0 < ¢ é
Ty,

o
This proposition shows that the norm [|U(t)||x remains uniformly bounded on the interval

[0,Ty,]. This then means that one can always extend any local solution with a uniform time
interval. Therefore, we obtain the following existence result.

Theorem 3.1. For any Uy € K, (3.3) possesses a unique global solution U(t) in the function space:
U € €((0,00); D(A)) N €([0,00); X) N €1((0, 00); X).

As verified by Proposition 3.1 U(t) takes its values in K for all 0 < ¢t < oco. Thereby, x1(u(t)) =
uw(t), x1(v(t)) = v(t), x1(1 —u(t) —v(t)) =1 —u(t) —v(t) and y2(w(t)) = w(t) for all 0 < t < co.
This in turn shows that the global solution U(t) of (3.3) can be considered as a global solution to
the original problem (1.1), too.

Let us finally verify global norm estimate and continuous dependence of solutions on initial
values.

Theorem 3.2. Let Uy € K and let U(t) be the global solution of (3.3). Then,

1
1 2
3.7 IVsU®)|lx <Cs |[1+=) e ™ Uy|lx + 1 for 0<t<oo
t

with some constant Cs.
Proof. By Duhamel’s formula, U(t) can be written as

Ut) = e Uy + /t e~ AT (U(s))ds.

0

Thereby,
t
VsU (t) :vse—“‘Uo+/ Vse AT (U(s))ds.
0
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Due to (3.2) and (3.5), we have

3 t 1 3
t < (A - —dAit / A 7d)\1(tfs)d
T e R L P A e I

1\? o 12
<M+ — ) U c / M+ —— ) e ods.
- ( L edt) € IWollx + €1 0 o eds ) © y
Hence, (3.7) is verified. O

Theorem 3.3. Let Uy, Vo € K and let U(t) and V(t) be the global solutions of (3.3) with initial
values Uy and Vy, respectively. Then,

(3.8) 1U(t) = V(©)|x < U — Vollx for 0<1t < o0,

1\
<1+t> + et

Proof. By Duhamel’s formula again, we have

39 Vs[U#) - V(®)][lx < Ca U —Vollx  for 0<t<oo

with some constant Cy.

U0 - Vi = 40l + DA F(U () — F(V () ds.
In view of (3.1) and (3.6),
IU() — V©)lx < |Uo — Vallx + Co / 1U(s) = V(s) | xds.

Hence, (3.8) is obtained.
Similarly, from

Vs[U(t) = V(t)] = Vse™ ™ [Uy — Vo] +/O Vse I (U(s)) — F(V(s)))ds,

it is estimated by (3.2), (3.6) and (3.8) that

IVs[U () =V B)llx

1 E dA1it ! 1 % dA1(t—s)+C2s
A —_— oA C A - —dA1(t— 2
<1+edt> © T 2/0(1+ed<ts>> ‘

1 % Ot t 1 %
(“edt) o /O(Med(ts)) o

Hence, (3.9) has been verified. O

< [Uo — Vol x

< 1Uo — Vo x-
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4 Dynamical Systems This section is devoted to constructing a dynamical system determined
by (3.3) and showing existence of attractor sets. For this purpose, however, it suffices to simply
follow the general procedure that is known for the Cauchy problems of semilinear abstract parabolic
evolution equations, see [24, Section 6.5].

For Uy € K, let U(t; Up) denote the global solution of (3.3), and set

S(t)Uo :U(t; Uo), 0<t<o0.

Then, S(t) is a nonlinear semigroup acting on K, i.e., S(0) = I and S(t + s) = S(t
0 < s,t < oo. Furthermore, S(t) is seen to be continuous in the sense that (¢,Up) —
continuous from [0,00) X K into X. Indeed, fix (¢,Uy) € [0,00) x K. Due to (3.8),

)S(s) for
S(t)UO is

15U = SHUollx < SE)Ug — SE)Vollx + [1SE)o — S(t)Vollx
< %! ||Ug = Uollx + |1S(t)To — S(t)Ts||x-

Then, (¢',U)) — (t,Up) implies S(t')\U) — S(t)Up in X. Hence, S(t) defines a dynamical system in
the space X which is denoted by (S(t), K, X) (cf. [4, 18]). The phase space K is a bounded, closed
subset of X.
As well known, the dissipative estimate (3.7) provides existence of the global attractor. Set a
subset B of K by
B=Kn{Ue€[H"(9)]|VU|x <Cs+1}.
Then, (3.7) means that there is a time T such that S(¢t)K C B for every ¢t > T, i.e.,, B is an

absorbing set. In addition, B is a compact set of X. Therefore, B is a compact absorbing set of
(S(t), K, X). It is clear that S(¢t)B C B for every t > T. So, we set again a subset of K by

x= |J S@®B.

0<t<T

Then, S(t)X C X for every t > 0, i.e.,, K is an invariant set. Therefore, X is not only compact and
absorbing but also invariant. This means that the asymptotic behavior of trajectories of (S(¢), K, X)
can be reduced to a sub dynamical system (S(¢), X, X) in which the phase space X is a compact
set of X.

By the usual arguments, it is seen that B = (,.,.., S(t)X becomes a global attractor of
(S().%, X).

Furthermore, thanks to the estimate (3.9), we can construct the exponential attractors. Re-
member that a subset M C X satisfying the following conditions is called an exponential attractor
of (S(t),X, X):

1. M is a compact subset of X with finite fractal dimension.
M includes the global attractor B.

M is an invariant set, i.e., S(£)M C M for every ¢t > 0.

- W N

There exists an exponent k > 0 such that
R(S(t)K, M) < Cse 0<t< oo,

with a constant Cy > 0.
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Here, h(K1, K3) = suppcg, infger, [|[F — G| x is a semi-distance of two subsets K1 and Ky of X.
As explained in [24, Section 6.4], the compact smoothing property

ISt )Uo = S(t*)Vollmr(s) < CsllUo — Vollx, Uo, Vo € X,

of S(t*) with any fixed time ¢* > 0 provides existence of exponential attractors. But, in the present
case, this property is nothing more than the estimates (3.8) and (3.9).
In this way, we have obtained the following theorem.

Theorem 4.1. The dynamical system (S(t), K, X) possesses exponential attractors.

Proof. As explained above, we already know that there exists an exponential attractor M for
(S(t),X,X). Then, as S(T)K C B C X, it is readily verified that M is an exponential attractor
for (S(¢), K, X), too. O

5 Some Numerical Results We shall conclude this paper with illustrating some numerical ex-
amples. Let us consider (1.1) in the sphere S with £ = 1. Numerical methods for partial differential
equations on the spheres have been widely developed in the field of geodynamo simulations. For
example, Yin-Yang grid by Kageyama-Sato [9], Cubed Sphere grid by Ronchi-Tacono-Paolucci [15],
Half-Step-Shifted grid (e.g., [8]) and a method of applying I'Hospital’s rule on the pole grids (e.g.,
[10]), see also the review of Williamson [21]. These numerical methods have in general a trade-off
between computational cost and their accuracy.

We use the explicit Half-Step-Shifted grid scheme. As surveyed below, this scheme is based on
the traditional finite difference methods with the spherical polar coordinate system. For spatial
discretization, the i-th colatitude grid point §; and the j-th longitude grid point ¢; are defined by

6; = jA®, (G=0,1,---, M),

respectively, where N and M denote the numbers of grid points. And the n-th time step is defined
by t, = nAt. We assume that A#f; is a non-uniform grid spacing which is smaller near the poles,
while A¢ is a uniform one (A¢ = 27/M). This scheme is a simple idea which the horizontal grid
lines are shifted by a distance of Af;/2 in order to remove coordinate singularity problems at the
poles.

Let us denote the approximate values by U, = u(0;, d;,tn), V" = v(0i,¢;,t,) and W', ~
w(0;, ¢;,tn), respectively. Then, (1.1) is discretized as follows:

n+1 n
Ui — Uiy

ot = (1= U7, V) BT VL

2,70 V1,57

W) - f1U7

»J

11 /. Ul — UL Ul — Ul
d Lm 6 A (Sm VA

1 C%H%%+zzgl

sin® 6;
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‘/ii?_l B ‘/17»1] _ 1 Un Vn \I’ Un n Wn Vn
At - [( Y5 7,,]) ( INERENE] z,]) _f} 2,7
1 1 . Vila, = Vi Vity = Vit
d lsmai A6, (Sm%mi msin T
1 (V;T,lj—i-l =2V + itlj—l)
sin® 6; (Ag)? ’

n+1 n
Wi — Wi

S = 1= U2 V) RO) o (V,)°

1,57 V1,]

11 . i1, — Wi . Wi — Wity
b [Sin&- Ab; (Sm bt AG, Sinfis =40,

1 (Wﬁjﬂ —2Wi + fjl)
sin? 6, (Ag)?2 '

Meanwhile, we set the parameters in (1.1) as: d = 107%,D = 1.0,a,, = 0.75,a, = 0.50,a, =
0.25,8 = 0.003265, f = 0.3,w = 295.5,¢ = 40 and o = 5.67 x 1078, The incoming energy R(f) is
taken as

R(0) = 4917 Lsind
T

where L = 0.85 is the same as in Watson-Lovelock [20]. Initial functions uo(6, ¢), vo(8, @), wo (8, @)
are constructed by slightly perturbing constant functions @g(6,$) = 0.321,7(0,¢) = 0.291 and
Wo(0, ¢) = 290.96 for (0,¢) € (0,7) x [0,27). In numerical computations, we apply the periodic
boundary conditions at j = 0 and 5 = M and the latitudinal boundary conditions:

UO,j = Ul,%+ja UN+1,j = UN,%Jrj’ (] =0,1, 7M/2)7
Uo,j:UL_%J,_]W UNJF]_’J’:UN’_%J’_J‘, G=M/2+1,..,J),

at ¢ =1 and i = N. It is the same for V; ; and W, ;.

The numerical solution to (1.1) stabilizes asymptotically. About ¢ = 600, its evolution shows
down evidently. This may mean that the solution is attracted by the global attractor. Fig.1
illustrates the graphs of u(8, ¢,t), v(0, ¢, t), w(8, ¢,t) at t = 600.

Their graphs show a clear segregation strip pattern. The interface is given by zigzag curves
which are almost parallel with the equator.

Similar results are obtained by another numerical method.
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(a) WHITE DAISY (b) BLACK DAISY

(c) TEMPERATURE

Fig. 1: (a) Graph of u(6, ¢), (b) Graph of v(6, ¢) and (c) Graph of w(f, ¢) at time t = 600.
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ABSTRACT. We study the bifurcation problem for a chemotaxis-growth system with lo-
gistic growth in a two-dimensional rectangular domain. We apply the local bifurcation
theorem by Ambrosetti and Prodi that does not require one-dimensional degeneration
of the linearized operator around trivial solutions. We then obtain bifurcation solu-
tions with two- and three-dimensional degeneration indicating spatially regular nesting
patterns.

1 Introduction.

Budrene and Berg [2, 3] found that the chemotactic bacteria E. coli form remarkable macro-
scopic regular patterns in their colony, resulting from the interplay between diffusion, chemo-
taxis and growth. Mimura and Tsujikawa [12] studied the following chemotaxis-growth
system to elucidate the mechanisms for pattern formation processes:

% = dAu—xV - (uVp) + f(u) in Q x (0,00),
dp .

(E) E—Ap—bp—l-cu in Q x (0, 00),
du 0Op
%_%_0 on 99 x (0, 00),
u(z,0) = up(x), p(z,0) = po(x) in Q.

Here, Q@ C R? is a bounded domain with boundary 99, and d/0n denotes the derivative
with respect to the outer normal of 2. The function u(z,t) is the population density of the
chemotactic bacteria at position z € £ and time ¢ € [0, 00), and p(x,t) is the concentration
of chemical substance that is produced by the individuals. The function f(u) denotes the
growth of u, and several different forms have been proposed for f(u) [7, 16]. We assume in
this paper that f(u) is a logistic saturating growth function,

F(w) = au(1 - pu),

where a and p are positive constants. The other coefficients b, ¢, d and x are also positive
constants. The advection term —xV - (uVp) corresponds to chemotaxis of bacteria, and the
coefficient x indicates the intensity of chemotaxis.

In this article, we consider a bifurcation problem for the stationary state of (E). In a
two-dimensional rectangular domain, Kuto et al. [11] proved that one-mode bifurcations
occurred for the uniform state (u, p) = (1/u, c/(ub)), that is, stripe and rectangle patterns
occurred along destabilized x and y-directional double Fourier modes. Kuto et al. [11] also
showed solutions for a hybrid mode bifurcation that formed hexagonal patterns. In the

2000 Mathematics Subject Classification. Primary 35B32; Secondary 35B36, 35J47, 35Q92, 92C17.
Key words and phrases. chemotaxis-growth system, Lyapunov-Schmidt reduction, bifurcation,
codimension-two bifurcation, codimension-three bifurcation.
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analytic proof, Kuto et al. [11] applied the classical local bifurcation theorem by Crandall
and Rabinowitz [4], which requires one-dimensional degeneration of a linearized operator
around the uniform state. In other words, the kernel of linearized operator is prohibited
from containing any hybrid modes in the Crandall and Rabinowitz theorem [4]. Hexagonal
pattern formation, however, does use two destabilized hybrid Fourier modes (see Section 4).
Kuto et al. [11] therefore introduced a restricted functional space possessing 27 /3-rotational
symmetry, which is a closed one-dimensional subspace in the universal space, and applied the
Crandall and Rabinowitz theorem in this subspace (see also [13]). An equivalent approach
for hybrid mode bifurcation is the bifurcation theorem considered in [5], which is a similar
bifurcation theorem that considers the symmetry of patterns.

In this article, we apply another type of bifurcation theorem introduced by Ambrosetti
and Prodi [1], which admits multi-dimensional kernels of linearized operators. Indeed,
we obtain another hexagonal pattern solution to (E) which does not have 27 /3-rotational
symmetry (see Figure 2). In addition, we study the bifurcation problem for (E) with three-
dimensional kernel and obtain novel spatially regular nesting patterns. These patterns are
not demonstrated in [11]. The advantage of no one-dimensional restrictions is, for instance,
there is no need to know all of the symmetries in the hybrid mode in advance. Another
advantage is the simpler the sufficient conditions for bifurcation are, the easier we can
implement the algorithm for obtaining bifurcating solutions in a computer program.

We conclude this introduction by referring as other results as follows: In the one-
dimensional chemotaxis-growth system (E), Kurata et al. [10] demonstrated that the in-
stability of solutions occurred for the uniform state, and time-periodic solutions succes-
sively bifurcated from the nontrivial stationary solutions by utilizing the bifurcation soft-
ware AUTO. Painter and Hillen [15] also showed that one-dimensional periodic solutions
successively bifurcated and resulted in chaotic dynamics. If the logistic term is absent
for (E) (f(u) = 0), the chemotaxis-growth system (E) reduces to the celebrated Keller-
Segel chemotaxis system [9], which admits the blow-up of solutions by overcrowding due
to chemotaxis [6, 8, 18]. Meanwhile, for the two-dimensional chemotaxis-growth system
(E), Osaki et al. [14] showed the existence of global-in-time solutions and a compact global
attractor for the dynamical system generated by these solutions. For the case of more than
three dimensions, Winkler [17] obtained the global-in-time existence of solutions for (E)
under the quadratic suppression of f(u) for sufficiently large . Zheng [19] also recently ex-
tended the valid region of i for the global-in-time existence of solutions to the n-dimensional
chemotaxis-growth system (E).

This paper is organized as follows. First, we provide a brief review of the multi-
dimensional bifurcation theorem by Ambrosetti and Prodi [1] as a preliminary. In Sec-
tion 3 we frame the chemotaxis-growth system (E) as a nonlinear bifurcation problem.
In Sections 4 and 5 we study the bifurcation problems with two- and three-dimensional
degeneration of the linearized operators, respectively.

2 A brief review of the multi-dimensional bifurcation theorem.

Let F' be a nonlinear operator such that F' € C>®((A1,A2) x X;Y). Here, X and Y are
Banach spaces, and (A1, A2) is an interval in R. We consider a bifurcation problem for a
functional equation in the Banach space Y:

(2.1) F(\u)=0 €Y.

Assume that the nonlinear equation (2.1) has a trivial solution w = 0 for arbitrary A, i.e.,
F(X\0) =0, Y\ € (A1, A2). We denote a bifurcation point by A = A\*. Then the linearized
operator of F'(A\, u) around (A, u) = (A*,0), L = F,(A\*,0) € L(X;Y), should degenerate,
that is, L is not invertible, and then V := X(L) # {0}. Let us denote R := R(L). Assume
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also that V' has a topological complement W in X, and R is closed and also has a topological
complement Z in Y:
X=VeW, Y=R&Z

The Taylor expansion of F(A,u) around (A, u) = (A*,0) is expressed as
1

where M = F,5(A*,0), B = F,,(A\*,0), and ¢ (u,u) is a smooth function such that
w(/‘v 0) =0, wu(070) =0, wuu(070) =0, and "/})\u(ov O) =0.

By denoting the solution as u = u(v+w), Ambrosetti and Prodi [1] derived a bifurcation
equation with conjugate projections

P:Y—>Z Q:Y—R.

By substituting v = u(v + w) into the equation, we have

1 -
(2.3) PM(erw)+§PB[v+w,v+w]+qu(u,v,w) =0,

(24)  @(pv,w) = Lw + pQM (v + w) + %uQB[v +w, v+ w] + p*QP(u, v, w) = 0.

Here, t(p, (v + w)) = p34(p, v, w) for a smooth function v (y, v, w). Since ®(0,v,0) = 0
for any v € V and ®,(0,v,0) = L # 0, the nonlinear equation ®(u,v,w) = 0 (which
generally has an infinite number of dimensions) can be uniquely solved in w around the
neighborhood A X V x W of (u,v,w) = (0,v*,0), where v* € V is arbitrarily fixed in V.
Then, the component w can be expressed uniquely as w = py(p,v) € W, (u,v) € A x V,
with a smooth function v depending on v*. Substituting this into the equation (2.3) (which
is finite dimensional in a favorable case, e.g. L is a Fredholm operator), we obtain the
bifurcation equation for A x V:

(25) Nipv) = PM(o+ py(ps,0)) + 5 PBIo + (41, 0),0 + s, )]
+ PP, v, py(p,v)) =0 € Z,

where N(u,v) is smooth. We here note again that when the dimension of the subspace
Z CY is finite, the bifurcation equation (2.5) consists of a finite number of equations.

The multi-dimensional bifurcation theorem introduced by Ambrosetti and Prodi [1] is
as follows:

Theorem 2.1. [1, Theorem 5.1, p.102] Assume that two Banach spaces X and Y satisfy
the conditions that V' = X (L) has a topological complement in X, and R = R(L) is closed
and has a topological complement in Y. Assume also that: for the nonlinear problem (2.5),
there exists v* € V., v* # 0, such that

(a) N(0,0*) = PMv* + 3 PB[v*,v*] = 0;
(b) the linear operator N, (0,v*) =S5 :V — Z, Sv = PMv + PB[v*,v], is invertible.

Then, there exists a local branch of nontrivial solutions (A, u())) to (2.1) which bifurcates
from (A*,0) such that
A=Ntp, uw=po 4 po(p)],

where ¥(u) is a smooth function of p. O
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For the complete proof of Theorem 2.1 we refer to [1, p.102], but the above results are
clear from the implicit function theorem. Indeed, for the bifurcation equation N (u,v) = 0,
there exists a unique solution (u,v(p)) for small g and v(0) = v*. Then, by substituting
v =o(p) into u = p(v+w) and w = py(u,v) we obtain a nontrivial solution u = u[v(p) +
puy(p,v(p) )] near g = 0. From the Taylor expansion of v(u) around p = 0, we obtain the
local solution (A, u(\)) to (2.1). O

3 Bifurcation equation of chemotaxis-growth model.
We return to the bifurcation problem for the following stationary system of (E):

dAu — xV - (uVp) +au(l — pu) =0 in Q,

Ap—bp+cu=0 in €,
(SE) ou  p

a—n—a—n— OnaQ,

u>0,p>0 in Q.

The spatial domain is specified as

(3.1) 0= (0, %) x (0, %) :

Here | > 0 is a control parameter for bifurcation., The setting of Banach (Hilbert) spaces
X and Y is
X = H3(Q) x H3(Q), Y = L*Q) x L*(Q)

with norms:

1Ulx = \/lullFee + ol WUy = y/llullzz +lollZz, U ="lu g,

where H%,(Q) = {w € H?(Q); 2% =0 on 09Q}. Then, the inner product of ¥ is:

(Ur,Us)y = (ur,u2)r2 + {p1,p2)r2, Ui ="T[us p1], Uz ="T[uz po] €Y.

We will show the existence of nontrivial solutions bifurcating from the positive trivial equi-

librium to (SE): )
v =] = |eflm)

We set x as a bifurcation parameter, and F': (0,00) x X — Y by

(3.2) F(x,U) = [dAu —xV - (uVp) +au(l — uu)] .

Ap —bp+ cu

Indeed, the nonlinear terms are L?-valued functions in view of | V-(uVp)||zz < C|luVpl||g <
Cllullgz||pll 2 and [[u?|lp2 = |lul[3s < Cllu||g||ulf2. Then, the nonlinear bifurcation
problem for (SE) can be expressed as

F(x,U)=0 €Y, (x,U)€(0,00) x X.

The linearized operator
L:=Fy(x",U") € L(X;Y)
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around U = U* is calculated as

*

h dAh — XAk — ah dA —a —X Al [n h
3.3 L = M = m X:
(3.3) M { Ak + ch — bk } [ c A—b] M ME ’

and we also obtain the second order derivatives of F'(x,U) as follows:

i) = e =[]

o ([ i) = oot o ([ i) - [P emoe T ome e

for T[h k], T[h k] € X. From the above we can set the bifurcation equation N(\,U) = 0
for (SE) in the neighborhood of (0,U*) € (—¢,¢) x V with x = x* + A and small €.

We introduce double cosine functions for the usual orthogonal basis of L?({2) under
homogeneous Neumann boundary conditions:

{m () ¥n(y) | m,n >0}, dm(x) = cos(ima), 1n(y) = cos(v/3lny).

Then, the orthogonal basis of Y is induced as:

{T [hmn @ (@) Vn(Y) Kmn Gm(2)Pn(y)] [ m,n > 0} .

Proposition 3.1. The linearized operator L = Fy (x*,U*) degenerates at x* = x(m,n),
where x(m, n) is defined as
ab

B 2 2 2
(34) X(m,n) C|:dl (m + 3n )+m+a+bd .

Proof. Consider the linearized equation LT [k h] = 0 with homogeneous Neumann bound-

ary condition % = % = 0 on J9. Substituting the two cosine Fourier series for h(z,y)

and k(z,y):

55) = 2 ] omrntn

m,n=0

to the linearized equation, we have an equivalent equation for each Fourier coefficient
TRy kmn) such that

—dI?(m?+3n%) —a  XI*(m? + 3n?) Ronn, 0
Ly ) = , myn€N.
c —1*(m*+3n°) —b 0

kmn

(3.6) [

This indicates that there exists a nontrivial solution Z[h,,y, kmn] to (3.6), if and only if the
following characteristic equation holds:

c —12(m? +3n?) — b
= [dI2(m? + 3n2) + a][12(m2 + 3n2) + b] — x—12(m? + 3n2) = 0.
7

(3.7) ’—dl2(m2 +3n%) —a  £1(m*+3n°) ’

Solving this for x, we have (3.4). O
Let V be the kernel of the linearized operator L: V = X(L). Then, for the composition
of V' we have:
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Proposition 3.2. The kernel V is the linear span of the cosine Fourier basis

1

77’mn

Do = [ } ()00 ()

of which modes (m, n) satisfy the characteristic equation (3.7), where

c
hn = 12(m2+3n2) +b

Proof. The proof is given in Kuto et al. [11, Theorem 5.1]. O

4  Two-dimensional kernel bifurcation of chemotaxis-growth model.
Kuto et al. [11] studied the bifurcation with two-dimensional kernel for (SE) by restricting
the functional space to 27/3-rotational symmetry. The multiplicity occurred in the lowest
Fourier modes (m,n) = (2,0) and (1, 1), in the sense that m?+3n? = 22+3-02 = 12+3-1% =
4, and there are not multiple solutions of (m,n) for m? + 3n? < 3.

In this section, we study the two-dimensional kernel bifurcation under the multiplicity
of Fourier modes (m,n) = (2,0) and (1,1) without a one-dimensional kernel restriction.
The kernel V is actually the linear span of the two Fourier bases:

V = span {®3, P11},
and hence dim V' = 2. Since R and W are isomorphic on L|y, Z is the same linear span:
Z = span {®gg, P11} .

The projection P : Y — Z is naturally introduced as:

PP o, P
(4.1) pg— (BPn)y 2°§Y By + (D Puly “gy €2 ®eY,

[®20]l3 1®11]3

1472) 72 1472) 7?2
Where [[@s0])3 = S0 and [0 [} = S
We extract v* € V satisfying the sufficient conditions (a) and (b) in Theorem 2.1. By
denoting
(42) ' =aPy + Py = |:,Zi:| eV, a, BER,
2

we first determine o and 3, as v* satisfies the condition (a). The values Mv* and B[v*, v*]
are calculated as:

(4.3) Mot = [IOA} _ [‘“ o)+ mmwl(y)l] |

(44) 'B[U*, ’U*] _ |:2 [X* (v : (UIVOIU;)) + QM(UT)2}:| — |:_7720X*A (UT())Q - 2&#(’(}{)2] .
By straightforward calculation we have
(Mv*, Do)y 41%n20 (Mv*, ®11)y 41%n20

= «, - /B'
1®20ll3 (1 +m3) @113 (1 +m3)
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We then obtain

4l 27720

4.5 PMvy* = ——=—
(4:5) A %)

(a®y + fP11).

Similarly, since

(Blv*,v*], ®a0)y _ 2x* 1?20 — 0#52 (Blv*,v*], ®11)y _ 2(2x* %090 — ap)
| @20ll3- 20 +m3) @115 1+ 13,

ap,

we have

2X* P20 — apt
4.6 PBv* v = s — P 4apBPqq) .
(4.6) [v*, v"] 2(1 + 1y) (5 20 + 4a 8 11)

From the above, the condition (a) of Theorem 2.1 results in

[160%m2000 + p(2X* P20 — ap) B%] Pao

_ B
(1 +m30) 1

1 1
4.7) PMv* + =PBv*,v"| = —-—
o 2P g

+ [41%120 + p(2x* P20 — ap)a] @11 = 0.
As &y and P are linearly independent in Y, we obtain the coeflicients («, 8) # (0, 0) under
the condition 2x*1?n20—au # 0 where (o, 8) = (A4, —2A4), (A,2A) with A = —%.
This shows that the v* satisfying condition (a) are the following two candidates:

4l2n20
(2x* 1220 — ap)’

(48) v =A ((I)QO — 2(1311), A (q)go + 2(1311)7 where A = —

We display the profiles of these functions in Figure 1.

We here note that the latter result was first demonstrated in [11], and the former is newly
derived in this paper, indeed, the former result does not have 27 /3-rotational symmetry
(see Figure 2).

Next, we consider the condition (b), that is, the invertibility of the operator S : V — Z,
Sv =PMv+ PB[v*,v], v eV, with v* € V fixed as in (4.8). Let us denote v € V as

v
(4.9) v=nPo + (P11 = [Uj ;om, CER.

Then, we have

(4.10) My = [ .

412% (nd2(z) + gqsl(a:)%(y)]] ’

(4.11) Bv*,v] = {X* [V (viVv) + V- (11 V)] — 2auvi‘v1}

0

_ [—77209(*A (viv1) — 2apvf vl}
= 0 .

Since
(Muv, ®20)y 412120 (Muv, ®20)y 412120

= n, - )
[®20]l3 (1 +m3) @115 (1 +m3)
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(a1) (a2)

3 R
7 7
2.5
6 6
2 B
5 15 5
4 1 a 8.
0.5 -
3 3
[ -1,
2 2
8.5 -
) -1.5 ° E
) 2 a 6 8 10 12 12

) 2 4 6 8 10

(b1) (b2)

3 T T T T 1.3
7 7
2.8 1
6 [
2 0.5
5 1.5 s L]
a 1 a -8.5
3 0.5 R ”
[ 1.5
2 2
-0.5 -2
1 1
. ‘ v
[ 1.5 [ . . . . -
[ H a 6 8 10 12 [ 2 a 6 8 10 12

Figure 1: Plots of the functions belonging to the two-dimensional kernel V =
span{®y9, ®11}. The spatial domain is Q = (0,47) x (0,4v/37). (al) v* = A(Pyg — 2P11)
with A=1>0. (a2) v = A((I)QO — 2(1)11) with A = -1 < 0. (bl) v* = A(‘I’QO +2(I)11) with
A=1>0. (b2) v* = A(Po + 2P11) with A = -1 < 0.

1.5
8 1
a 0.5
)
2
-8.5
)
-1
- -1.5
-4 -2
- -2.5
-3
-18 -5 a 5 18

Figure 2: The spanning v* in the spatial domain (—47,47) x (—4v/37,4v/37). The white
horizontal and vertical lines represent the = and y axes, respectively. The black lines
are auxiliary axes in the directions of 7/6, 57/6, 37/2. (a) v* = A(Pg — 2P11) with
A = —1 < 0, which does not have 27 /3-rotational symmetry. And, (b) v* = A(Paop +2P11)
with A = —1 < 0, which have 27 /3-rotational symmetry.
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we then obtain
41%n20

PMy= ———F—
(14 n30)

(n®20 + (P11) -
Similarly, since

<‘B[U*,’U]7<D20>y o 2127720

- Ca
[[®20]15 (1 +n3y)
(Blv*,v], ®u1)y 4%
2 - 2 (77 - C)v
[ @115 w(l+n3,)
we have ,
2020
PB[v*,v] = ——5—~ (@0 +2(n — )P11].
[ ] ,u(1+77§0) [C 20 (77 C) 11]
From this, it follows that
A5 2%130 41290 T
Sv( 7 C>‘D T 5P =[Py @ sH
/’L(l +77§0> ,U,(l +n%0) 20 ,U/(l +77§0) 11 [ 20 11} C

Here, S is the representation matrix of S:

I 2015 |2 1
w(l+n5) |2 0

Since

- 8l4n2
det S = — 20— #0,

12 (1+130)
the operator S is isomorphic.

We finally arrive at the main result of this section.

Theorem 4.1. Let v* € V be the functions defined in (4.8), and x* = x(m,n). Then,

under the conditions
2X*1*n20 — ap # 0,

there exists a local branch of nontrivial solutions (x(A),U(X)) € (0,00) x X to (SE), with

small parameter A € (—¢, ), which bifurcate from (x*,U*) such that
XA =x"+A, U =U"+Av"+A0(N\)],
where ¥(A) is a smooth function of M.

5  Three-dimensional kernel bifurcation of chemotaxis-growth model.

In this section, we study the lowest dimension-three bifurcation along the Fourier modes
(m,n) = (1,3), (4,2), (5,1). Indeed, these are the triple solutions for m? + 3n? = 28, and
there are no triple solutions for the case m? + 3n? < 27. Three-dimensional bifurcation is

not analyzed in [11].
The kernel V' is the linear span of the three Fourier bases:

V =span {®3, P42, P51},

and hence dim V' = 3. Since R and W are isomorphic on L|y, Z is the same linear span:

Z = span {®13, Py, P51} .
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The projection P : Y — Z is naturally introduced as:

b, P [
< . 13>Y P13+ < 51>Y b5, €2, PeY,

(51) P®=
@133 @423 @513

14nig)n? 14n3,)m? 1+02,) >
where [[@15]|3 = LT |19y, ]13 = BEIIT and (|05 |3 = LEIIT

We set v* € V so as to satisfy the sufficient conditions (a) and (b) in Theorem 2.1. By
denoting

*

(5.2) v =a®3+ BPy + P51 = [21} eV; o B, vER,

2
we first determine «, § and 7, as v* satisfies the condition (a). The values Mv* and
Blv*,v*] are calculated as:

(5.3) Mo = [—OA] _ ll o1 (x)400) + Bo)aty) + m(x)wl(y)}] |

(5.4) Bl 0% = {2 [ (V- (07 Ve3)) + au(vi‘)Q]}

{—mgx*ﬁ (v})* - 2au(vr>1
' .

0

By straightforward calculation we have

<MU*,‘1)13>Y _ 28[27713 a <M1}*,(I)42>y _ 28l27713 ﬁ <M’U*,(I’51>Y _ 28l2n13 ~
1133 p(14n3s) [@42]2 p(L+n3s) " 15113 (1 +1ni3)
We then obtain
. 28(2
(5.5) PMv :MT%(@‘I’13+5¢’42+7¢’51)-

Similarly, since

(Blv*,v*], @13)y  14x*1Pms —ap

- B77
|®13]13- L+ 773
(Blv™, v*], Pag)y LAx* 1?3 — ap
[@a2ll3- 1+ 73 ’
(Blv*,v*], ®51)y _ 14x* s — ap of
@51 113 14775 7
we have
e w14z —a
(56) PB[U , U ]:w(,@fy@lg—l—’ya@Q—l—aﬁ@m).

1+
From the above, the condition (a) of Theorem 2.1 gives

1 1
(5.7) PMv* + §PB[U*,11*] = 72#(1 e ([56[2771304 + pu(14x* 1?3 — a,u)ﬁy] D3
13
+ [56l2n13ﬁ + p(14x* 1?5 — au)’ya} Dyo

+ [560%n157 + p(14x* P15 — ap)aB] ®51) = 0.
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As ®@q3, ®yo and Py are linearly independent in Y, we obtain the coefficients («, 3,7) #
(0,0,0) under the condition 14x*I?n;3 — au # 0 that («, 8,7) = (g, A, Z)7 (117—117—11)7
(—g, ﬁ, —ﬁ), (—g, —g, ﬁ) with A = —%. This shows that the v* satisfying
the condition (a) are the following four candidates:

(5.8) v"=A(Pi3+ Pyz +P51), A(P13— Pup — P51),

-~ 56127’]13
A(=Pi3+ Pyo — P51), A(—Pi3— Pyo + P51), where A = —

p(Ldx*12ms —ap)”

We display the profiles of these functions in Figure 3. We here note that only the first
v* = A (P15 + Pyp + P51) has 2w /3-rotational symmetry (see Figure 4).

Next, we consider the condition (b), that is, the invertibility of the operator S : V — Z,
Sv=PMv+ PB[v*,v], v eV, with v* € V fixed as in (5.8). Let us denote v € V' as

(5.9) v=nP3+ Py + P51 = {Z;], n, ¢ ER.

Then, we have

(510) My [_OA] _ ll 610 )400) + Cn()ty) + () <y>}] |

(5.11) Bv*,v] = {_X* [V (viVug) + V- (1 V3)] — QCLM’I}TU1:|

0
_ [_7713»(*A (vivy) — Qauvi‘vl}

0
Since
(Mv,®13)y  281%m3 (Mv,®y0)y  281%m3 (Mv,®s51)y  281%m3
2 - 2 m 2 - 2 C7 2 - P} f;
[ @13l 1(L+mis) [Paz|l5 (1 +nis) [®51]15 (1 +nis)

we then obtain
28[21713

PM’U = m (7’]@13 =+ C(I)42 + f(b51) .
Similarly, since
<B[1}*, 1}], ‘1)13>Y __ 28l2n13 (C + g)
@133 (1 +nt3) ’
(Blo*,v], Paz)y _ 281%m3 €+n)
[EoXeyE p(1 4 nis) ’
(Blv*,v], ®51)y _  28%mis (n+0)
@513 (1 +n73) ’
we have
28l27713

PBlv*,v] = [(C+EP13 + (§+1)Paz + (1 + () Ps1].

_M(l + ni3)
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L] 2 4 6 8 10 12 [ 2 a [3 8 ] 12

Figure 3: Plots of the functions for the three-dimensional kernel V' = span{®3, <I>42, D5}
The spatlal domain is = (0,4m) x (0, 44/37). (cl) v* A(<I>13+<I>42+<I>51) with A=1>0.
(02) A((I)13+‘b42+(1>51) WlthA =-1<0. (dl) A(@13—<I)42—(I)51) WlthA =1>0.
(d2) = A((I)lg — Oy — @51) with A =—-1<0. (el) A( D3 + Py — @51) with
A=1>0. (e2) v* = A(—P13+ Py —P5;) with A = —1 < 0. (f1) v* = A(=B13—Pyo+P51)
with A=1>0. (f2) v* = A(—®y3 — Byp + P51) with A= —1 < 0.
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Figure 4: The spanning v* for the spatial domain (—4m,47) x (—4v/3m,4v/37). The white
horizontal and vertical lines represent the x and y axes, respectively. The black lines are

the auxiliary axes in the directions of 7/6, 57/6, 3m/2. (c) v* = A(®13 + Pa2 + P51) with
A =1 >0, which has 27 /3-rotational symmetry.

From this, it follows that

Sv=5(n—C—€ P13+ [-n+C—& P+ [—n—C+ & Ps1)

~ N ] 2812?’]13
= [P13 Pu2 P51]S |C|, S=—75~
[ ] ¢ (L +175)
Here, S is the representation matrix of S:
(S -§ -§
S=|(-§ § -8
-5 -5 S

Because of

3
det§ = —45% = 4 (2812—"123) £0,
(1 +ni3)

the operator S is isomorphic.

We finally arrive at the main result of this section.

Theorem 5.1. Let v* € V be the functions defined in (5.8). Then, under the conditions

14X Pms — ap # 0,
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there exists a local branch of nontrivial solutions (x(\),U(X)) € (0,00) x X to (SE), with
small parameter \ € (—e, ), which bifurcates from (x*,U*) such that

XA)=x"+ A, UN)=U"+Av"+20(N)],

where ¥()) is a smooth function of A.
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ALMOST CONTRA-,»-CONTINUOUS FUNCTIONS

T. NOIRI AND N. RAJESH

Received June 13, 2017; revised October 2, 2017

ABSTRACT. In [1], the authors introduced and studied the notion of almost contra-b-
continuity in topological spaces. In this paper, we investigate some more properties
of this type of continuity.

1 Introduction Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed a significant
theme in General Topology and Real analysis concerns the various modified forms of con-
tinuity, seperation axioms etc. by utilizing generalized open sets. One of the most well
known notions and also an inspiration source is the notion of b-open [2] sets introduced
by Andrijevic in 1996. This class is a subset of the class of semi-preopen sets [3], that
is a subset of a topological space which is contained in the closure of the interior of its
closure. Also, a class of b-open sets is a superset of the class of semi-open sets [17], that
is a set which is contained in the closure of its interior, and the class of preopen sets [19],
that is a set which is contained in the interior of its closure. Andrijevic studied several
fundamental and interesting properties of b-open sets. In [1], the authors introduced and
studied the notion of almost contra-b-continuity in topological spaces. In this paper, we
investigate some more properties of this type of continuity.

2 Preliminaries Throughout the paper (X, 7) and (Y, o) (or simply X and Y') rep-
resent topological spaces on which no separation axioms are assumed unless otherwise
mentioned. For a subset A of a space (X, 1), Cl(A), Int(A) and A° denote the closure of
A, the interior of A and the complement of A in X, respectively. A subset A of X is said to
be regular open [26] (resp. semi-open [17], preopen [19], a-open [21], b-open [2](= 7-open
[13])) if A = Int(CI(A)) (vesp. A C Cl(Int(A)), A C Int(CI(A)), A C Int(Cl(Int(A))),
A C Int(Cl(A))UCI(Int(A))). The family of all a-open (resp. regular open, b-open) sub-
sets of X is denoted by aO(X) (resp. RO(X), BO(X)). The complement of semi-open
(resp. regular open, preopen, b-open) is called semi-closed [7] (resp. regular closed, pre-
closed [19], b-closed [2]). The family of all regular closed sets (resp. b-closed sets) of (X, 7)
is denoted by RC(X) (resp. BC(X)). The intersection of all regular open sets containing
A is called the r-kernal [9] of A and is denoted by rKer(A). The intersection of all semi-
closed (resp. preclosed, b-closed) sets containing A is called the semi-closure [6] (resp.
pre-closure [19], b-closure [2]) of A and is denoted by sCI(A) (resp. pCI(A), bCI(A)). A
subset A is b-closed if and only if A= bCI(A). For each x € X, the family of all b-open
(resp. b-closed, semi-open, regular open, regular closed) sets containing z is denoted by
BO(X,z) (resp. BC(X,x), SO(X,z), RO(X,z), RC(X,z)). The #-semi-closure [16] of
A, denoted by 0-sCI(A), is defined to be the set of all z € X such that ANCI(U) # & for
every U € SO(X,z). A subset A is called #-semi-closed [16] if and only if A = 6-sCI(A).

*2010 Math. Subject classification. 54C10.
Key words and phrases. Topological spaces, b-open sets, b-closed sets, almost contra-b-continuous func-
tions.
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The complement of f-semi-closed set is called f-semi-open [16]. For a subset A of X,
sCl(A)=AUInt(Cl(A)) [3], pCl(A) = AUCI(Int(A)) [3] and bCI(A) = sCI(A)NpCIl(A)
[2]. If A is open in a space X, then sCl(A) = Int(Cl(A)) [3]. Tt follows that, if A is
open in a space X, then bCl(A) = Int(Cl(A)). A function f: (X,7) — (Y, 0) is said to
be b-continuous [13] (resp. contra-b-continuous [20]) if f~1(V) is b-open (resp. b-closed)
set in X for each open set V of Y. A function f : (X,7) — (Y,0) is said to be weakly
b-continuous [24] (or almost weakly b-continuous [1]) if for every z € X and every open
set V of Y containing f(x), there exists U € BO(X, z) such that f(U) C CI(V).

3 Almost contra-b-continuous functions

Definition 3.1 [1] A function f : (X,7) — (Y, 0) is said to be almost contra-b-continuous
if f~1(V) € BC(X) for each V € RO(Y) (cf. Remark 3.4 below).

It is clear that every contra-b-continuous function is almost contra-b-continuous but the
converse is not true in general.

Example 3.2 Let X = {a,b,c} and 7 = {&, {a}, X}. Then the identity function f :
(X,7) — (X, 7) is almost contra-b-continuous but not contra-b-continuous.

Theorem 3.3 For a function f : (X,7) — (Y,0), the following statements are equiva-
lent:
(i) f is almost contra-b-continuous;
(i) f~Y(F) € BO(X) for every F € RC(Y);
(iii) for each x € X and each F € RC(Y, f(x)), there exists U € BO(X, z) such that
fU)CF
(iv) f (Int(Cl(G))) € BC(X) for every open subset G of (Y,0);
(v) f7HCI(Int(F))) € BO(X) for every closed subset F of (Y,0);
(vi) f(bCI(A )) C rKer(f(A)) for every subset A of (X,7);
(vii) bCIU(f~Y(B)) C f~Y(rKer(B)) for every subset B of (Y,o).

Proof (i)&(ii): Let F € RC(Y). Then Y\F € RO(Y). By (i), f*(Y\F)=X\f"}(F) €
BC(X). We have f~}(F) € BO(X). The proof of the reverse in similar.

(ii)=(iii): Let F € RC(Y, f(x)). By (ii), f~Y(F) € BO(X) and z € f~1(F). Take
U = f~1(F), then f(U) C F.

(ili)=>(ii): Let F € RC(Y) and « € f~!(F). From (iii), there exists a b-open set U, in
X containing z such that U, C f~1(F). We have f~}(F) = U{U.|z € f~*(F)}. Since
any union of b-open sets is b-open, f~1(F) is b-open in X.

(i) & (iv): Let G be an open subset of Y. Since Int(CIl(G)) is regular open, then by (i),
it follows that, f~1(Int(Cl(G))) € BC(X). The converse can be shown similarly.
(iii)=-(vi): Let A C X and let « € bCI(A) and F € RC(Y, f(z)). By (iii), there exists
U € BO(X,x) such that f(U) C F. Since x € bCI(A), we have U N A # (). Hence,
FU)Nf(A) # 0 and therefore FN f(A) # 0. It follows from Proposition 24(i) of [9] that
f(z) e rKer(f(A)) and hence f(bCI(A)) C rKer(f(A)).

(vi)=(vii): Let B C Y. By (vii), f(bCl(f~*(B))) C rKer(f(f~*(B))) C rKer(B).
Hence bCI(f~1(B)) C f~(rKer(B)).

(vii)=>(i): Let V € RO(Y). Then by (vii), bCL(f~1(V)) C f~1(rKer(V)). Since V €
RO(Y),rKer(V) = V and hence bCI(f~1(V)) C f~1(V), which shows that f=1(V) is
b-closed. Consequently, f is almost contra-b-continuous. O
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Remark 3.4 (i) A function f : (X,7) — (Y, 0) is called: almost contra-b-continuous at
a point x € X, if for each regular closed subset V of (Y, o) containing f(z), there exists
a b-open subset U of (X, 7) containing x such that f(U) C V.

(ii) By Theorem 3.3 and definitions, it is shown that a function f : (X,7) — (Y, 0)
is almost contra-b-continuous if and only if f is almost contra-b-continuous at each point
of X.

Theorem 3.5 (i) If f : (X,7) — (Y,0) is weakly-b-continuous and (Y, o) is reqular,
then f is b-continuous.

(i) If f: (X,7) — (Y,0) is almost contra-b-continuous and (Y, o) is reqular, then f
s b-continuous.

(i) If f : (X,7) — (Y,0) is contra-b-continuous and (Y, o) is regular, then f is
b-continuous.

Proof. Clear. (]

Sometimes, the concept of a b-open set (resp. b-closed set) of a topological space (X, 7)
is called a y-open set (resp. y-closed set); and so the family BO(X) (resp. BC(X)) is
denoted by yO(X) (resp. 7C(X)).

Lemma 3.6 [13] Let A and B be subsets of a topological space (X, T).
(i) If A€ yO(X) and B € aO(X), then AN B € yO(B).
(ii) Let AC BC X, A€ ~yO(B) and B € aO(X), then A € yO(X).

Theorem 3.7 If f : (X,7) — (Y,0) is almost contra-b-continuous and U € aO(X),
then f|U : (U, 7|U) — (Y,0) is almost contra-b-continuous.

Proof. Let V be a regular closed subset of Y. We have (f|U)~}(V) = f~%(V)NU. Since
f~Y(V) is b-open and U is a-open, it follows from the Lemma 3.6 (i) that (f|U)~%(V) is
b-open in the relative topology of U. Thus, f|U is almost contra-b-continuous. ]

Theorem 3.8 Let f : (X,7) — (Y,0) be a function and x € X. If there exists U €
BO(X,z) and flU : (U,T|U) — (Y,0) is almost contra-b-continuous at x, then f is
almost contra-b-continuous at x.

Proof. Suppose that F' € RC(Y, f(x)). Since f|U is almost contra-b-continuous at x,
there exists V' € BO(U,z) such that f(V) = (f|U)(V) C F. Since U € aO(X,z), it
follows from Lemma 3.6 (ii) that V' € BO(X,x). This shows that f is almost contra-b-
continuous at z. (|

Theorem 3.9 Let f : (X,7) — (Y,0) be a function and ¥ = {U; : i € I} be a cover
of X by a-open sets of (X, 7). If for each i € I, f|U; : (U;,7|U;) — (Y,0) is almost
contra-b-continuous, then f: (X,7) — (Y, 0) is almost contra-b-continuous.

Proof. Let V € RC(Y). Since f|U; is almost contra-b-continuous for each i € I,
(flU:)~Y(V) € BO(U;), since U; € aO(X), by Lemma 3.6 (2), (f|U;)"Y(V) € BO(X)
for each i € U. Then f~1(V) = UJ{(f|U:)" (V) € BO(X)|i € I}. This gives f is almost
contra-b-continuous. |

, S
-1

Theorem 3.10 Let f: (X,7) — (Y,0) be a function and let g : (X,7) — (X xY,7 X 0)
be the graph function of f, defined by g(x) = (z, f(z)) for every x € X. If g is almost
contra-b-continuous, then f is almost contra-b-continuous.
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Proof. Let V € RC(Y), then X x V = X x Cl(Int(V)) = Cl(Int(X)) x Cl(Int(V)) =
Cl(Int(X xV)). Then X xV € RC(X xY). Since g is almost contra-b-continuous, then
F7YV) =g YX x V) € BO(X). Thus, f is almost contra-b-continuous. O

Definition 3.11 A function f: (X,7) — (Y, 0) is said to be
(i) pre-b-open if f(U) € BO(Y) for each U € BO(X),
(ii) b-irresolute [13] if for each € X and each V € BO(Y, f(z)), there exists U €
BO(X, z) such that f(U) CV,
(iii) B-irresolute [13] if for each x € X and each V € SO(Y, f(z)), there exists U €
SO(X,x) such that f(CIL(U)) C CL(V).

Theorem 3.12 If f : (X,7) — (Y,0) is a surjective pre-b-open and g : (Y,0) — (Z,7)
is a function such that go f: (X,7) — (Z,7) is almost contra-b-continuous, then g is
almost contra-b-continuous.

Proof. Let V be any regular closed set in Z. Since g o f is almost contra-b-continuous,
(go f)~1(V) = f~1(g~1(V)) is b-open. Since f is surjective pre-b-open, f(f~1(g=1(V)))
= g~ (V) is b-open. Therefore, g is almost contra-b-continuous. O

Theorem 3.13 (i) If f : (X,7) — (Y, 0) is b-irresolute and g : (Y,0) — (Z,7) is almost
contra-b-continuous, then go f: (X, 1) — (Z,7) is almost contra-b-continuous.

(i) If f : (X,7) — (Y,0) is almost contra-b-continuous and g : (Y,o0) — (Z,7) is
O-irresolute, then go f: (X,7) — (Z,7) is almost contra-b-continuous.

Proof. (i) Let x € X and W € SO(Z). Then there exists a set U € BO(X, ) such that
(go f/)(U) C ClY(W). Therefore, g o f is almost contra-b-continuous.
(ii) Similar to (i). O

Definition 3.14 A filter base A is said to be b-convergent (resp. rc-convergent [12]) to
a point x € X if for any U € BO(X, z) (resp. U € RC(X,x)), there exists B € A such
that B C U.

Theorem 3.15 If f : (X,7) — (Y,0) is an almost contra-b-continuous function, then
for each point x € X and each filter base A in X b-converging to x, the filter base f(A)
is rc-convergent to f(x).

Proof. Let x € X and A be any filter base in X b-converging to z. Since f is almost
contra-b-continuous, then for any V' € RC(Y, f(x)), there exists U € BO(X, x) such that
f(U) C V. Since A is b-converging to z, there exists a B € A such that B C U. This
means that f(B) C V and therefore the filter base f(A) is re-convergent to f(x). O

4 Separation axioms and covering properties

Definition 4.1 A topological space (X, 7) is said to be

(i) Ps> [30] if for any open set V' of (X, 7) and each = € V, there exists F' € RC(X, )
suchthat x €e F CV,

(ii) weakly Py~ [22] if for any V € RO(X,x), there exists F € RC(X,x) such that
reFCV.

Theorem 4.2 If f : (X,7) — (Y,0) is an almost contra-b-continuous function and
(Y,0) is Ps~, then f is b-continuous.
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Proof. Let V be any open set in Y. Since Y is Ps~, there exists a subfamily A of RC(Y")
such that V = U{F : F € A}. Since f is almost contra-b-continuous, f~1(F) is b-open
in X for each F € A and f~1(V) is b-open in X. Therefore, f is b-continuous. O

Theorem 4.3 If f : (X,7) — (Y,0) is an almost contra-b-continuous function and
(Y,0) is weakly Ps~, then f is almost b-continuous.

Proof. Similar to the proof of Theorem 4.2. |

Definition 4.4 A topological space (X, 7) is said to be

(i) weakly Hausdorff [28] if each element of X is an intersection of regular closed sets,

(ii) b-Ty [5] if for each pair of distinct points in X, there exists a b-open set of (X, 7)
containing one point but not the other,

(iii) b-T1 [5] if for each pair of distinct points z and y of X, there exist b-open sets U
and V of (X, 7) containing = and y, respectively such that y ¢ U and « ¢ V,

(iv) b-Ty [10] if for each pair of distinct points x and y of X, there exist b-open sets
Uand Vsuchthat z e U,ye Vand UNV = @.

Theorem 4.5 If f : (X,7) — (Y,0) is an almost contra-b-continuous injection and
(Y, 0) is weakly Hausdor(f, then (X, ) is b-T}.

Proof. Suppose that Y is weakly Hausdorff. For any two distinct points z and y in
X, there exist V,W € RC(Y) such that f(z) € V, f(y) ¢ V, f(x) ¢ W and f(y) € W.
Since f is almost contra-b-continuous, f~1(V) and f~(W) are b-open subsets of X such
that z € f=Y(V),y ¢ f~1(V),z ¢ f~1(W) and y € f~1(W). This shows that X is b-T7.
O

Definition 4.6 A topological space (X, 7) is said to be

(i) hyperconnected [27] if every open set is dense,

(ii) wltra b-connected if every two non-void b-closed subsets of (X, 7) intersect,

(iii) b-connected [13] provided that X is not the union of two disjoint nonempty b-open
sets.

Theorem 4.7 If (X, 7) is ultra b-connected and f : (X,7) — (Y, o) is an almost contra-
b-continuous surjection, then (Y, o) is hyperconnected.

Proof. Assume that Y is not hyperconnected. Then there exists an open set V' such
that V is not dense in Y. Then there exist disjoint nonempty regular open subsets B
and By in Y, namely Int(CI(V)) and Y \ CI(V). Since f is almost contra-b-continuous
surjection, A} = f~1(B;) and Ay = f~!(By) are disjoint nonempty b-closed subsets of X.
By assumption, the ultra-b-connectedness of X implies that A; and Ay must intersect.
By contradiction, Y is hyperconnected. (|

Theorem 4.8 (i) [24] If f : (X,7) — (Y, 0) is weakly b-continuous surjection and (X, 1)
is b-connected, then (Y, o) is connected.

(ii) If f : (X,7) — (Y,0) is a almost contra-b-continuous surjection and (X, T) is
b-connected, then (Y, o) is connected.

(iii) [20] If f : (X,7) — (Y,0) is a contra-b-continuous surjection and (X, 7T) is b-
connected, then (Y, o) is connected.
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Theorem 4.9 (i) [24] If f : (X, 7) — (Y, 0) is a weakly b-continuous injection and (Y, o)
is Urysohn, then (X, T) is b-Ts.

(i) If f : (X,7) — (Y,0) is an almost contra-b-continuous injection and (Y,o) is
Urysohn, then (X, T) is b-T5.

(iii) [20] If f : (X,7) — (Y,0) is a contra-b-continuous injection and (Y,o) is
Urysohn, then (X, 1) is b-Ts.

Definition 4.10 [15] A topological space (X, 1) is said to be @-irreducible if every pair
of nonempty regular closed sets of (X, 7) has a nonempty intersection.

Theorem 4.11 If (X, 1) is b-connected and f : (X,7) — (Y, 0) is an almost contra-b-
continuous surjection, then (Y, o) is 0-irreducible.

Proof. Similar to that proof of Theorem 4.7. (]

Definition 4.12 [13] A topological space (X, ) is said to be b-normal provided that
every pair of nonempty disjoint closed sets can be separated by disjoint b-open sets.

Theorem 4.13 (i) If (Y,0) is normal and [ : (X,7) — (Y,0) is an almost contra-b-
continuous closed injection, then (X,T) is b-normal.

(i) [20] If (Y, o) is normal and f : (X,7) — (Y,0) is a contra-b-continuous closed
injection, then (X, 1) is b-normal.

Proof. (i) Let Fy and Fy be disjoint nonempty closed sets of X. Since f is in-
jective and closed, f(Fy) and f(F}y) are disjoint closed sets of Y. Since Y is nor-
mal, there exist open sets Vi and Vo of Y such that f(Fy) C Vi, f(F») C Vo and
Cl(V1) N Cl(Va) = 0. Then, since Ci(V1),CIl(V2) € RC(Y) and f is almost contra-b-
continuous, f~1(CI(V1)), f~1(Cl(Va)) € BO(X). Since Fy C f~1(V1), Fy C f~1(V)
and f=1(CI1(V1)) and f~1(CI(Vz)) are disjoint, X is b-normal. O

Definition 4.14 A cover > = {U; : i € I} of subsets of X is called a b-cover if U; is
b-open in (X, 1) for each i € I.

Definition 4.15 A topological space (X, 7) is said to be

(i) b-compact [23] (resp. S-closed [29]) if every b-open (resp. regular closed) cover of
X has a finite subcover,

(ii) countably b-compact [11] (resp. countably S-closed [8]) if every countable cover of
X by b-open (resp. regular closed) sets has a finite subcover,

(iii) b-Lindelof [11] (resp. S-Lindelsf [18)]) if every b-open (resp. regular closed) cover
of X has a countable subcover.

Definition 4.16 A topological space (X, 7) is said to be

(i) b-closed compact [11] (resp. nearly compact [25]) if every b-closed (resp. regular
open) cover of X has a finite subcover,

(ii) countably b-closed compact [11] (resp. nearly countably compact [14]) if every count-
able cover of X by b-closed (resp. regular open) sets has a finite subcover,

(iii) b-closed Lindeldf [11] (resp. nearly Lindeldf [14]) if every b-closed (resp. regular
open) cover of X has a countable subcover.

Theorem 4.17 Let f : (X,7) — (Y,0) be an almost contra-b-continuous surjection.
Then the following statements hold.

(1) If (X, 1) is b-closed compact, then'Y is nearly compact.

(ii) If (X, 1) is b-closed Lindeldf, then Y is nearly Lindelof.

(iii) If (X, 1) 4s countably b-closed compact, then Y is nearly countably compact.



ALMOST CONTRA-)-CONTINUOUS FUNCTIONS

Proof. We prove only (i), the proofs of (i) and (iii) being entirely analogous.

Let {V; : i € I} be any regular open cover of Y. Since f is almost contra-b-continuous,
{f~Y(V;): i € I} is a b-closed cover of X. Since X is b-closed compact, there exists
a a finite subset Iy of I such that X = U{f~Y(V;) : i € Iy}. Therefore, we have
Y=U{V;:i€lp} and Y is S-closed. O

Definition 4.18 [26] A topological space (X, ) is said to be mildly compact (resp. mildly
contably compact, mildly Lindeldf ) if every clopen (resp. countable clopen, clopen) cover
of X has a finite (resp. finite, countable) subcover.

Theorem 4.19 If f: (X,7) — (Y, 0) is an almost contra-b-continuous and almost con-
tinuous surjection and (X, 7) is mildly compact (resp. mildly countably compact, mildly
Lindeldf), then Y is nearly compact (resp. nearly countably compact, nearly Lindeldf)
and S-closed (resp. countably S-closed, S-Lindeldf).

Proof. Let V. € RC(Y). Then since f is almost contra-b-continuous and almost
continuous, f~1(V) is b-open and closed in X and hence f~*(V) is clopen (resp. open).
Let {V; : i € I} be any regular closed (resp. regular open) cover of Y. Then {f~*(V;) :i €
I} is a clopen cover of X and since X is mildly compact, there exists a finite subset Iy of
I such that X = U{f~1(V;) : i € Ip}. Since f is surjective, we obtain Y = U{V; : i € Io}.
This shows that Y is S-closed (resp. nearly compact).

The other proofs can be obtained similarly. (|

Definition 4.20 A topological space (X, 7) is said to be s-Urysohn [4] if for each pair
of distinct points z and y in X, there exist U € SO(X,z) and V € SO(X,y) such that
cluyncyv) =0.

Theorem 4.21 If (Y,0) is s-Urysohn and f : (X,7) — (Y,0) is an almost contra-b-
continuous injection, then (X, 1) is b-Ty.

Proof. 1t is similar to Proof of Theorem 4.5. O

Recall that for a function f : (X,7) — (Y, 0), the subset {(z, f(z));z € X} C X xY
is called the graph of f and is denoted by G(f).

Definition 4.22 A graph G(f) of a function f : (X,7) — (Y, 0) is said to be regular
b-closed if for each (z,y) € (X x Y)\G(f), there exist U € BC(X,z) and V € RO(Y,y)
such that (U x V)N G(f) = 0.

Theorem 4.23 A graph G(f) of a function f : (X,7) — (Y, o) is reqular b-closed if and
only if for each (z,y) € (X x Y)\G(f), there exist U € BC(X,z) and V € RO(Y,y)
such that f(U)NV = 0.

Proof. This is an immediate consequence of Definition 4.22. O

Theorem 4.24 Let f : (X,7) — (Y,0) have a regular b-closed graph G(f). If f is
injective, then (X, 7) is b-T}.

Proof. Let x and y be any two distinct points of X. Then, we have (z, f(y)) €
(X x Y)\G(f). By definition of regular b-closed graph, there exist U € BC(X) and V €
RO(Y) such that (z, f(y)) € UxV and f(U)NV = 0; hence UN f~1(V) = 0. Therefore,
we have y € U. Thus, y € X\U and x ¢ X\U. We obtain that X\U € BO(X). This
implies that X is b-T1. ]
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Theorem 4.25 If f : (X,7) — (Y,0) is almost contra-b-continuous and (Y,0) is To,
then the graph G(f) is regular b-closed.

Proof. Let (z,y) € (X x Y)\G(f). Then f(z) # y. Snce Y is Ty, there exist
open sets V and W containing f(z) and y, respectively, such that V' N W = §; hence
Int(CL(V))NInt(CI(W)) = 0. Since f is almost contra-b-continuous, f~1(Int(CI(V))) is
b-closed containing x. Take U = f~1(Int(CI(V))). Then f(U) C Int(CIl(V)). Therefore,
FOU) N Int(CL(W)) = (0 and hence the graph G(f) is regular b-closed. O

Theorem 4.26 Let f : (X,7) — (Y,0) have a regular b-closed graph G(f). If f is
surjective, then (Y, o) is weakly Hausdorff.

Proof. Let y € Y. Since f is surjective, f(z) = y for some z € X and (x,a) €
(X xY)\G(f) for any point a € Y such that a # y. For the points y and a, by definition
of regular b-closed graph G(f), there exists a b-closed set U, of X and F(a) € RO(Y)
such that (z,a) € U, X F(a) and f(U,) N F(a) = 0; hence y ¢ F(a). Then, {y} C A,
where A = N{Y\F(2) : z # y}. In order to prove {y} D A, let w € A and suppose that
w ¢ {y}. The, for any point z with z # y, we have that w € Y\F(z). Since w # y, we
can take z = w and so w € F(w). This is a contradicition. Hence we show that {y} = A4;
and so {y} is an intersection of regular closed sets Y\ F'(z), where z # y, that is (Y, 0) is
weakly Hausdorff. O

5 Additional Properties

Theorem 5.1 For a function f : (X,7) — (Y,0), the following statements are equiva-
lent:

(i) f is almost contra-b-continuous;

(ii) f ( ) € BO(X) for each 0-semi-open set V of (Y,0);

(iii) f~Y(F) € BC(X) for each 6-semi-closed set F of (Y,0);

(iv) for each x € X and each U € SO(Y, f(x)), there exists V € BO(X,x) such that
Fv) c ClU);

(v) f7YU) C bInt(f~H(CUU))) for every U € SO(Y);

(vi) f(bCl(A )) C 0-sCIl(f(A)) for every subset A of (X,T);

(vii) bCU(f~ ( )) C f71(0-sCU(B)) for every subset B of (Y.o);

(viii) bCU(f~1(V)) C f~1(6-sCL(V)) for every open subset V of (Y,o);
(ix) bCU(f~1(V)) C f71(sCU(V)) for every open subset V of (Y,o);

(x) bCI(f~Y(V)) C f~1(Int(CL(V)) for every open subset V of (Y,o).

Proof. (i)=-(ii): This follows from the fact that every #-semi-open set is the union of
regular closed sets.
(ii)<(iii): This is obvious.
(ii)=(iv): Let z € X and U € SO(Y, f(z)). Since CI(U) is f-semi-open in Y, there
exists V € BO(X, ) such that z € V C f~1(CI(U)) and hence f(V) C CL(U).
(iv)=(v): Let U € SO(Y) and z € f~'(U). Then f(z) € U. By (iv), there exists
V € BO(X,x) such that f(V) C CI(U). Tt follows that x € V C f~1(CI(U)). Hence,
z € bInt(f~H(CLU))).
(v)=(i): Let F € RC(Y). Since F € SO(Y), then by (v), f~1(F) C bInt(f~1(CI(F)))
and consequently, f~(F) € BO(X). Hence, by Theorem 3.3, (i) holds.
(iv)=-(vi): Let A be any subset of X. Suppose that = € bCI(A) and G € SO(Y, f(z)).
By (v), there exists V € BO(X, z) such that f(V) C CI(G). Since x € bCI(A), VNA# D
and hence 0 # f(V) N f(A) C CI(G) N f(A). Therefore, we obtain f(x) € 0-sCI(f(A))
and hence f(bCI(A)) C 0-sCIl(f(A)).
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(vi)=>(vii): Let B be any subset of Y. Then f(bCIl(f~1(B))) C (0-sCL(f(f~1(B))) C -
sCI1(B) and hence bCI(f~1(B)) C f~1(6-sCI(B)).

(vii)=(viii): Obvious.

(viii)=(ix): Follows from the fact that 0-sCI(V') = sCI(V) for every open subset V of
Y.

(ix)=(x): Obvious.
(x)=(i): Let V € RO(Y). By (x), bCl(f~1(V)) C f~1(Int(CL(V))) = f~1(V) and hence
f71(V) € BC(X), which proves that f is almost contra-b-continuous. O

Theorem 5.2 For a function f : (X,7) — (Y, 0), the following properties are equivalent:
(i) f is almost contra-b-continuous;
(ii) f ( (V) € BO(X) for every V € SPO(Y);
(iii) f~1(CU(V)) € BO(X) for every V € SO(Y);
(iv) f~1(Int(CL(V))) € BC(X) for every V € PO(Y).

Proof. (i)=-(ii): Let V be any semi-preopen set of Y. It follows from Theorem 2.4 of
[3] that CI(V) is regular closed. Then by Theorem 3.3 f~1(CI(V)) € BO(X).
(ii)=-(iii): This is obvious since SO(Y) C SPO(Y).
(iii)=(iv): Let V € PO(Y). Then Y \ Int(CI(V)) is regular closed and hence it is semi-
open. Then X \ f~1(Int(CU(V)))=f"1(Y \ Int(CL(V))) = f~H(CIUY \ Int(CL(V)))) €
BO(X). Hence f~1(Int(Cl(V))) € BO(X).
(iv)=-(i): Let V be any regular open set of Y. Then V € PO(Y) and hence f~1(V)
FH(Int(CL(V))) is b-closed in X.

Ol

Definition 5.3 [11] The b-frontier of a subset A of a topological space (X, 1), bFr(A),
is defined by bFr(A) = bCl(A) NbCI(X \ A) = bCI(A) N (X \ bInt(A)).

Theorem 5.4 For a function f : (X,7) — (Y,0), we introduce the following notations
relating to f:

Ay :={x € X : f is not almost contra-b-continuous at x},

Bg(x) := U{bFr(f~1(F.)) : F, € RC(Y, f(x))}, where x € Ag, and

By = U{By (@)l € Ay}.
Then, we have the following properties:

If z € Ay, then z € By(z); and so Ay C By holds in (X, 7).

Proof. Let z € Ay. Namely, we suppose that f is not almost contra-b-continuous
at z € X. By Theorem 3.3, there exists a subset F, € RC(Y, f(z)) such that f(U) N
(Y\F,) # 0 for every U € BO(X,z). By the property (5) in Proposition 5 of [10],
z € bCI(f~ (Y \ F.)) holds: and so z € bCl(X \ f~(F.)). On the other hand, we
obtain z € f~1(F,) C bCI(f~1(F.)); and hence 2z € bFr(f~1(F.)), F. € RC(Y, f(2))
and z € Ay. Namely, if z € Ay, then z € Bf(z) holds; and so we have Ay C (J{By(z)|z €
As} = By holds in (X, 7).
(I
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Abstract

We introduce the concept of interior ideal and the concept of fuzzy
interior ideal in hypersemigroups and we prove, among others, that in
regular also in intra-regular hypersemigroups the interior ideals and the
fuzzy interior ideals coincide. We also prove that an hypergroupoid H is
simple if and only if every fuzzy ideal of H is a constant function; and
that an hypersemigroup H is simple if and only if every fuzzy interior
ideal of H is a constant function, equivalently if, for every element a of
H, we have H = H x {a} « H.

1 Introduction

This paper is based on our paper [5] and partly on [6]. We first introduce
the concept of an interior ideal and the concept of a fuzzy interior ideal of an
hypersemigroup and we prove that if H is an hypersemigroup and A an interior
ideal of H, then the characteristic mapping f4 is a fuzzy interior ideal of H.
“Conversely”, if A is a nonempty subset of H and fa a fuzzy interior ideal of
H, then the set A is an interior ideal of H. Then we prove that any fuzzy
ideal of an hypersemigroup H is a fuzzy interior ideal of H and in regular,
also in intra-regular hypersemigroups the concepts of interior ideals and fuzzy
interior ideals coincide. We also prove that in a regular and in an intra-regular
hypersemigroup H the interior ideals are subsemigroups of H. Following Kuroki,
we call an hypergroupoid H fuzzy simple if every fuzzy ideal of H is a constant
function. We prove that an hypergroupoid is simple if and only if it is fuzzy
simple, and an hypersemigroup H is simple if and only H = H*{a}*H for every
a € H, equivalently, if every fuzzy interior ideal of H is a constant function. As
a consequence, for an hypersemigroup H, the following are equivalent: (1) H is
simple. (2) H = H x {a} x H for every a € H. (3) H is fuzzy simple. (4) every
fuzzy interior ideal of H is a constant function.

02010 Mathematics Subject Classification. Primary: 20M99, 08A72.
Key words and Phrases. Hypersemigroup, interior ideal, fuzzy interior ideal, right (left)
ideal, ideal, fuzzy right (left) ideal, fuzzy ideal, regular, intra-regular, simple, fuzzy simple.
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2 Prerequisites

For the sake of completeness, we will give some definitions already given in [2].
An hypergroupoid is a nonempty set H with an hyperoperation
o:HxH—P*(H)|(a,b) > aobon H and an operation
x : P*(H) x P*(H) — P*(H) | (A,B) - A B on P*(H) (induced by the
operation of H) such that A« B = U (aob) for every A,B € P*(H)
(a,b)e AxB
(P*(H) being the set of nonempty subsets of H). As the operation “+” depends
on the hyperoperation “o”, an hypergroupoid can be denoted by (H, o) (instead
of (H,o,%)). If (H,o) is an hypergroupoid then, for every =,y € H, we have
{z} = {y} = U (a0 b) =z oy. The following proposition, though clear,
ac{z}, be{y}
plays an essential role in the theory of hypergroupoids.

Proposition 2.1. Let (H,o) be an hypergroupoid, © € H and A,B € P*(H).
Then we have the following:

(1) Ifr € Ax B, thenx € aob for somea € A, be B and

(2) Ifac Aandbe B, thenaobC Ax B.

Proposition 2.2. If (H,o) is an hypergroupoid then, for every A,B,C,D €
P*(H), we have
(1) ACB = AxC CB=xC and Cx A C C x B, equivalently,
ACBandCCD = AxCCBxD.
(2) HxACH and AxH C H.

Definition 2.3. Let (H, o) be an hypergroupoid. A nonempty subset A of H
is called a left (resp. right) ideal of H if Hx A C A (resp. Ax H C A). If A is
both a left and a right ideal of H, then it is called an ideal of H. A nonempty
subset A of H is called a subgroupoid of H if Ax A C A.

Clearly, every left (resp. right) ideal of H is a subgroupoid of H.

Definition 2.4. An hypergroupoid (H, o) is called hypersemigroup if

{z}x (yoz) = (woy) x{z}
for every x,y,z € H. Since {z}x{y} = xoy for every z,y € H, this is equivalent
to saying that {«} ({y} * {z}) = ({x} * {y}) x {2} for every z.y,z € H.

Proposition 2.5. ([1,2]; for its proof we refer to [4]) If (H, o) be an hypersemi-
group, then (P*(H),«) is a semigroup.

As a result, for any A, B,C' € P*(H), we write Ax (BxC) = (A*B)xC :=
A x B x C; and in an expression of the form A; x Ag x ..... x A, where the
A; (i=1,2,...,n) are elements of P*(H) we can put parentheses in any place
beginning with some A; and ending in some A4; (1 <i,j < n).

Following Zadeh, any mapping f : H — [0,1] of an hypergroupoid H into
the closed interval [0, 1] of real numbers is called a fuzzy subset of H (or a fuzzy
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set in H) and, for any nonempty subset A of H, the characteristic function f4
of A, is the fuzzy subset of H defined by

fA:H—>{O,1}x—>fA(x)={ - ;;i

The concepts of fuzzy left ideals and fuzzy right ideals of semigroups due to
Kuroki [6], are the following: A fuzzy subset f of a semigroup S is called a fuzzy
left (resp. fuzzy right) ideal of S if, for every z,y € S, we have f(zy) > f(y)
(resp. f(xy) > f(x)). It is called a fuzzy ideal of S if it is both a fuzzy left and
a fuzzy right ideal of S. These concepts can be transferred, in a natural way, to
an hypergroupoid as follows:

Definition 2.6. [3] Let (H,o) be an hypergroupoid. A fuzzy subset f of H is
called a fuzzy left ideal of H if

f(xoy) > f(y) for all z,y € H,

in the sense that if ,y € H and u € z oy, then f(u) > f(y).
A fuzzy subset f of H is called a fuzzy right ideal of H if

flxoy) > f(x) for all z,y € H,

meaning that if x,y € H and u € z oy, then f(u) > f(x).

A fuzzy subset f of H is called a fuzzy ideal of H it is both a fuzzy left ideal
and a fuzzy right ideal of H. As one can easily see, a fuzzy subset f of H is a
fuzzy ideal of H if and only f(x oy) > max{f(z), f(y)} for all z,y € H, in the
sense that x,y € H and u € x oy implies f(u) > max{f(x), f(y)}.

3 Main results

Definition 3.1. Let H be an hypersemigroup. A nonempty subset A of H is
called an interior ideal of H if

H+xAxHCA.

By a subidempotent interior ideal of H we mean an interior ideal of H which is
at the same time a subsemigroup of H.

The concept of fuzzy interior ideal of semigroups is also due to Kuroki [6],
and it is the following: A fuzzy subset f of a semigroup S is called a fuzzy
interior ideal of S if, for any z,a,y € S, we have f(xay) > f(a). This concept
can be naturally transferred to an hypersemigroup as follows:

Definition 3.2. Let H be an hypersemigroup. A fuzzy subset f of H is called
a fuzzy interior ideal of H if

f((:z: oa) * {y}) > f(a) for every z,a,y € H,
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in the sense that if x,a,y € H and u € (z o a) * {y}, then f(u) > f(a).
For an hypersemigroup, we clearly have

(zoa)«{y} = {a} * (aoy) = {z} * {a} + {y}.

Proposition 3.3. Let H be an hypersemigroup. If A is an interior ideal of H,
then the characteristic function fa is a fuzzy interior ideal of H. “Conversely”,
if A is a nonempty subset of H such that fa is a fuzzy interior ideal of H, then
A is an interior ideal of H.

Proof. =—. Let z,a,y € H. Then f4 ((gc oa) * {y}) > fa(a). In fact: Let

u€ (xoa)x{y}. If a € A, then fa(a) = 1. Since A is an interior ideal of H,
we have H« A« H C A. So we have u € {z} x{a} x{y} CH*xA+xH C A.
Then u € A, and fa(u) = 1. Thus we get fa(u) > fa(a). Let now a ¢ A. Then
fa(a) = 0. Since f4 is a fuzzy subset of H and u € H, we have fq(u) > 0.
Thus we have fa(u) > fa(a).

<. Let A be a nonempty subset of H and f4 a fuzzy interior ideal of H. Then
H+xAxH C A. Indeed: Let u € H+* Ax H. Then u € voy for some v € H x A,
y€ Hand v € xoa for some x € H,a € A. Since voy C (xoa)*{y}, we have
u € (xoa)x{y}, where x,y € H and a € A. Since f4 a fuzzy interior ideal of
H, we have fa(u) > fa(a) = 1. Since fa is a fuzzy subset of H and u € H, we
have fa(u) < 1. So we have fa(u) =1, and u € A. O

Proposition 3.4. Let H be an hypersemigroup. If fis a fuzzy ideal of H, then
fis a fuzzy interior ideal of H.

Proof. Let z,a,y € H. Then f((:z: oa) * {y}) > f(a). In fact:

Let u € (zoa)*{y}. By Proposition 2.1, there exists v € zoa such that u € voy.
Since v € x oa and f is a fuzzy left ideal of H, we have f(v) > f(a). Since
u€wvoy and f is a fuzzy right ideal of H, we have f(u) > f(v). Then we have
f(u) > f(a), and the proof is complete. O

Definition 3.5. (cf. also [3]) An hypersemigroup H is called regular if for every
a € H there exists € H such that a € {a} % (x 0 a).

Lemma 3.6. [3; Lemma 1.2] Let H be an hypersemigroup. The following are
equivalent:

(1) H is regular.

(2) a € {a} x{x} x{a} for everya € H.

(3) AC Ax H x A for every nonempty subset A of H.

Proposition 3.7. Let H be a regular hypersemigroup and A an interior ideal
of H. Then A is a subsemigroup of H.

Proof. Since A is an interior ideal of H, we have H x A« H C A. Since H is
regular, we have A C A x H x A. Then we have

AxA C (AxHxA)xA=(A«H)xAxACHxAxHC A,

so A is a subsemigroup of H. O
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Proposition 3.8. Let H be a regular hypersemigroup and [ a fuzzy interior
ideal of H. Then f is a fuzzy ideal of H.

Proof. Let a,b € H. Then f(aob) > f(a) and f(aob) > f(b). In fact:
Let u € aob. Then f(u) > f(a). Indeed: Since a € H and H is regular, there
exists z € H such that a € {a} * {z} * {a}. Then

aobC{a}lx{x}*{a}x{b} =(aox)*(aocb),

from which u € vow for some v € aox, w € aob. We have u € vow C {v}x(acbd)
and f({v} * (ao b)) > f(a), thus we have f(u) > f(a), and f is a fuzzy right

ideal of H. We also have f(u) > f(b). Indeed: Since b € H and H is regular,
there exists y € H such that b € {b} * {y} * {b}. Then we have

ucaobC {a}x{b}*{y}*{b} =(aob)x*(yob).
Then u € sot for some s € aob, t € yob. Then we have

uesotC (aob)*{t} ={a} = (bot).

Since f({a}* (bot)) > f(b), we obtain f(u) > f(b), and f is a fuzzy left ideal
of H. Therefore f is a fuzzy ideal of H. O
From Propositions 3.4 and 3.8 we have the following

Theorem 3.9. In regular hypersemigroups the concepts of fuzzy ideals and fuzzy
interior ideals coincide.

Definition 3.10. (cf. also [3]) An hypersemigroup H is called intra-regular if
for every a € H there exist z,y € H such that a € (zoa)* (aovy).

Lemma 3.11. Let H be an hypersemigroup. The following are equivalent:

(1) H is intra-regular.

(2) a € H+{a}«{a}* H for everya € H.

(3) AC Hx Ax Ax H for every nonempty subset of H.
Proof. The implication (1) = (2) and the equivalence (2) < (3) are obvious.
Let us prove the implication (2) = (1). Let @ € H. By (2), we have a €
(H * {a}) * ({a} * H) By Proposition 2.1, @ € uov for some v € H * {a},

ve{at*xH, u € xoaand v € aoy for some x,y € H. Then we have
a€uovC(xoa)*(aoy), then a € (roa)x (aoy), where x,y € H and so H
is intra-regular. O

Proposition 3.12. Let H be an intra-reqular hypersemigroup and A an interior
ideal of H. Then A is a subsemigroup of H.

Proof. Since A is an interior ideal of H, we have H * A« H C A. Since H is
intra-regular, we have A C H x Ax A x H. Then we have

AxA C (HxAxAxH)xA=(HxA)xAx(H=xA)
C HxAxHCA,
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so A is a subsemigroup of H. O
By Propositions 3.7 and 3.12, we have the following

Corollary 3.13. In reqular and in intra-regular hypersemigroups the interior
ideals and the subidempotent interior ideals coincide.

Proposition 3.14. Let H be an intra-reqular hypersemigroup and f is a fuzzy
interior ideal of H. Then f is a fuzzy ideal of H.

Proof. Let a,b € H and u € aob. Since a € H and H is intra-regular, there
exist z,y € H such that a € {z} x {a} * {a} * {y}. Then

aobg{x}*{a}*{a}*{y}*{b}:(xoa)*((aoy)*{b}).
Then u € vow for some v € xoa, w € (aoy)* {b}. We have

u€cevowC (xoa)*{w}

and, since f is a fuzzy interior ideal of H, f((x oa) % {w}) > f(a). Thus we

get f(u) > f(a), and f is a fuzzy right ideal of H. Since b € H and H is
intra-regular, there exist z,¢t € H such that b € {z} = {b} = {b} = {t}, then we

have

aobC{a}l*{z}x{b} = {b} x{t} = ((aoz) *{b}) x (bot).
Then u € cod for some ¢ € (aoz)*{b}, d €bot. Sinceu € cod C {c} x (bot)
and f({c} % (bo t)) > f(b), we have f(u) > f(b), and f is a fuzzy left ideal of
H. Hence f is a fuzzy ideal of H. 0
By Propositions 3.4 and 3.14, we have the following theorem

Theorem 3.15. In intra-regular hypersemigroups the concepts of fuzzy ideals
and fuzzy interior ideals coincide.
An ideal A of an hypergroupoid H is called properif A # H.

Definition 3.16. An hypergroupoid H is called simple if does not contain
proper ideals, that is, for every ideal A of H, we have A = H.

The concept of fuzzy simple semigroups due to Kuroki [6] can be naturally
transferred to hypergroupoids as follows:

Definition 3.17. An hypergroupoid H is called fuzzy simple if every fuzzy
ideal of H is a constant function, that is, for every fuzzy ideal f of H and every
a,b € H, we have f(a) = f(b).

Notation 3.18. Let H be an hypergroupoid and a € H. We denote by I, the
subset of H defined as follows:

lo={be H[f(b) > f(a)}.

Lemma 3.19. Let H be an hypergroupoid and f a fuzzy right (resp. fuzzy left)
ideal of H. Then the set 1, is a right (resp. left) ideal of H for every a € H.



FUZZY INTERIOR IDEALS IN HYPERSEMIGROUPS

Proof. Let a € H and f a fuzzy right ideal of H. The set I, is a right ideal
of H. Indeed: Since a € I, the set I, is a nonempty subset of H. Moreover,
I, «H C I,. Indeed: Let x € I, * H. Then z € uwo v for some u € I,, v € H.
Since x € wowv and f is a fuzzy right ideal of H, we have f(x) > f(u). Since
u € I,, we have f(u) > f(a), thus we have f(z) > f(a). Since u € I,, we have
u € H. Since u,v € H, we have uov C Hx H C H,sox € H. Since x € H
and f(x) > f(a), we have x € I,. Thus I, is a right ideal of H. Similarly, if f
is a fuzzy left ideal of H, then the set I, is a left ideal of H for every a € H. [J

Corollary 3.20. If H is an hypergroupoid and f a fuzzy ideal of H, then the set
1, is an ideal of H for every a € H.

Lemma 3.21. Let H be an hypergroupoid. If A a left (resp. right) ideal or an
ideal of H, then the characteristic function fa is a fuzzy left (resp. fuzzy right)
ideal or a fuzzy ideal of H. “Conversely”, if A is a nonempty subset of H and
fa a fuzzy left (resp. fuzzy right) ideal or a fuzzy ideal of H, then A is a left
(resp. right) ideal or an ideal of H.

Proof. Let A be a left ideal of H, z,y € H and u € zoy. Then fa(u) > fa(y).
Indeed: If y € A, then zoy C H+ A C A, then u € A and fa(u) =1 > fa(y).
If y € A, then fa(y) =0 < fa(u), so fa is a fuzzy left ideal of H. Let now fa
be a fuzzy left ideal of H. Then H x A C A. Indeed: Let u € H x A. Then
u € xoy for some x € H, y € A. Since u € x oy, we have fa(u) > fa(y) = 1.
Then fa(u) =1, and u € A. The “dual” (for right-fuzzy right ideals) can be
proved in a similar way, this completes the proof. O

Theorem 3.22. An hypergroupoid H is simple if and only if it is fuzzy simple.

Proof. =>. Let f be a fuzzy ideal of H and a,b € H. Since f is a fuzzy ideal
of H and a € H, by Corollary 3.20, the set I, is an ideal of H. Since H is
simple, we have I, = H. Then b € I,, so f(b) > f(a). By symmetry, we get
f(a) > f(b). Thus we have f(a) = f(b), and H is fuzzy simple.

<. Let H be fuzzy simple and I an ideal of H. Then I = H. Indeed: Let
x € H. Since I is an ideal of H, by Lemma 3.21, the characteristic function f;
is a fuzzy ideal of H. Since H is fuzzy simple, f; is a constant function, that is,
f1(y) = f1(z) for every y,z € H. Take an element a € I (I # (). Then we have
fr(z) = fr(a) =1, so x € I. Thus H is simple. O

Theorem 3.23. If H is an hypersemigroup, then the following are equivalent:
(1) H is simple.
(2) H=H *{a} x H for every a € H.
(3) Every fuzzy interior ideal of H is a constant function.

Proof. (1) = (2). Let a € H. The set H * {a} * H is an ideal of H. Indeed,

it is a nonempty subset of H, and we have
Hx(Hx{a}xH)=(H+H)*{a}+*H C H x{a} * H and
(H«{a}+«H)«H=Hx{a}*x(HxH) C H=x{a}*H.

Since H is simple, we have H *{a} * H = H.

(2) = (3). Let f be a fuzzy interior ideal of H and a,b € H. Then f(a) = f(b).
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Indeed: Since b € H, by hypothesis, we have b € (xo0a) * {y} for some z,y € H.
Since f is a fuzzy interior ideal of H, we have f(b) > f(a). By symmetry, we
get f(a) = f(b), so f(a) = f(b).

(3) = (1). Let f is a fuzzy ideal of H. By Proposition 3.4, f is a fuzzy interior
ideal of H. By hypothesis, f is a constant function. Thus H is fuzzy simple.
Then, by Theorem 3.22, H is simple. (]

Summarizing, in case of an hypersemigroup the following are equivalent: (1)
H is simple; (2) H = H * {a} « H for every a € H; (3) H = H « Ax H for
every A € P*(H); (4) H is fuzzy simple; (5) every fuzzy interior ideal of H is
a constant function. Clearly H = H x {a} * H for every a € H is equivalent to
H = H x A« H for every nonempty subset A of H.

With my best thanks to Prof. Klaus Denecke for his interest in my work
and his prompt reply.
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