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ON CONVERGENCE IN THE ORLICZ SPACE AS A RANKED SPACE

ICHIRO SUZUKI
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ABSTRACT. Kita and Yoneda showed that every Cauchy sequence with Orlicz norm
r-converges in the Orlicz space considered as a ranked space, and however there exists
an r-convergent sequence which is not a Cauchy sequence. We give an another proof
and show that every sequence of points in every fundamental sequence r-converges.

1 Introduction. The ranked space which was proposed by Kunugi [2] and studied by
Nakanishi [3-5], and others, has convergence concepts by using the fundamental sequences.
In [1], Kita and Yoneda treated the Orlicz space as a ranked space. Moreover they showed
that if a sequence converges with Orlicz norm, then it r-converges to the same point, and
there exists a sequence that r-converges and does not converge with Orlicz norm, using a
fundamental sequence. In this paper we give an another proof and show that for every fun-
damental sequence {U,,(fn; @n,en)}, every sequence {g, : gn € Un(fn; n,€n)} r-converges.
Throughout this paper, all the functions are real-valued and measurable on T = [—m, 7].

2 Notations and definitions. Let p be a function on [0,00) satisfying the following

properties: p(0) =0, 0 < p(u) < 0o if 0 < u < o0, p is non-decreasing, right-continuous on

[0,00) and lim p(u) = co. A function ¢ is called an N-function if it has the representation
U—0o0

¢
as p(t) = / p(u)du for t > 0. We know that ¢ is a convex function.
0

Definition 1 ([1, 6]). Let ¢ be an N-function and o > 0. We define p(aL) by
otan):={1: [ wlals@ihio < oo}

For f € p(aL) and € > 0, V(f;a,¢) is defined by

V(frane) = {gewaL): /

—T

olalf(x) — g(z)])dx < 5} i

An Orlicz space L} is defined by L} := (J w(al). For f € L7, the Luxemburg-Nakano
a>0
norm (L-N norm for short) || f||(,) of f is defined by

£l = {3505 [ o@D < 1.

—1Tr
A function ¢ is said to satisfy the As-condition if there exist C' > 0 and ¢y > 0 such that

w(2t) < Co(t) for every t > ty.
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Hereafter we assume that a function ¢ is an N-function and does not satisfy the As-
condition. Without the As-condition we know the following: If 0 < a < 3, then for every
C > 0 and t > 0, there exists tg > t such that Cp(aty) < p(Btg). By the convexity of ¢,
the inequality that ¢(s|f(z)] + t|lg(z)])) < so(|f(2)]) + te(lg(x)]) for s+t =1,0< s, t < 1
is often used.

3 Ortho-convergence (r-convergence). In this section, we see that a Cauchy sequence
with L-N norm r-converges (Definition 5) in the Orlicz space, on the other hand there exists
r-convergent and not a Cauchy sequence with L-N norm . We denote {z € T : |f(x)| > ¢}

by [|f] > €], and ’[|f| > 5}‘ means the Lebesgue measure of [| f| > €].

Proposition 1. Let {V,} = {V,(fn; an,en)} be a sequence satisfying that: for every non-
negative integers n and m with n < m,

0<ap <am, €n, >€em >0and lim g, =0.
n—oo

If fn € V,, for each n and for every m > n, then every sequence {gn : gn € Vi } is a Cauchy
sequence in measure.

Proof. For every € > 0, for n and m with n < m,

@(%)‘Hgn gm|>5]‘<‘p(a4>‘“gn gm‘>5]‘

- /[Ign—gm|>s} v (aZ€> dz < /_7T ® (%|gn(aﬁ) - 9m(£)|) dx

™

< [ o (Z000) = @]+ 1a@) — gm@))) o

—T

<[ e (Gin@ - am@l)do+ [ (Gl - on@)) do

—Tr

</ " (ol fa(x) — gn(@)])da + / " ool fale) — ()

—T —T

—|—/ o(am|fm(x) — gm(x)])de < 22, + £, < 3.
Then, we have that lim ‘Hgn — gm| > e]’ = 0 for every € > 0, thus {g, : g» € V,} is a

Cauchy sequence in measure. O

Theorem 1. If {f.} is a Cauchy sequence with L-N norm for non-negative integer n, then
there exists a sequence {V,} = {Vi(fn; an,en)} such that every sequence {gn : gn € Vi } is
a Cauchy sequence in measure.

Proof. Let {f,} be a Cauchy sequence with L-N norm. Then we can find a sequence
{en} satisfying the following properties: there exists €,, < 1 and if ng < n < m, then
Eng > €n > Em > 0, [[fu — fmll(p) < €n, and hm en = 0. Moreover there exists v > 0 as

follows: there exists n1 > ng, || fall(,) < v for every n > ny. Then, we have

Lo (@)= o) ==
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1
We set a,, to min{ n ,1}. Then we have f,, € p(a,L) and 0 < a, < a,, < 1 for
En

ny <n <m. Let {V,} be {V,.(fn;an,en)}. For m >n>ny, by ||fn — fillp) <en <1, if
|fn = fmll(p) # O, then we have

! . ) y anfn<x)—fm<x>>
||fn—fm||(¢>/f(a”'f"(“) fm(m)'”“/f( Tl )%

T |fn(x)_fm(x)|)
= /S”< 1o Tl )™ 5T

Then [ olan(|fa(x) = fm(2)]))de < en. If ||fn = fumll(p) = O, then [ elan|fu(x) —

fm(z)|)dz < € for every € > 0. Moreover f,, € ¢(amL) C ¢(a,L). This shows that for
each n > ny, for every m > n, fn, € V,(fn; @n,en). Therefore {g, : g, € V,,} is a Cauchy
sequence in measure by Proposition 1. O

‘We show that the converse of Theorem 1 does not hold.

Proposition 2. There ezists not a Cauchy sequence {fn} with L-N norm satisfying the

following: there exists a sequence {V,} = {Vi,(fn; @n,en)} in Proposition 1 such that every

sequence {gn : gn € Vi } is a Cauchy sequence in measure.

Proof. Let €, be 27", 0 < ap < ap, < 1 for n < m and lim «,, = § < 1. Since ¢ does
n—oo

not satisfy the As-condition, for ag, 3, there exists t; such that 0 < t;, 1 < ¢(agt;) and
22p(a1t1) < @(Bt1). Next, for ag,3, there exists to such that t; < to and 23¢(asts) <
©(0t2). By repeating this process, we can find a sequence {t,} such that,

0<ty<ty<-<tp<---, 1<@lat)), 2" p(ant,) < p(Bty).

We choose a sequence of sets {E,} as follows: for each n € N

1
E, C [—7‘&',7‘(’], |En‘ = m, E,.NE, =10 (m # n)
We can construct a function f, that f,(z) = t,xg,(x) for every x € [—m, 7] and set

Vi = Va(fn; 0, 27™) . Where xg, is a characteristics function of E,. Since, for each n if
m > n, then

/7T planlfn(z) = fm(x))dz = p(antn)|Enl + p(antn) | En| < i

TL’
- 2

we have that fp, € V,,(fn;an,27™) and {g, : gn € Vi } is a Cauchy sequence in measure by
Proposition 1. However, for every m > n,

| cinte) ~ fut@as > |

2" o(ant,)dr + / 2™ ot )da = 2,
. o

Em

then || fn — fmll(p) = - > 1. It shows that {f,} is not a Cauchy sequence with L-N norm

O

1
g

We recall the definitions of a ranked space and ortho-convergence (r-convergence).
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Definition 2 ([3, 4, 5]). Let X be a non-empty set such that, for every f € X, there exists
an associated non-empty family U(f), consisting of subsets of X, called preneighborhood

of f, denoted by U(f), V(f), and so on. Define Y = |J U(f). Then the space X is called
fex
a ranked space if, for each integer n € {0} UN, there exists an associated subfamily U,, of

U satisfying the following conditions (A) and (a):
(A) FU(f) e U(f), then f € U(f).

(a) for every f € X, for every U(f) € U(f) and for every n € {0} UN, there exists a V'(f)
such that:

(a.1) V(f) CU),
(a.2) V(f) € Uy, with some m > n.

U(f) € U, is said to be of rank n in a ranked space.

Definition 3 ([1]). For every f € L7, a preneighborhood of f is defined as follows: for
f € plal)and € > 0,

K

U(f) = U(fr0re) = {g  plaL): |

—T

plalf(z) — g(o)))d < } |
And define, for o > 0 such that f € p(alL):

U(f) ={U(f;a,e) : a > 0,e > 0}, U:= U Uuf),

Je Ly
Un :={U(f;0,27") : > 0} for each n € {0} UN.

Then an Orlicz space L7 is considered as a ranked space.

Definition 4 ([3, 4, 5]). For a sequence of functions { f,}, a sequence of preneighborhoods
{Un} = {Un(fn; @n,en)} is said to be a fundamental sequence if it satisfies the following
conditions:

(1) U, D Uy, for n < m,

(2) en, >em >0, for n <mand lim ¢, =0.

n—oo

A fundamental sequence {U, (fn; @n,en)} is said to be of center f if f,, = f for every n.

Definition 5 ([3, 4, 5]). A sequence {f,} is said to be ortho-convergent (r-convergent) to f,
if there exists a fundamental sequence {U, (f;an,e,)} of center f, satisfying the following
conditions: for every n € {0} UN, there exists a ng such that f,,, € U,(f; an,ep) for every
m > ng.

For sequences of sets {U,,} and {V,.}, {U,} = {V,} means that for every U, € {U,}, there
exists Vi, € {V,,} such that U,, D V,,.

Hereafter we consider the Orlicz space as a ranked space.

Proposition 3. Let a sequence {V,} = {Vi.(fn;an,en)} in Proposition 1. Then every
sequence {gn : gn € Vi } r-converges.
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Proof. Since {f,} is a Cauchy sequence in measure by Proposition 1, there exist a function
f and a subsequence {f,, } of {f,} such that klim fan () = f(z) for almost everywhere
—00

x € T. Since by Fatou’s lemma

s

[ clanla@) — s <timint [ planlfale) = fu@)ide < 20,

—T —T

then,

[ e (@< 5 ([ et - s@ba+ [ el

—T —T —T

< 0.

Therefore we have f € p(a,L/2) for every n € {0} UN. Let {U,} = {Un(f;an/2,en)}
Then U,, D U, for n < m, since «,, < o, and €, > &,,. Therefore {U,,} is a fundamental
sequence of center f. For every g € V,,, we have g € p(a,, L/2) and

| e (3 - o)) as

—T

< </ﬂ p(an|f(2) —fn(w)l)d:v+/ﬂ planfn() —g(x)l)dw> < én.

N 5 -7 -7

Then U, DV, we have {U,} > {V,,}. This shows that every sequence {g, : g, € V,,}
r-converges to f. O

Theorem 2. A Cauchy sequence with L-N norm r-converges to the same point. However
there exists an r-convergent and not a Cauchy sequence with L-N norm.

Proof. Let {f,} be a Cauchy sequence with L-N norm. Then there exists a sequence {V,,} =

{Vi(fn; an,€n)} by Theorem 1, and a sequence {f,,} r-converges to a function f € L7 by

Proposition 3. If there exists a subsequence {f,,} of {f.} such that klim fr () = f(z) for
— 00

almost everywhere, then klim | fni — fll(p) = 0. Therefore we see that lim || f,, — f|l(,) = 0.
— 00 n—oo
The example that an r-convergent and not a Cauchy sequence with L-N norm is showed in

Proposition 2. O

By [1, Corollary 5.13], we know that «,, < ay, if U, D U, for a fundamental sequence
{U,(f;an,en)}. This shows that a sequence {g, : g, € U, } converges in measure to f.

Theorem 3. Let {U,} = {Un(f;an,en)} be a fundamental sequence. Then every sequence
{gn : gn € Up} converges in measure to f.

Proof. Since {U,} is a fundamental sequence, U,, D Uy, if n < m. We have a,, < ey, by [1,
Corollary 5.13]. For every e > 0, for every n € N, we have similarly in Proposition 1 that

p(012)[[1f = gnl > | < plane)|[1f = gl > €]

< / " ol f(@) — gn(@))dx < e

—Tr
Then we have that {g,, : g € U,} converges in measure to f. O

By Theorem 3 we have that if {f,} r-converges, then converges in measure. However
there exists a {f,,} that converges in measure, and does not r-converge.
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Proposition 4. There exists a sequence which converges in measure, however does not
r-converge.

Proof. For each n € 0OUN, we set E,, C [-m,7], |E,|=1/2", E,NE, =0 (m #n), and
tn, = 2". We define a function f,, that f,(x) = t,xg, (z) for every © € [—m,7]. Then for

every 0 < e < 1, ’[|fn| > 5}‘ = 1/2™. This shows that a sequence { f,} converges in measure

to 0. On the other hand, for every fundamental sequence {U,(0; a,,e,)} of center 0, we
have

[ clanlna@in = 222 > pa,) > o),

thus {f,} does not r-converge to 0. O

4 Convergence in a fundamental sequence that its centers are not a unique
function. In this section, we see that for every fundamental sequence {U,(fn;n,en)}
such that f, # fn for n # m, every sequence {g, : g, € Uy,} r-converges in Lj,. We know
that if 8 > 2a > 0, €1 > g2 > 0 and f € @(BL), then U(f;a,e1) D U(h;8,e2) for every
function h € U(f; 3,e2). Because if g € U(h; 8,¢2), then

| stals@) ~at@ihdo < [ o (§2alf(e) - bl + 2alnte) - g(o))) o

s s

p(2al(e) ~ h(@))dz + 5 [ p(2alh(a) - g(o)))da

—T

<3 [ elr@ —n@his+ 5 [ ol - goar <

—T —T

We shall show that if 5 > «a >0, ¢ >0 and f € (L), then a function h exists such that
U(f;a,e) DU(f + h; B,¢). First, we shall show U(0;«,e) D U(h; 8,¢).

Lemma 1. Let § > a > 0. Then for every b > 0 there exists a = a(a, 3,b) > 0 such that
for every function g,

/ p(alg(z) + al)dz < / (Blg() )z,
[g(x)>b]

lg(z)=>b]

/ plalg(x) — al)dz < / o(Blg(x))dz
[g(z)<—b] [g(z)<—0]

Similarly for every a > 0, there exists b = b(«, 5,a) > 0 satisfying the above inequalities.

—a)b
Proof. For b >01let 0 <a < M. Then
«

/[Q(z)>b] wlalg(e) +al)dz < < 0 <a + ab)) dx
= Jutwrzn® (“(g( T e )) i = #(Blg())dz,

[9(z)> [g(z)>b]

[ sttt oz [ oo g+ 2200) )i
<[ ela(o@-tw))ar= [ oe-ot)
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For every a > 0, let b >

. Similarly we can prove the

aa (B—a)d
a

3 . Then we have a <
—a

above inequalities. O

Lemma 2. Let 0 < a < 8, f € ¢(BL), and a function h satisfy the following conditions:
there exists a > 0 such that |h||L~ < a. Then we have f + h € p(alL).

Proof. If f be a bounded function it is clear. Let f be not a bounded function and there
exists a > 0 such that ||h||p=~ < a. Then by the latter part of Lemma 1, b > 0 exists such
that b > a, and

/ (0l f(x) + h(z) )dz < / (0l f(z) + al)de
[f(z)>b] [f(x)>0]
< / (81 (@)])dx < oo,
[f(z)>0b]
/ (0l f(x) + hiz))dr < / (0l f(z) — af)dz
[f(z)<-0] [f(xz)<-0]
< / P8 f(2)])dz < oc.
[f(z)<—b]

Therefore f 4+ h € p(al). O

The following proofs of Proposition 5 and Theorem 4 are given by the referee.
Proposition 5. If 8 > a > 0, ¢ > 0, then there exists a > 0 such that U(0;a,e) D
U(h; B,€) for every function h with |h||p~ < a.

@B 0\ < = and h be [~ < a. Then h € w(BL). If
08—« 37

. « 0 —«
g € U(h; B,¢), then by the convexity of ¢ and B <1, T < 1 that

Proof. Let a be a > 0, g0<

/W p(alg(e))dz < /Tr plalg(z) — h(z)| + alh(z)[)dz

:/ ¢ (50lste) —_ft(w)l) IO ) ) do

[ et - gtaas+ 252 [ o (S na) ao

We have U(h;B,e) C U(0;a,¢e), O
Next, we shall show that U(f;a,e) D U(f + h; 8, ¢).

Theorem 4. Lety> > a >0, ¢ >0 and f € p(yL). Then there exists a > 0 such that

U(f;a,e) DU(f + h; B,e) for every function h with ||h||L-~ < a.

Proof. Let a be a >0, ¢ (ﬁa) < 3i and h be |||~ < a. Since f € p(yL), f+h €
-« T

@(BL) by Lemma 2. If g € U(f + h; 8, ¢), then similarly in Proposition 5

/ " p(alf(x) - g(a)))dr = / " p(alf(x) + hiz) — g(x) — h(z)|)dx

—T —T
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< / " o0l f(x) + h(x) — g(@)] + alh(x)])dz

= 7: ¢ T z) — g(x p—a of T x
/ﬂw(ﬁ(ﬁf()ﬂl() o)) + ﬁ i Ih( >)d

o s
<S5 [ et e - gwhas + 5% [ o (S pw) ) do
Q B—a €
S Ei‘f ﬁ 372’/7' < E.
Since g € p(BL) C ¢(aL), we have U(f + h; 8,¢) CU(f;a,¢). O

We know that U(f;«,e) D U(f;5,e0) implies @« < 8 for every g, g9 > 0, [1, Corollary
5.13]. We shall show that U(f;a,e) D U(g;3,0) implies « < (§ by showing a contraposi-
tion.

Theorem 5. Let f € p(al), g € ¢(BL), 0<e, 0<eg, 0<a and0< . IfU(f;a,e) D
Ul(g; B,€0), then we have o < 3.

Proof. We shall show that if 8 < a, then U(f;«,e) 5 U(g; 3,20). For g and f we can find
a positive real number a and real number s such that ‘[g(x) — f(z) > s]Nlg(z)| < a]‘ > 0.

And for €g, there exists m € N such that QW‘[Q(I) — f(x) > s Nlg(x)] < a]‘ > go. For

v such that f < v < a, since ¢ does not satisfy the As-condition we have a sequence
{tx : k=1,2,...,1} such that,

maX{O,—s, __a } <t <tya< o<ty 1<p(ft), € <lep,

2k+m<p(ﬁtk) <pytk) (k=1,2,...,0).

We choose a sequence of sets {Fy : k=1,2,...,1} as follows:
|Ex| = 2k+m U Ey Clg(x) = f(@) > s] N {lg(2)] < d],

EiﬂEj:V)( 75.])

Let h(z ZthEk for every z € [—m, w]. Then we have

l
/_ o(Bh(z dm—Z/ (Btx) dx—Zsz < &o.
Since
/_ " o(Blg(x) + h(x)|)dz = A oy POl e

+ / o(Blg(x) )z < oo,
[lg(x)[>a]
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then g +h € U(g; B, €0)- By als +tx| = a(s + ) > vtx,

™ l
/ p(alg(z) + h(z) — f(z)|)dr = Z/ p(afs +tx))dx
k=1" E

l l l
>y [ ettde= Y [ 2 maan) 2 Y >
k=1 Ek k=1 Ek k=1

Thus we have that g+ h € U(f;a,¢) and U(f;a,€) 2 U(g; 8,¢€0). Therefore if U(f; a,€) D
U(g; B, €0), then we have a < . O

We shall show that for every fundamental sequence {U,(fn;an,en)}, every sequence
{gn : gn € Uy} is a Cauchy sequence in measure and r-converges in L.

Theorem 6. For every fundamental sequence {Uy,(fn;an,en)}, every sequence {gn : gn €
U,} is a Cauchy sequence in measure and r-converges to an f € o(a,L/2).

Proof. By Theorem 5, U,, D U, for n < m implies that o, < . Similarly in Proposition 1

we have that lim ’Hgn = Gm| > 6]‘ =0 for every € > 0, thus {g, : g, € U,} is a Cauchy
m,n— o0

sequence in measure. So {f,} is Cauchy sequence in measure. Similarly in Proposition 3,

there exist a function f € ¢(ay,L/2) such that klim fn,(x) = f(x) for almost everywhere

x € T for a subsequence {f,,} of {f,}, and there exists a fundamental sequence {V,,} =
{Vo(f;an/2,e,)} of center f such that {V,} > {U,}. This show that every sequence
{gn : gn € Up} 1-converges to an f € L7,. O
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ABSTRACT. We extend existence and uniqueness results of [4] for nonlinear integro-
differential equations of Volterra type between real locally complete vector spaces.

1 Introduction In [4] and [10], existence and uniqueness results are obtained for non-
linear integro-differential equations of Volterra types of the form

¥ =H(t,x,Kz), z(0)=mz, (1)

where H takes on values in a Banach space over R, and Kz is an integral operator depending
on a continuous function K having values in the same Banach space. Recently, such as in [1]
and [8], generalizations of certain nonlinear problems have been extended to more general
locally convex vector spaces or algebras. In this paper we extend the main results of [4] to
the case in which the values are in a generalization of Banach spaces, specifically, locally
complete vector spaces. Appropriate definitions are given below.

Throughout this paper, we consider a locally convex vector space over the field R of
real numbers. We will denote such spaces by (F,7), where 7 denotes the topology. Basic
properties of locally convex spaces can be found in [3], [6], and [9]. Locally convex spaces
are generalizations of normed spaces, and our interest here is a class of locally convex spaces
that are generalizations of Banach spaces, as described next.

1.1 Locally complete spaces. The definition of a locally complete space relies on some
information about certain kinds of bounded sets. Also, we need a way to construct linear
subspaces that are normed spaces.

Definition 1.1. In (E,7) a set A is:

e Bounded if, given any neighborhood U of the origin, there exists a positive number
a=ay suchthat ACa-U={a-xz:2e€U}.

e A disk if A is both convex and balanced; i.e., if
(Va,y € A)(Vs,t e R) 3 |s|+ [t] <1, sx+ty € A.

The unit ball of any normed space represents a set that is a bounded disk.

Definition 1.2. Let B be a bounded disk in (E,T). Denote by Eg, the linear span of B.
We equip Ep with the normed topology given by the Minkowski sublinear functional of B
(see [9, p. 161]), defined by:

(Vz € Ep) |lz||p=inf{t >0:2 €t B}.

2010 Mathematics Subject Classification. Primary: 45D05, 34K20; Secondary: 46A17, 46A13.
Key words and phrases. Keywords: Integro-differential equations of Volterra type, locally complete,
Lyapunov - dissipative condition, strict Mackey convergence.
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Given an arbitrary bounded set in a locally convex space, we can form the intersection
of all disks that are closed and bounded, and which contain the set. It turns out that this
type of construction always leads to a set that remains bounded, c.f. [6; 7.3.4, p. 135].
Hence, without loss of generality, we may assume that a bounded set is a closed, bounded
disk.

The next definition represents the tool we need in order to work with normed spaces within
(possibly not even metrizable) locally convex spaces. Our definition comes from [7; 5.1.29,
p. 158].

Definition 1.3. A locally convex space (E,T) satisfies the strict Mackey convergence
condition if for every bounded set B, there exists a closed, bounded disk D such that
B C D, and the topology of normed space (Ep, || - ||p) is equivalent to the topology T on B.

Most of the typical spaces that occur in applications satisfy the strict Mackey conver-
gence condition, including all metrizable locally convex spaces, countable products of such
spaces, and certain inductive limits such as the space D = (D, 7p), the space of test func-
tions from distribution theory. For details and more information about the strict Mackey
convergence condition, see [7; Section 5.1, p. 158 - 159]. Finally, we define locally complete
spaces next.

Definition 1.4. A locally convex space (E,T) is locally complete if for every closed
bounded disk B, the normed space (Eg, | - ||B) is complete; i.e., a Banach space.

In [5; 2.14, p. 20] locally complete spaces are also given the name ¢ —, or convenient spaces.
In several references, such as [2, 7.1, p. 275], the definition of a ¢>*— space additionally
requires the space to be bornological (i.e., any linear map from E to an arbitrary locally
convex space F' is continuous if and only if it maps bounded sets to bounded sets). We will
use the definition of ¢*°— spaces from [5; 2.14, p. 20]; i.e., locally complete spaces. It should
be noted that the structures of ¢>*°— (locally complete) spaces have become important in
recent years due to the use of such spaces in nonlinear distribution theory. More details
about applications of these spaces can be found in [5], and the references therein.

Detailed information about locally complete spaces can be found in [7; Chapter 5]. For our
purposes, the main facts are that the collection of locally complete spaces properly contains
Banach spaces, and that every complete locally convex space is also locally complete, c.f.
[7; Chapter 5] . The following example illustrates a space that is strictly more general than
a Banach space, and we will apply our results to this example at the end of this paper.

Example 1.5. Let D = (D, Tp) denote the space of test functions from distribution theory.
The following facts hold for D, with relevant references given in each case:

(D1) The space D can be expressed as an increasing countable union of complete metriz-
able locally convex spaces (E,,d,), where d,, represents the topology of the metric.
Moreover, the topology 7 = Tp is the so - called inductive limit topology. See [6 ;
12.1.1, p. 289].

(D2) Given any bounded subset A of D, there exists a closed, bounded disk D such that
A C D, and the topology 7p coincides with the normed topology || - ||p on A. See [6;
12.1.4, p. 290]. Thus, D satisfies the strict Mackey convergence condition.

(D3) D is complete. See [3; Ex 6, p. 165].
(D4) D is not metrizable. See [6; 12.1.5, p. 291].

Thus, D is a locally complete space that is not a Banach space.
We can now state the complete problem for this paper, and the main results.
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2 An existence and uniqueness theorem for functions between locally complete
spaces. We consider equation (1) given in the introduction with assumptions similar to
those in [4], where the values are taken in a locally complete space. For completeness,
we state the problem here. For the notation used below, C[A, B] denotes the space of
continuous functions from a set A to a set B, and B(a,r) denotes the open ball centered at
a of radius r in a normed space. Finally, for a scalar «, the notation «- B(a, 1) is equivalent
to the statement: {x : ||z — al|| < a}.

Problem 1. Consider the first order nonlinear integro-differential equation of Volterra type

(1) ¥ = H(t,z,Kz), x(0)=xq.

Here, x : R — E, where E = (E,7T) is a locally complete space over R, and Kz is the
operator defined by

T
2) (K)(®) = [ K(t,s.a(s)ds
0
with K and H satisfying the following:
K eC[R*x E,E], He C[Rx E x E,E].

The differentiation in £ = (E,7) is defined as done for general locally convex spaces, such
as in [11], or [2; 10.2, p. 279].

The following is inspired by Theorem 3.1 of [4]. Our result here is for functions from a
locally complete space to the same locally complete space that satisfy some boundedness
conditions outlined below. For consistency, we have chosen to use notation that coincides
as closely as possible to that of [4].

Theorem 1. Assume there exists a closed, bounded disk B C E such that for J = [0, 7],
and some Ky > 0, Hy > 0,

(A1) K (J? x B) C K - B;

(A2) H(JxBxKy-B)C Hy- B,

K is Lipschitz in the third argument with respect to the norm || - || on Epg; in particular,
(A3) (Elkl > O) e ||K(t,s,u) _K(t755ﬂ)||3 < leU’_ﬂHBa

on J? x B, H is locally Lipschitz; that is, for any (¢,z,y) € J x B x Ky - B, there exist
0 =4(t,z,y) >0, L = L(t,z,y) > 0, and neighborhoods U, of = and U, of y within
J X B x Ky - B such that in (Eg, || - ||B),

(A4) |H(t, z1,y1) — H(t, 22, 92)|lB < L (|1 — 22|lB + |ly1 — v211B) ,

for (t,z1,y1), (t,22,y2) € J x Uy x Uy. Then:
(a): There exists n > 0 such that equation (1) has a unique solution on Jy = [0,7] in
(Es: |- 15)-
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(b): The sequence of approximations that converge to the unique solution in (Eg, || - ||5)
from part (a) converges to the solution with respect to the topology 7 of E.

Proof.: We start by rewriting some of the assumptions in terms of norms. By assumption
(A1), K (J? x B) C Ko - B implies that on J? x B,

HK(t757z)||B < Ky. (Al)

The assumption (A2) implies that on B°, that is, on {z € Fp : ||z||p < 1}, and on
Ko-B={x € Ep:|z|lg < Ko} we have

|H(t,z,y)l|lp < Ho. (A2)

We will prove that 1 = min {T, ﬁ} is the desired value.
For t =0, x = xg, y = 0, choose o1, 71, 71 > 0 such that o1 Hy < 771, 01Ky < 71, and

for which the Lipschitz inequality of (A4) holds on Ry = Rxg, where
Ri = Rxg = [0,0‘1] x B (.’1?0,71) X B (O,W) .

By known methods such as Schauder’s fixed point theorem or successive approximations, a
unique solution x(t) of (1) can be found on [0, 01] as a limit of a sequence (x,,) = (xm(t)),
with respect to the norm || - ||z. We now enlarge the interval of solution as follows. Let

To, = To + /001 H(s,z(s),(Kx)(s))ds.

For t = 07 and = = z,,, let
o1
o = [ E(tsa(9)ds
0
There exists Ry = R, for which the Lipschitz inequality of (A4) holds, given by

R2 = [01702] X B(x(flﬂ’yQ) X B(y01772)7

where
(02 —o01) Hy < 72 (02 — 01) Ko < 73,

and such that the Lipschitz inequality of (A4) holds on Ry. It follows that we can prove
the existence of a unique solution z(t) on [0,01 4+ 02]. We again denote the sequence of
successive approximations by (z,,). Let S be the set of all unique solutions z(t) to (1) on
an interval [0, «] for « < T. Tt is easy to prove that a partial ordering of S is given by set
inclusion of intervals, and that Zorn’s Lemma applies. Thus, we conclude that there is a
maximal element, that is, there exists a unique solution to (1), on [0,7n]. This proves part
(a). To prove part (b), by [7; 3.2.2, p. 82], the topology of the norm || - || 5 is stronger than
the topology 7 on the vector space Eg. We conclude that if (z,,) converges to the unique
solution on [0, 7] with respect to || - || g, then (z,) converges to the unique solution = = z(t)
on [0,n] with respect to 7 as well. O

Remark. We proved this result by using the unit ball B of (Eg, | - ||5)- In general, one
can prove Theorem 1 on a ball of radius N in (Ep, || - ||5). In this case, the details follow

as in the proof of Thm 3.1 of [4], with n = min {T7 %}
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3 Existence and uniqueness under a Lyapunov - dissipative condition The result
that follows generalizes Theorem 3.2 of [4] to locally complete spaces, under the assumptions
of our previous theorem.

Within the context of a locally complete space E of Theorem 1, we say that H(¢,z,y)
satisfies a Lyapunov - dissipative condition if items (i) - (iii) below are satisfied:

(i)
(A5) VeC[JxBxBR, Vita,z)=0, V(tazy) >0,
ife#y, for
(t,z),(t,y) € Jx B°, Ko-BC BC Ep,
with L > 0 such that

WVt 2, y) =Vt z,y)| < L- ([l —allp + lly —wlls) -

(1) If (x,) and (ym) are sequences in B such that limy, n—ooV (¢, Zn,ym) = 0, then
1iMum, n—oo(Tn — Ym) = 0 in the topology of E.

(ii) The following derivative relation holds:
1
D (V(tv T, y)) = hliIn+ E {V(t7 Z, y) - V(t - h7 T — hH(tv xz, KI), Yy—= hH(tv Y, Ky)} )
—0

and we have
D(V(t.z,y)) < g (t, V(t,z,y), / S<t,s,V<s,x<s>,y<s>>ds) 7

fort € Jand z,y € C[J,B|, with S € C'[J x J x RT,R], |S(¢,s, V)| < Spon J x J X
R™; moreover, S satisfies condition (L4) of [4].

(iii) The function g satisfies: g € U* of [4] with respect to S and to = 0.

Theorem 3.1. Assume the hypotheses of Theorem 1, in particular, assumptions (A1) -
(A3). Further, assume the Lyapunov dissipative condition (A5) and that the space (E,T)
satisfies the strict Mackey convergence condition. Then there exists n > 0 such that equation
(1) has a unique solution on Jy = [0, 7).

Proof: As in the proof of Theorem 3.2 in [4], we construct a sequence {x,(t)} of e,—
approximations on the interval Jo = [0, 7], where 0 < &, < 1 and &, — 0 as n — 0. To
finish the proof, it will suffice to prove that the sequence converges to a continuous function
x(t) in the topology 7 of E; the proof that x(t) is the unique solution follows from the same
arguments as the proof of Theorem 3.2 in [4].

By [4; Thm 2.2, p. 94] and the assumption that g € U*, the arguments of Step II of [4;
Thm 3.2, p. 101] apply to conclude that

lim V(t,zn(t), zm ()] =0,
in the topology 7 of E, for any t € Jy. By assumption of the strict Mackey convergence
condition, there is a closed, bounded disk D, with B C D, and for which 7p is equivalent
to the normed topology of (Ep, || -||p), on the set B. By local completeness, (Ep, || -||p) is
a Banach space, and we may apply the arguments from Step II of [4; p. 101], to conclude
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that (x,(t)) is uniformly Cauchy in (Ep,| - |p). Hence, (x,(t)) converges in the space
(Ep, || - |lp) to a continuous function x(t). Finally, by the equivalence of the norm | - ||p
to the topology of E on the set B, we conclude that (z,(t)) converges to x(¢) in the space
(E, 7). O

Remark 3.2. In view of items (D1) - D(4), the results of Theorem 3.1 hold for the space

D=

(1]

RS EN

(9]
[10]

[11]

(D, Tp), the space of test functions from distribution theory.
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ABSTRACT. Motivated by equations derived by Neri, Pointin-Lundgren and Joyce-
Montgomery in the context of Onsager’s statistical theory of vortices, we study the
blow-up properties of some sinh-Gordon type extensions of the standard mean field
equation with exponential nonlinearity on two-dimensional compact surfaces.

1 Introduction and main results Our study is motivated by the equation:

v _ —v te? — (1 — t)e~v]d
— Aq'U = )\ |: e (1 t)e o ifﬂ[ ‘ ( )e ] Ug in Q,
: Jolte? + (1 —t)ev]dvg Q] [,[te? + (1 —t)e=?] dv,
/ vdvg =0,
Q

where (€, g) is a compact orientable two-dimensional Riemannian manifold without bound-
ary, dvgy denotes the volume element on €, || denotes the volume of ©, ¢ € [0,1] and A > 0
is a constant. Equation (1.1) is a special case of the mean field equation derived by Neri [10]
in the context of the statistical mechanics description of two-dimensional turbulence, as ini-
tiated by Onsager [15] and further developed by Joyce and Montgomery [7], Pointin and
Lundgren [16]. This special case captures the main features of the interaction between the
positive part and the negative part of the exponential nonlinearity.
More precisely, Neri’s equation is given by

J;ale” — ﬁ Jq e*dvy) P(de)

(1.1)

—Agju=2A in
(1.2) ’ JJrxq e Plda)dvg
/ v =0,
Q
where v corresponds to the stream function and P = P(da), o € I = [—-1,1], is the

probability distribution of the relative circulations of the vortices, which are assumed to be
independent identically distributed random variables. Equation (1.2) reduces to (1.1) when
P is of the “hyperbolic sine type”, namely

(1.3) P(da) = td1(da) + (1 — t)0_1(da).

The mathematical analysis for equation (1.2) is quite recent. An existence result for solu-
tions to equation (1.2) under Dirichlet boundary conditions was obtained by Neri himself
in [10]. Results on the blow-up properties of solution sequences to (1.2), as well as the

2010 Mathematics Subject Classification. Primary: 76B03, Secondary: 35B44, 76B47.
Key words and phrases. Mean field equation, sinh-Gordon equation, blow-up analysis.
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corresponding optimal Moser-Trudinger inequality are contained in our previous work [18],
where the following more general problem is considered:

—Agv = )\/V(a,x,v)eo‘“ P(da) — A Ve, z,v)e*” P(da)dvg in Q
I

|Q‘ IxQ
/ vdvg = 0.
Q

On the other hand, a mean field equation similar to (1.2) may be derived by the method
of [7, 16], assuming that P is the probability measure which determines the distribution of
the relative circulations, see [4, 19]. Under such assumptions, the stream function v satisfies:

v 1
—Av:)\/a(e—>73da in Q
I Joewdo, 19 (da)

/vdvg =0.
Q

A blow-up analysis for (1.5) was obtained in [11] together with a related Moser-Trudinger
type inequality, which is seen to be dual to the logarithmic Hardy-Littlewood-Sobolev in-
equality of Shafrir-Wolansky [21] when P is atomic. The optimal constant in the above
mentioned Moser-Trudinger inequality was recently obtained in [17]. We note that the
general equation (1.4) contains equation (1.2) and equation (1.5) as special cases.

The above mentioned results were motivated by the mathematical analysis carried out by
Ohtsuka and Suzuki in [13, 14] for equation (1.5) in the special hyperbolic sine assumption
(1.3). In such a case, (1.5) takes the form:

e’ 1 e"” 1
e () g () e
! Joevdvg |9 Joevdvg 1€

/vdvgzo.
Q

In particular, the articles [13, 14] contain some refined blow-up results for (1.6) whose
extension to the general equation (1.4) appears to be difficult. Therefore, as a first step
it is natural to try to extend such refined blow-up results to the special “sinh case” of
equation (1.2), namely to equation (1.1). Indeed, this is the main objective in this note.

Before stating our main results, we note that under the assumption P(da) = §1(da),
the Dirac measure concentrated at o = 1, both equation (1.2) and equation (1.5) reduce to
the well known mean field equation

e’ 1
- A=A —---—-— — in
I (er”dvg |Q|)

/vdquo,
v

which has been extensively studied in recent years in connection with the Nirenberg problem,
chemotaxis, Chern-Simons vortex theory as well as statistical hydrodynamics. See, e.g., [8,
20] and the references therein. Therefore, equation (1.1) and equation (1.6) may be viewed
as physically relevant sinh-Gordon type extensions of the standard mean field equation
(1.7).

(1.4)

(1.5)

(1.6)

(1.7)
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Towards our objectives, we shall take the point of view of studying the slightly more
general problem

—Agv:)\[tzle:v)—(l—t)

/vdvg =0,
e

where 73, T, are real functionals defined on £ and where the constant x(v) is defined by
K(v) = k1(v) = K2(v),

—v

IQ(U)

. ] —M(v) i Q

¢ ev 1—1¢ e "
(1.9) k1(v) = 9] /Q mdvg, ka(v) = T /s mdvg

so that the integral of the r.h.s. in (1.8) is zero. We denote

5{veH1(Q); /deugo}.

We make the following assumption on Zy,Zs:

(Z) There exists Cy > 0 such that ¢ [, e’ dvy < C1Zy(v) and (1 —1t) [,e™"dvy, < C1Z5(v)
forall v e &.

It follows from assumption (Z) that

(1.10) K0) < 75

for all v € £. For later convenience, we also observe that in view of Jensen’s inequality we
have Z; (v) > tC Q| and Zo(v) > (1—t)C; Q| for all v € €. In particular, in the “strictly
hyperbolic” case t € (0,1) there exists ¢y > 0 such that

(1.11) 7 (v) > co, Io(v) > co

for all v € €. Clearly, (1.8) reduces to Neri’s “sinh” case (1.1) when

I (v) =Ia(v) = /Q[te” + (1 —t)e "] dv,

and it reduces to (1.6) when

Ii(v) = /Q e’ dvg, Ir(v) = /Q e”" duy.

Thus, by extending the results by Ohtsuka and Suzuki [13, 14] to equation (1.8), we conclude
that equation (1.1) and equation (1.6) share analogous blow-up properties.

In order to state our main results, we denote by G = G(z,y) the Green’s function
associated to —Ag4 on Q. Namely, G is defined by

1 .
- A,G(+y) zéy—@ in Q

(1.12)
| ctndnm =0
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We shall be mainly concerned with blow-up sequences to (1.8). More precisely, we consider
solution sequences v, to equation (1.8) with A = A, and A\, — Ag. We define the measures
H1mn, H2,n S M(Q) by

Un

1.13 = At W= A (1=t
( ) M1, Il(vn) 2, ( )

e Vn

ZQ (’Un) '

By assumption (Z) we may assume that p; ,, — p; € M() weakly in the sense of measures,
i=1,2. We set

(1.14) UL = G * 1, Ugp = G * 1o 4.

Then, v, = w1, — uU2,. We note that (uj,,us,) satisfies a Liouville-type system as
extensively analyzed in [2, 3, 21]:

u —Uu
eUln—U2,n

Il (’Un)
e¥2,n—Ul,n

— AUQ,n =\ ((1 — t)T —

Un,)

/ulm dvg =0 = / U, p dVg.
Q Q

We define as usual the blow-up sets:

—Auy = A (t — m(vn)> in O

@(vn)) in O

St ={pe€Q:3psr, —pst vy(pen) — £00)}

and we denote § = §; US_. By adapting to our case some results for the general equa-
tion (1.4) as contained in Theorem 2.1, Theorem 2.2 and Theorem 4.1 in [18], we derive the
following results for (1.8), which extend the alternatives as discovered in [1, 9].

Theorem 1.1 ([18], Brezis-Merle type alternative). Let A, — Ao and let {v,} be a sequence
of solutions to (1.8) with A = \,,. Then, the following alternative holds:

1) Compactness: limsup,,_, o ||vn|| < +00. We have Sy US_ = 0 and there exist a
solution v € € to (1.8) with A = Xy and a subsequence {v,, } such that v,, — v in E.

2) Concentration: limsup,,_, . ||vn|| = +00. We have S # 0 and

P = Z M. (p)dp + 1 dvg
pESL

Z m_(p)d, + 12 dvg
peES_

Ho =

where 6, denotes the Dirac delta centered at p € S, the constants my(p) satisfy the
“minimum mass property”

(1.15) my(p) > 4,
and r; € LY(Q) N L2 (Q\ S). Moreover the following facts hold:

loc

2-1) If there exists pg € S+ \ Sy then m4(po) = 8™ and mx(po) = 0.
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2-ii) For every pg € S+ NS_, we have the quadratic identity

(1.16) 87[m.t (po) +m_(po)] = [m(po) — m_(po)]®
and
(1.17) m(po) +m_(po) = 4(3 + V5)r.

Our first aim is to improve the minimum mass (1.15). We obtain the following.

Theorem 1.2. Let A\, — Ao and let {v,} be a sequence of solutions to (1.8) with A = \,,.
In the conclusion of Theorem 1.1, Alternative 2), the lower bound (1.15) is improved as
follows:

(1.18) my(p) > 87
for any p € Sy. Consequently, (1.17) is also improved:
my (po) +m—(po) = 24m.

Clearly, when py € St \ 8¢, Theorem 1.2 follows by Theorem 1.1, 2-7). Therefore, in
the proof of Theorem 1.2 we need only consider the two-sided blow-up case pg € Sy NS_.
This result is obtained by performing the rescaling argument as in [13] using a Brezis-Merle
type lemma and the classification of solutions to Liouville type equations in R? obtained by
Chen and Lin in [5, 6].

Our second result concerns residual vanishing in the one-sided blow-up case.

Theorem 1.3 (One-sided concentration, residual vanishing). Let A,, — Ao and let {v,} be
a sequence of solutions to (1.8) with A = \,,. Suppose py € S \ S—. Then,

ry =0, u1:87r25p,

pESH

and i1, — 0 in L (w) for every w € 2\ S;. Consequently, ui, — w1 in H} (Q\ Sy),

where uy s given by
up = 8w Z G(-,p).

PESY

Moreover, there ezists ug € € and a subsequence {ug,,} such that us , — ug in € and

— Aug = Ao [K(I)euz - |Q1|/QK(x)6“2] in €,

/U2:07
Q

where § € [0, ﬁ] and K(z) = e 2pes, 8mG@p) Analogous results hold in the converse
case pp € S_ \ S;.

(1.19)

Our third result concerns the location of the blow-up points in the one-sided blow-up
case. In order to state it, we define a suitable local chart centered at the blow-up point
po. More precisely, given pg € S we denote by (V,U) an iso-thermal chart satisfying
UNS = {po}, ¥(U) =0 C R? and

(1.20) U(po) =0,  g(X)=etM(dXT+dX3),  £0)=0,
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where X = (X7, X») are Euclidean coordinates on O. Then, the Laplace-Beltrami operator
A, is mapped to the operator e $(XDAx on O, where Ay = 8§<2 + 8§<2. We denote by
1 2

Hy (z,y) the regular part of the Green’s function G(z,y) relative to the chart (U, ¥), i.e.,

(1.21) Ha(r,) = Glr,y) + 5 log([¥(x) — W(y)

for x,y € U. By Go(X,Y) we denote the Green’s function of —Ax on O with Dirichlet
boundary conditions and by Ho(X,Y) we indicate its regular part. Namely,

~AxGo(X,Y) =06y inO
Go(X,Y)=0 on 00

and

(1.22) Ho(X,Y) = Go(X,Y) + o~ log(|X ~ V)

With this notation, we have the following.

Theorem 1.4. Let A\, — Ao and let {v,} be a sequence of solutions to (1.8) with A = \,,.
Suppose that there exists pg € Sy \S—. Then, the following relation holds in the iso-thermal
chart (1.20) centered at py:

(1.23)

Vi (STHe(U7 (X)po) 487 > GOUTH(X),p) — ua( 81 (X)) +€(X) )|
peS\{po}

= O7
X=0

where ug is given by (1.19). Analogous results hold in the converse case pg € S—\ Sy.

We note that (1.23) coincides with the relation obtained in [14], Theorem 1.2, thus
confirming that the hyperbolic sine mean field equations (1.1) and (1.6) exhibit analogous
blow-up properties.

Notation For the sake of simplicity, in the local coordinate patch O C R? defined in (1.20)
we denote V = Vx and A = Ax.

2 Proof of Theorem 1.2 Since Theorem 1.2 is already known in the one-sided blow-
up case pg € St \ Sy, without loss of generality we assume ¢t € (0,1). In particular,
we assume that the lower bound (1.11) holds. Similarly to [13], the main observation
towards obtaining our improved blow-up results is the local reduction of equation (1.8) to
the following Liouville system:

(2.1) { — Awy = Vet —V2e*?  in O

— Awg = —V1e"t + V5e"?  in O,

where 0 < V; < C and [,e" < C, with C a constant independent of w;, i = 1,2,
to which the blow-up analysis developed in [13] may be applied, see Lemma 2.1 below.
Indeed, we take a coordinate patch (¥,U) as defined in (1.20). In particular, identifying
v(X) = v(¥~1(X)) for any function v defined on 2, we have that a solution v to equation
(1.8) satisfies

te? (I1—t)e™™

— ! et — Ak(v)et in
Il(’l}) IQ(’U) >\ ( ) O

—Av—)\{
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We define h¢ by

—Ahg :eg in O,
(2.2)
he =0 on 00.

Correspondingly, we define w; : O — R by setting

wy = v —10gZ;(v) + Ak(v)he,
wy = —v — log Iy (v) — Ak(v)he.

Then,

_ ewl—)\m(v)h57

w2+)\f@('u)h5.
I1(v) I(v)

=€

It follows that w; satisfies the equation

te¥ —t)e "V

e (11—t y
I ('U) I (’U)
=\t ef (e gw1 A1 —1t) eETAR(V)he Jwo

—Awy = — Av+ k() (—A)he = A

in O. Setting

(2.3) Vi = At et Whe Vo = A(1 — t) efTARWIhe

we conclude that w; satisfies the first equation in (2.1). Similarly, wo satisfies the second
equation in (2.1) with V; defined by (2.3), i =1, 2.

Now, we consider a solution sequence v,, to (1.8) with A = A,, — Ag. Similarly, we set

W15 = Uy — 108 T (Vy) + Ank(vn)he,
W2 n = —Un — IOgIQ(Un) - )\nﬂ(vn)hg,

where hg is the function defined in (2.2) and, as before, we identify v, (X) = v, (¥ ~1(X)).
For later use, we note that in view of (1.11) we have

(2.4) Wi + wa ., = —logZi(vy,) —logZa(vy,) < —2log ey

for some ¢y > 0. In view of the arguments above, we conclude that (wy ,,, wa ) satisfies the
Liouville system

25) — Awy p = Vi et — Vo pe2m in O
. - Aw2,n = _‘/l,neu“"n + ‘/Q,newzn in 07
where
(2.6) Vi = Ant ¢S Anr(vnlhe Vam = An(1 — t) eSTAnr(vnlhe
and

(2.7) 0< Vin <C, / evin < C
O
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i = 1,2, for some C > 0 independent of n. In view of estimate (1.10), we may assume that
k(vn) — ko and consequently

Vi — Vi = At e Homohe,

Vo — Vo = Ag(1 — t) et Fhomohe,
uniformly on O. We define
S ={X€0:3X,, — X s.t. w; ,(X,) — +00}.
We recall the following Brezis-Merle type Lemma for (2.5) from [13], Lemma 2.1.

Lemma 2.1 ([13]). Suppose {win,Wen}n is a solution sequence to the Liouville sys-
tem (2.5), satisfying (2.7). Then, up to subsequences, exactly one of the following alter-
natives holds true.

1. Both {w1n}n and {wan}n are locally uniformly bounded in O.

2. There is i € {1,2} such that {w; n}n is uniformly bounded in O and {w;,}, — —o0
locally uniformly in O for j # i.

3. Both wy , — —00 and wa,, — —oo locally uniformly in O.

4. For the blow-up sets 89, S defined for this subsequence, we have SY U SS # 0 and
$(SYUSY) < +oo. Furthermore, for each i € {1,2}, either {w; » }n is locally uniformly
bounded in O\ (SY USY) or w;,, — —oo locally uniformly in O\ (S USY). Here, if
SO\ (SY NS89 # 0 then w;,, — —oo locally uniformly in O\ (SYUSY), and for each
xg € S there exists m;(zo) > 4w such that

Vin(z)eir — Z m;i(20)0z, x -~weakly in M(O).

fEOES?

We will start by giving the proof of the following preliminary lemma, which relies on
arguments from [14].

Lemma 2.2. Letpy € S NS_. There exists a sequence x1,, — po and a sequence Tz, — Do
such that:

i) vp(x1,n) — +00, Un(21,n) — log Zi (vy,) — +00,
i) —vn(x2.5) — +00, —Up(x2,n) — log Io(vy,) — +o0.

Proof. We prove only relation ). The proof of i) is similar. Recall that

e'Un
2.8 n = Apl——,
(2.8) i1, AT
and that by Theorem 1.1 we have
(2.9) P =Y my(p)d, + 1 dug.

PESH
Since p; is singular in pg, p1,, is L°°-unbounded around py € S. Hence, we can assume

lim sup (vp, —logZi(vy,)) = +o0, Yro > 0.

"% B(po,ro)
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Hence, we find 7o > 0 such that B(pg,r0) NS+ = {po} and a sequence of points z1, €
B(po, 7o), such that

Up(x1,n) — logZ1 (vy,) = max {vn(m) —logZ (vy) : @ € B(po, ro)} — 400.
Moreover, in view of (1.11), we have

Un(xl,n) - IOg:Zl(Un) < Un(xl,n) - IOg Co,

and therefore we also have v, (z1,,) — +00. It remains to prove that x;, — pg. Suppose
the contrary. Then up to subsequence, we may assume 1, — p # po, p € B(po, 7o) and
hence p is not in Sy. This means limsup,,_, ., vn(z1,n) < +00, a contradiction. O

In view of Lemma 2.2 there exist {1, } and {z2,,} such that z1 ,, — po, v (x1,,) — +00,
Zo.n — po and —v,(z2,,) — +00, and furthermore

Xipn=¥(x1,)—0 and wi,(Xi,) —+
Xom =V(x2,) =0 and wo,(Xa,) — +o0.

In particular, 0 € 8, i = 1,2, and

(2.10) S=vUNS)={0}=PUNS_)=5I.
On the other hand, since )
e n
‘/'l’neUJl‘n — )\ntz'l(,vn) 65
and .
Vane =Ml = )7 o e,

recalling that £(0) = 0, from (2.9) we derive that

Vine ™ 5 my (po)do(dX) + s1(X) dX,

(2.11) ]
Vo n€“?m = m_(pg)do(dX) + s2(X) dX,

s-weakly in M(0), where s;(X) = r;(V1(X))esX) | s; € LYO) N LE,(O\ {0}), i = 1,2,
and min(my (po), m—(po)) = 4m. In view of (2.10) there exist Y1 ,,, Y2, € O, Y1,,Y2,, — 0
such that

w1 (Yin) = SUp Wy = +00

wQ,n(YQ,n) :Slép W2, n — +00.

Proof of Theorem 1.2. We define the rescaling parameters

—w1 . n(Y1.n)/2
€1,n =€ 10 (Y1,n)/

€am :e_w2,n(y2,n)/2.
Correspondingly, we rescale the Liouville system (2.5) two times.
Namely, we first rescale (2.5) around Y7 ,, with respect to €1,,. We define the expanding
domain
O ={XeR?: Vi, +61,X €O}
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and we define wy ,,, w3, : O} — R by setting

W1 (X) =010 (Y1 + 10 X) —w10(Y1,0)

)

w% n(X) :wQ,n(Yl,n + El,nX) - wl,n(Yl,n)-

We note that ], is a standard rescaling. Then, @ ,,,w;,, is a solution for the Liouville
system

—Aw} ‘717 eTin — V1 eWin
(212) { 1,n 1,n 2,n

~1 ot 1 @t
Au}2 n = Vl’newl,n + ‘/Q’new2’n

in O}, where Vlln(X) =Vin(Yin +e1,,X) and ‘721n(X) = Von(Y1n +e1.,X). We note
that (2.4) implies that

(2.13) @},n + @{n = —logZi(vy) — log Zo(vy) — 2wy 1 (Y1,n) — —00.

Similarly, we rescale (2.5) around Ys,, with respect to €3 ,. We define the expanding
domain

02 ={X eR?: Yy, +e2,X € O}

and we define @3 ,,, w3, : O3 — R by setting

w% n(X) =Wi,n (YQJL + EQ,W,X) - w2,n(Y2,n)
w2’n(X) :w2>n(Y2,n + 527nX) — W2 n(Y2,n)

)

We note that {Din is a standard rescaling. Then, @in,ﬁ;n is a solution for the Liouville
system

—AT2, =V2 ePin — V2 ePin
(214) { 1,n 1,n 2,n

_ 12 a2 72 W
Aw?n __Vvlme 1’n+V2,n€ 2

in O2 where ‘712n(X) =V (Y2, +e2,X) and 1722n(X) = V2, (Y2, +€2,,X). Furthermore,
as above,

(2.15) {Din + @%n = —logZi(vy) — log Za(vy,) — 2w n(Ya,n) — —o0.

‘We observe that
0< V(X)) <C, / e
Ok

for i,k = 1,2, for some C > 0 independent of X and n. Therefore, the Brezis-Merle
alternative Lemma 2.1 may be applied locally to the Liouville systems (2.12)—(2.14).

At this point, the remaining part of the proof is completely analogous to [13], and
therefore we just outline it briefly. In view of the identities (2.13)-(2.15), we rule out
Alternative 1. On the other hand, since wj ,(0) = 0 = w3 ,,(0), we rule out Alternative 3.
Let @y, : R? — R be such that @,’j — @k uniformly on compact subsets of R2. In view of
(2.15), the rescaled functions w7, and w3, cannot converge locally uniformly to a locally
bounded function, and therefore the residual term in the rescaled equations is necessarily
either zero, or a finite sum of negative Dirac masses. It follows that the limit equations for

ﬁ,’g,n are one of the following.
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Either the standard Liouville equation
—Awy, = Vk(O)eﬂ”“ in R2, / eﬁ’k < 400,
R2
k = 1,2, in which case, in view of [5], we derive

my = Vi (0)e™s = 8,
R2

where for convenience we denote my = m(pg), ma = m_(po).
Or, the singular Liouville equation

(2.16) —Ady, = Vi (0)e™ — > a(Xo)dx, inR?, / ePr < oo,
XoES R?
where S C R? is a finite set and a(Xy) > 4w for any X € S, in which case we derive
my = / Vi(0)e™ > 4 + > a(wg) > 87
R2
ToES

in view of [6]. In particular, we conclude that my > 87 and (1.18) is established. O

3 Proof of Theorem 1.3 We derive the proof of Theorem 1.3 by adapting arguments
from [12], Theorem 2.1—(III). See also [18], Theorem 4.1. Under the assumptions of Theo-
rem 1.3, since py € S; \ S—, we necessarily have t > 0. therefore, assumption (Z) implies
that

(3.1) Zy(v) > cl/ﬂe”

for some ¢; > 0, independent of v € £. In order to prove Theorem 1.3 it clearly suffices to
show the following.

Lemma 3.1. Under the assumptions of Theorem 1.3, we have
lim 73 (v,) = 4o0.
n—oo

Proof. We denote GT' (-, pg) = min{T, G(-,po)}. We estimate:

eln eln
—— >GT s A\t ——— = GT % Z (ny plp +71).

ULy = G x A\t
" Zi(vn) 71 (vn) =

In particular, recalling that in view of Theorem 1.1, case 2-i) we have n4 ,, = 8, we have
uin(2) > 817G (2, po) — C.

In a local coordinate patch (1, U), identifying ug ,(X) = u1 n (¥ ~1(X)), we derive that

where for a general function f defined on ¥ (i) we denote f7 = min{7, f}. In particular,
for any T" > 0 we have

n— 00 -

117
lim inf et~ (X) > ¢ LXJ .
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By Fatou’s lemma, we derive

lim inf ettn(X) g x > c/

T
1
{} Jx.
e Jw(u) T(U)

X

Since T is arbitrary, we conclude that lim,,_ f‘II(L{) e1.n(X) dX = 400. Finally, since U p
is bounded, using (3.1) we conclude that

lim 73 (v,) > cl/ e’dvg > 02/ etn(X) dX = 400,
nmee Q T(U)

O

4 Proof of Theorem 1.4 We recall a particular case of Lemma 4.1 of [12] that will be
useful in the sequel. Here O denotes a bounded domain in R? with smooth boundary, and
0 € O is assumed without loss of generality.

Lemma 4.1 ([12]). Let f, be a sequence in W1>°(O) satisfying
Vf,—F in L>(0)?

for some F € C(O)%. Moreover, suppose that {v,} C Wy*(O) is a solution sequence to

—Av, =" in O
(4.1)
v, =0 on 00
and that B
evntin 816y * — weakly in M(O).
Then,

F(0) = —87VxHo(X,0)|x_g-

Let po € S84+ \ S— and let (U, V) satisfy (1.20) around pg. We may assume that 00 is
smooth. We identify u; ,(X) = u1 (¥~ (X)), where u; ,, is defined in (1.14). Then,

t UL,n—U2,n
(4.2) —Aug = Ay ( eIl(v ] — /sl(vn)> (X in O.
n
Setting
Ul,n— U2 n
(4.3) fiin = At

Il (’Un)
we have ﬁl’ni\ 8mdp in M(@) Moreover, by the assumption on i/ we also have

lim sup [0

n—oo

w2t a0y < +00

for any r € (2, +00). Hence, the function h,,(X) defined by

Ah,=0 inO
(4.4) )

hn =u1, on 00,
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satisfies y
limsup ||y |20y < 400.

n—oo

It follows that we may assume

Now, we set
lelll,n =Uin + Ank1 (Un)hf — hn

where hg is defined by (2.2). Then, @, satisfies

—Aﬂlm _ )\ntem,n—uz,n GE _ )\ntexp{f)\”nl(vn)h5+hn7u2,"+§} €a1="

(45) Z1(vn) Z1(vn)
al,n =0

That is, @1, satisfies (4.1) with f = f,, given by

fn = —Ank1(vn)he + hy, + log A, — w2y, — log(Z1(vy)) + €.

Now we are ready to complete the proof of Theorem 1.4.

413

Proof of Theorem 1.4. By taking subsequences, we may assume that x1(v,) — 1. Then,

we also have f,, € WH>(0),

Vfn — V(=Xokihe + hoo — ug +€) in L>(0)?

and

V(—Xok1he + hoo — ug + €) belongs to C'(0)?.

Hence, applying Lemma 4.1 to the sequence {@; ,,} we conclude that

(46) V(—)\oﬁilhg + iloo — Ug + 6)‘ = —87TVXH(9<X, O)'X:O .

X=0

We claim that

(4.7) ~Xoirhe + hoo =81 Y G(U'(-),p) — 87Go(-,0).

PESH
To see this, we note that (1.13) implies
1.0 (S2) — 8TES,.
On the other hand, by definition of x; we also have
p1.n () = Aor1]Q.
Hence, we conclude that

(48) )\0H1|Q| =8m ﬁS+

It follows that w = —Agk1he + ho satisfies the Dirichlet problem

87T ﬂS_A,_ .
—Aw = — ef in O
€|

(4.9)

PESH

w =81 Z G(T1(),p) on 00.
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By uniqueness, we conclude that w = 87>
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ves, G(UTI(),p) = 87Go(-,0) so that (4.7) is

established. Finally, we note that by (1.21) with y = pg we obtain

Hy (074 (X), po) = G(¥(X), o) + 5 log | X].

Therefore, using (1.22), we have

G(U™H(X),po) — Go(X,0) = Hy (¥~ (X), po) — Ho(X,0)

so that

(410) Z G(\Ilil(')ﬂp) - GO(70) = Z G(\Ilil(')ap) + H‘II(\Ilil('%pO) - Ho(,O)

pESY PESL\{po}

Combining (4.6), (4.7) and (4.10), we derive the asserted necessary condition (1.23). O
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ABSTRACT. In the present paper, the convexity of fuzzy sets is generalized based on
conjunctive aggregation functions, and the degree of the non-convexity of fuzzy sets
is considered as an application of the generalized convexity. Then, the properties of
the generalized convexity of fuzzy sets, and the properties of the degree of the non-
convexity of fuzzy sets with respect to operations are investigated.

1. Introduction. The concept of fuzzy sets has been primarily introduced for represent-
ing sets containing uncertainty or vagueness by Zadeh [7] as fuzzy set theory. Then, fuzzy
set theory has been applied in various areas of decision making theory including economics
and optimization, etc., widely. We consider fuzzy sets on R™, and identify each fuzzy set
on R™ with its membership function. The convexity of a fuzzy set is defined by the qua-
siconcavity of its membership function. Quasiconcavity of functions is defined using the
minimum operation. Due to the importance in economics and optimization, etc., several
generalizations of quasiconcavity of functions have been introduced and investigated; see [6]
and the references therein. In [3], the quasiconcavity of membership functions is generalized
by allowing arbitrary conjunctive aggregation functions instead of the minimum operation.
In [5], the degree of the non-quasiconcavity of membership functions is proposed as an appli-
cation of the generalized quasiconcavity. Since the convexity of a fuzzy set is defined by the
quasiconcavity of its membership function, the generalized quasiconcavity of membership
functions can be regarded as the generalized convexity of fuzzy sets, and the degree of the
non-quasiconcavity of membership functions can be regarded as the non-convexity of fuzzy
sets.

In the present paper, the properties of the generalized convexity of fuzzy sets, and the
properties of the degree of the non-convexity of fuzzy sets with respect to operations are
investigated.

The remainder of the present paper is organized as follows. In Section 2, some properties
of continuous conjunctive aggregation functions are presented. In Section 3, some properties
of fuzzy sets with respect to operations are presented. In Section 4, some properties of the
generalized convexity of fuzzy sets, and some properties of the degree of the non-convexity
of fuzzy sets with respect to operations are presented. Finally, conclusions are presented in
Section 5.

2. Aggregation functions In this section, the properties of continuous conjunctive
aggregation functions are investigated. Conjunctive aggregation functions are used in order
to generalize the convexity of fuzzy sets. For details of aggregation functions, see [1,6].
For a,b € RU{—o00,00}, we set [a,b] ={z e R:a <2 <b}a,b[={reR:a<z<
b},Ja,b) ={z €eR:a <z <b},and Ja,b[={x € R:a < x < b}.
First, aggregation functions are defined.

2010 Mathematics Subject Classification. Primary 03E72; Secondary 26B25.
Key words and phrases. fuzzy set, generalized convexity, non-convexity.
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Definition 1. (See [1].) Let G :[0,1]2 — [0,1]. The function G is called an aggregation
function if the following two axioms are satisfied: (G1) if x;,y; € [0,1],z; < y;,0 = 1,2,
then G(z1,22) < G(y1,y2) (monotonicity), and (G2) G(0,0) = 0 and G(1,1) = 1 (boundary
condition).

Next, the definition of a property of aggregation functions is given.

Definition 2. (See [1].) Let G : [0,1]*> — [0, 1] be an aggregation function. The aggregation
function G is said to be conjunctive if G(z,y) < min{z,y} for any x,y € [0, 1].

Next, the definition of a relationship between two aggregation functions is given.

Definition 3. (See [4].) Let G,G’ : [0,1]> — [0,1] be aggregation functions. G is said
to dominate G’ (G > @) if G(G'(z1,11), G'(z2,y2)) > G'(G(x1, x2), G(y1, y2)) for any
T, Yi € [0, 1],i =1,2.

The concept of the domination for aggregation functions is closely related to the preser-
vation of T-transitivity in aggregating fuzzy relations, where T' is a triangular norm; see
[4].

In order to measure the non-convexity of fuzzy sets in Section 4, we consider continuous
conjunctive aggregation functions G) : [0,1]2 — [0,1],p € [1, oo[ defined as

GP)(z,y) = [min{z,y}]? for x,y € [0,1] (1)

for each p € [1,00[. The larger p is, the larger the difference between G») and min = G(V)
is.

The following proposition shows a property of continuous conjunctive aggregation func-
tion.

Proposition 1. Let G : [0,1]?> — [0, 1] be a continuous conjunctive aggregation function,
and let A, B C [0,1]. Then,

sup G(z,y) = G(sup A,sup B),
r€A,yeB

where sup ) = 0 for § C [0, 1].
Proof. If A= or B =0, then

sup G(z,y) =0= G(sup 4,sup B).
r€A,yeB

Assume that A # () and B # (). Since G(z,y) < G(sup A, sup B) for any = € A and any
y € B by the monotonicity of G, we have

sup G(z,y) < G(sup A, sup B).
r€A,yeB

Suppose that
sup G(z,y) < G(sup A,sup B).
r€A,yeB

We set o« = sup A and 8 = sup B. Note that &« > 0 and 3 > 0. We set
G(Oé,ﬂ) - sup B G(m7y)

€A ye
€= I2y > 0.
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By the monotonicity of G and the continuity of G at (a, 3), there exists d such that 0 <
d < min{e, 8} and G(«, ) —e < G(z,y) < G(«, B) for any (z,y) €la—4§,a]x]|3 -6, F]. By
the definitions of & and 3, there exists (xg,y0) € (Ja — d, a]x]8 — 6, 5]) N (A x B). Then, it
follows that
G(zo,90) < sup G(z,y) < G(a,B) —e < G(x0,Y0),
reA,yeB

which is a contradiction. O

The following proposition shows a relationship between min = G and G¥),p [1, o0],
where GP) p € [1, 00 are the continuous conjunctive aggregation functions defined by (1).

Proposition 2. min = G > G®) for any p € [1,00[.

Proof. Let x;,y; € [0,1],4 = 1,2, and let z be the minimum among x;, y;,i = 1,2. Then,
we have

min{G®) (z1,11), G (z2,12)} = 2 = GP) (min{w1, 22}, min{y1, y2}).

O

3. Fundamental properties of fuzzy sets In this section, the properties of fuzzy sets
with respect to operations are investigated.

We consider fuzzy sets on R™, and identify a fuzzy set @ on R™ with its membership
function @ : R™ — [0,1]. Let F(R™) be the set of all fuzzy sets on R™.

For a € F(R™) and « €]0, 1], the set

[l = {x eR" :a(x) > o}

is called the a-level set of G.
For a crisp set S C R™, the function c¢g : R” — {0, 1} defined as

() = 1 ifxels,
SEZ10 ifees

for each & € R” is called the indicator function of S. Whenever we consider cg as a fuzzy
set, cg : R™ — {0,1} is interpreted as cg : R™ — [0, 1].
A fuzzy set a € F(R™) can be represented as

a= sup acg,, (2)
«€]0,1]

which is well-known as the decomposition theorem; see [2].

A fuzzy set @ € F(R™) is said to be convex if a(Axz+(1—A\)y) > min{a(x), a(y)} for any
x,y € R" and any A €]0, 1[. That is, a € F(R") is said to be convex if @ is a quasiconcave
function.

We set

S(R™) = {{Sa}acio,1] : Sa CR™, a0 €]0,1], and Sg O S, for 3,7 €]0, 1] with 5 < ~},
and define M : S(R") — F(R") as

M({Sa}acp,]) = sup acs,
«€]0,1]
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for each {Sa}acjo,1) € S(R™). For {Sa}acjo) € S(R™) and x € R”, it follows that

M({Sa}ae]o,l])(x) = Sl]lp : acs,, (w) = sup{a E]Oa 1] HK S Sa}7
acl0,1

where sup ) = 0 for ) C]0,1]. The decomposition theorem (2) can be represented as

a=M({[a]a}aeo,1))

for a € F(R™).

When @ = M({Sa}aejo,1]) for @ € F(R™) and {Sa }acjo,1] € S(R™), @ is called the fuzzy
set generated by {Sa}aejo,1], and {Sa }aeo,1) is called the generator of a.

The following proposition shows a relationship between the inclusion relation of two
generators of two fuzzy sets and the inclusion relation of the two fuzzy sets.

Proposition 3. Let {Sa}acjo,1], {Ta}ac)o,1) € S(R™). If Sy C Ty, for any « €]0,1], then
M({Sa}aej.)) < M({Ta}ac)o.1)-

Proof. For any = € R", it follows that
{a €]0,1]:x € So} C{a €]0,1] : ¢ € T, },

and that
M({Sa}taco))(x) =sup{a €]0,1] : & € Su}
<sup{a €]0,1] 1 @ € To} = M({Tu taepo,1)(@).
Od

The following proposition shows a relationship between a generator of a fuzzy set and
level sets of the fuzzy set.

Proposition 4. Let {Sa}acjo,1) € S(R"), and let @ = M({Sa}acjo,17). In addition, let

a €]0,1]. Then,
[a]o = ﬂ Sp.
BEJ0, o
Proof. It follows that

x€lale, < a(x)=sup{f€]0,1]:z€ Sz} >a
x € Sp,0 €]0,a]
& T E n Sﬁ.

BE€J0,af

¥

O

The following definitions are addition and scalar multiplication on F(R™) by Zadeh’s
extension principle. See [2] for Zadeh’s extension principle.

Definition 4. For a,b € F(R") and ) € R, we define @ + b, A\a € F(R") as

@+0)(@) = sup min{a(y).b(=z)}, (Aa)(@)= suwp aly)
T=y+z =)y

for each & € R™, respectively.
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The following proposition shows a property of level sets of fuzzy sets with respect to
scalar multiplication.

Proposition 5. Let a € F(R™), and let A € R. In addition, let o €]0,1]. Then,
Ao D Ald]q.

Proof. Let x € A[a],. Then, there exists y, € [a], such that & = Ay,. Since a(y,) > «
it follows that (Aa)(x) > a(y,) > «. Therefore, we have & € [\d],. O

The following proposition shows a relationship between scalar multiplication of fuzzy
sets and generators of the fuzzy sets.

Proposition 6. Let {S.}acjo,1] € S(R"), and let @ = M({Sa}acjo,1)). In addition, let
A € R. Then,

A = M({ASatae)o,1]) = sup acys,.
«€]0,1]

Proof. For each a €]0,1], it follows that [d]a = (\3g)9,4( S8 D Sa from Proposition 4, and

that [Aa]o D Ala]a D AS, from Proposition 5. Thus, it follows that Aa > M ({\Sa }aeo,1])
from Proposition 3 and the decomposition theorem (2). Suppose that there exists @y € R™
such that (Aa)(xo) > M({A\Sa}ae)o,17)(®o). We set v = M ({ASa}aeo,1))(x0). Then, since
(Aa)(xo) = supg,—xy a(y) > 7, there exists y, € R™ such that xy = Ay, and a(y,) > 7.
We set = a(yo) > . It follows that y, € [a],, = ¢, Ss from Proposition 4, and that
xo = Ay € ASp for any 3 €]0,n[. Therefore, we have v = M ({ASa }aejo,1])(x0) = sup{a €
10,1] : g € AS,} > 1 > v, which is a contradiction. O

The following proposition shows the properties of scalar multiplication of fuzzy sets.

Proposition 7. Let a € F(R"), and let A\, u € R.
(i) (\2)a = A(ui).
(ii) 1a = a.
Proof.
(i) From the decomposition theorem (2) and Proposition 6, we have
(wa = M ({()[dla}taeron)
= M ({Mplala)}tacpo,)
= M ({M[a]a}ae 0 1])
= Apa).

(ii) From the decomposition theorem (2) and Proposition 6, we have

la = M ({1[ala}aeio.)
= M ({[@a}aeio.n)

O

4. Generalized convexity and degree of non-convexity In this section, the properties
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of the generalized convexity of fuzzy sets, and the properties of the degree of the non-
convexity of fuzzy sets with respect to operations are investigated.

The following definition is a generalization of the convexity of fuzzy sets by allowing
arbitrary conjunctive aggregation functions instead of the minimum operation, and is first
proposed in [3] as the generalized quasiconcavity of membership functions. We consider the
generalized quasiconcavity of membership functions as the generalized convexity of fuzzy
sets.

Definition 5. (See [3].) Let G :[0,1]> — [0,1] be a conjunctive aggregation function, and
let @ € F(R™). The fuzzy set @ is said to be G-convex if

a(Ax + (1 - N)y) > G(a(z),a(y))

for any x,y € R™ and any A €]0,1].

For a conjunctive aggregation function G : [0,1]? — [0,1] and @ € F(R"), if @ is convex,
then @ is G-convex from Definition 5.

The following proposition shows the properties of the G-convexity of fuzzy sets with
respect to operations.

Proposition 8. Let G : [0,1]2 — [0, 1] be a continuous conjunctive aggregation function,
and let @,b € F(R™). In addition, let A € R.

(i) Assume that min = G®) > G. If G and b are G-convex, then @ + b is G-convex.

(ii) If @ is G-convex, then Aa is G-convex. When A # 0, if Aa is G-convex, then @ is G-
convex.

Proof.
(i) Let ¢, 2’ € R™, and let u €]0,1[. Fix any y,z,y’,2’ € R™ such that x = y + z and
' =y + 2. Since pr+ (1 — p)x’ = (py + (1 — p)y’) + (uz + (1 — p)2’), it follows that

(@+0)(px + (1 - p)z')

> min{a(py + (1 — w)y'), b(uz + (1 — p)z')}

> min{G(a(y),a(y’)), G(b(z),b(z'))} (from the G-convexity of @ and b)
> G(min{a(y),b(z)}, min{a(y’),b(z")}) (from min = GY > G).

By the arbitrariness of y, z,y’, 2’, we have

@+b)(pz+(1-pma) )
> swp G(min{a(y), b(z)}, min{a(y'), b(=)})

rT=Y+z
ml:y/+zl

G( sup min{a(y),b(z)}, sup min{E(y’),Rz’)})
T=Yy+2 T=y'+2
(from Proposition 1)

=G((@+b)(x),(@+b)(x)).

(ii) Assume that a is G-convex. Let &, &’ € R™, and let u €]0,1[. Fix any y,y’ € R™ such
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that & = Ay and ' = A\y’. Since px + (1 — p)x’ = AMpy + (1 — p)y’), it follows that

(Aa)(pze + (1 — p)x') > a(py + (1 — p)y') > G(a(y),a(y’))

from the G-convexity of a. By the arbitrariness of y,y’, we have

(X&) (uz + (1 — p)a’)

> sup  G(a(y),a(y’))
T = A\y
' =y’

=G| sup a(y), sup a(y’) (from Proposition 1)
=2y T'=2Y’
= G((\a)(z), (\a)(z")).
The latter assertion follows from the former assertion and Proposition 7. O
Let G : [0,1]2 — [0, 1] be a conjunctive aggregation function. Assume that a € F(R")
is G-convex. Then, the larger the difference between G and min = G(V) is, the larger the
allowable non-convexity of a is.
Now, the degree of the non-convexity of fuzzy sets is defined. The degree of the non-
convexity of fuzzy sets is first proposed in [5] as the degree of the non-quasiconcavity of

membership functions. We consider the degree of the non-quasiconcavity of membership
functions as the degree of the non-convexity of fuzzy sets.

Definition 6. (See [5].) For a € F(R™), the value
D(@) = min{p € [1,00[: @ is GP-convex. } — 1 (3)

is called the degree of the non-convexity of @, where min ) = co for f C [1, co[, and GW pe
[1, 00 are the continuous conjunctive aggregation functions defined by (1).

In (3), if {p € [1,00[: @ is G®-convex. } # (), then the minimum is attained; see [5].
The degree of the non-convexity of @ defined by (3) means that @ is convex when D(a) = 0,
and that the larger D(a) is, the larger the non-convexity of @ is.

The following proposition shows the properties of the degree of the non-convexity of
fuzzy sets.

Proposition 9. (See [5].) Let a € F(R™).
(i) a is convex if and only if D(a) = 0.
(ii) @ is not GP)-convex for any p € [1, D(a) + 1].
(iil) @ is GP)-convex for any p € [D(a@) + 1, o0].
The following example illustrates the degree of the non-convexity of fuzzy sets.

Example 1. (See [5].) For each o € [0, 1[, we define @, € F(R) as

0 if x €] — 00,0] U [6, oo,
iz if z € [0, 1],
asindam + 1 ifx € [1,2],

Go(z) =14 2z-1 if z € [2,3],
—iz+3 if z € [3,4],
asindam + 1 if x € [4,5],
—1z+3 if x € [5, 6]
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The following proposition shows the properties of the degree of the non-convexity of
fuzzy sets with respect to operations.

Proposition 10. Let @,b € F(R"), and let A € R.

(i) D(@+ b) < max{D(a), D(b)}.
(ii) D(Aa) < D(@). When A # 0, D(Xa) = D(a).

Proof.

(i) From Proposition 9 (iii), @ is G®)-convex for p € [D(a) + 1, 00[, and b is G®)-convex for
p € [D(b) + 1,00[. Thus, @ and b are GP-convex for p € [max{D(a) + 1, D(b) + 1}, cc|.
From Propositions 2 and 8 (i), @ + b is G®-convex for p € [max{D(@) + 1, D(b) + 1}, 00].
Therefore, we have

D(@ + b) < max{D(a), D(b)}.
(ii) From the former assertion of Proposition 8 (ii), we have
D(X\a) < D(a).
From the latter assertion of Propositions 8 (ii), we have
D(\a) = D(a).
when A # 0. a

The following example illustrates the degree of the non-convexity of fuzzy sets with
respect to operations.

Example 2. Consider a, € F(R) for a € ]0, [ defined in Example 1. We set p, =

% — 1. Then, p, > 0 and D(as) = po. We set R=cg€ F(R) and 0= croy € F(R).
O, 3 «

(i) Let @ = @g, and let b = R. Since d + b = R, D(@) = pa, and D(b) = 0, we have

D(@+b) =0 < po = max{D(a), D(b)}.

(i) Let @ = @, and let b = 0. Since @+ b = @, D(@) = pa, and D(b) = 0, we have
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D(@+b) = po = max{D(a), D(b)}.

(iii) Let @ = @, and let A = 0. Since A\@ = 0, D(d@) = pa, and D(X@) = 0, we have

D(X\a) = 0 < p, = D(a).

5. Conclusions We dealt with the G-convexity of fuzzy sets, which was a generalization

of the convexity by allowing arbitrary conjunctive aggregation functions instead of the
minimum operation. Then, the properties of the G-convexity of fuzzy sets with respect to
operations were investigated. The degree of the non-convexity of fuzzy sets was considered
as an application of the G-convexity. Then, the properties of the degree of the non-convexity
of fuzzy sets with respect to operations were investigated.

1]
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EXTENSIONS OF TSALLIS RELATIVE OPERATOR ENTROPY AND
OPERATOR VALUED DISTANCE

HirosH1 Isa()| Masarosur ITo®) | E1zaBuro KaMEI®) |
HIiroAKI ToHYAMAY AND MASAYUKI WATANABE(®)

ABSTRACT. As a continuity of [4], we give a generalized Tsallis relative operator en-
Aftr B—A 1 1 1,41

tropy Ty (A[B) = Adtr B=A e At B = AS{(1—0)[+1(A~3 BA= )"} 1 e

[0, 1], » € [-1, 1], a path defined by the operator power mean. The relative operator

entropy S(A|B) is generalized in [4] as S»(A|B). In this note, we give a more expanded
form Sy (A|B), the derivative of the path A §;, B at t € [0, 1].

1 Introduction. Throughout this note, a bounded linear operator T on a Hilbert space
H is positive if (Tx, x) > 0 for x € H and we denote T' > 0, and if T is invertible and
positive, we denote T > 0.

Let A and B are positive invertible operators. In [4], we treated a path

A, B=A*(A"2BA"%)'A?, teR.

If t € [0, 1], then we use the notation A #; B to distinguish as an operator mean, and
considered S;(A|B) as a tangent at ¢ of this path, which is introduced by Furuta [3],

Si(A|B) = A3 (A"2BA 3)'(log A"2 BA™7)A3.
We called this, according to [8], the generalized relative operator entropy because if ¢t = 0,

then Sy(A|B) = Az(log A2 BA~2)Az = S(A|B), the relative operator entropy.
The Tsallis relative operator entropy is given by

1

A3(A"3BAz)!A3 —A A4, B-A
t N t ’

This is introduced by Yanagi, Kuriyama and Furuichi [8], and lim;_,q T3(A|B) = S(A|B).
In [4], we showed the following essential relation for S;(A|B) and T;(A|B):

T.(A|B) = for 0 <t <1

() S(A|B) < Ti(A|B) < S,(A|B) < —Ti_«(B|A) < —S(B|A) = 51(A| B).
As a continuation of [4], let’s consider the following path with two variables:
Fort e [0, 1], r € [-1, 1],

Aty B=A{(1-t)I+1(A"2BA™2)"}7 A3 = A (AV, (A4, B)).

This is called the operator power mean or quasi-arithmetic operator mean and the corre-
sponding function is )
p(t,r) ={1—t+ta"}~.
2010 Mathematics Subject Classification. 47A63 and 47A64.

Key words and phrases. generalized Tsallis relative operator entropy, generalized relative operator
entropy.
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This compounds the arithmetic, geometric and harmonic interpolations, that is,
Afi1 B=(1—-t)A+tB=AV, B, arthmetic interpolation,
Ao B= Az (A_%BA_%)tA% = A #; B, geometric interpolation,
Aty 1 B=(1-t)A" ' +tB™')"' = A A, B, harmonic interpolation.

Under the commutativity of A and B, Uhlmann treated the geometric interpolation [7]. In
this note, we show similar relations to (%) for the path A 4, B.

2 Generalized Tsallis relative operator entropy T;,(A|B). First we review the
properties of A #,, B (cf.[5]);

AtorB=A, A1, B=B and lmAt,, B=At B.

So we have 4 B_A AL B_A
g AR BoA_ARB-4_ 5o
r—0 t t

and A4, B—A A4, B—A
lim A b B4 AL B4 gy,
t—0 t r

the Tsallis relative operator entropies [8].
We here propose to define a generalized Tsallis relative operator entropy as follows:

Definition 1. For A > 0 and B > 0, we call T} ,(A|B) the generalized Tsallis entropy,

which is given by

At B—A
t

We show the relations among T -(A|B), T,.(A|B), T;(A|B) and S(A|B) by the following
figure:

T, (A|B) = L te(0, 1], rel-1, 1].

T: ,(A|B) —.0 T-(A|B)
lr—»O lr—»O
Ti(A|B) —t—0 S(A[B)

The next is an essential property of A f;, B.
Lemma 1. Let A>0, B>0andt€[0, 1], r € [-1, 1]. Then
A, B=DB i+, A
The following has already shown in [5], but now we can easily obtain by this Lemma.

Corollary 2. Let A>0, B>0andt € [0, 1], r € [-1, 1]. Then

. Aﬁt’TB—B_ . Aﬁt,rB_B_
i =7 = ~L(BA) and i = = —T(BlA).
These relations are also given by the following figure:
A t, T B-B B —t,r A—B
: ,t—l = b t’—l —t—1 7TT(B‘A)
J,r—>0 lr—>0

~T1_4(B|A) — 1 —S(BJA) = Si(A|B).
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3 Derivative of the path A 4;, B. Since the corresponding function to A 4;, B is

pt, )= (1 —t+ta")

and

=

={l+t(a =1}, tel0, 1], re[-1, 1]

8 - r 1_q a”" —1
Pt T = (L ta” 1y T

on the analogy to S;(A|B) in [3, 4], replacing a by A~2BA~2 and multiplying both sides
by A%, we give the following definition.

Definition 2. For A >0, B > 0, we give S, ,(A|B) as follows:

S (AIB) = A} ({1 Aty —qyyior ATEBAT) - I) A%

r

We would like to call this an expanded relative operator entropy, because we have the
following properties.

Proposition 3. For A>0, B>0andt€|0, 1], r €

Proof. Since

we have

Moreover,

lim S, (A|B) = S,(4|B),
So.(A|B) = T,(A|B),
S1.,(A|B) = ~T,(B|A),
lim 5., (A|B) = S(A|B),
lim S, (4] B) = $1(A| B).

1 a” —
w1

lirr(lj{l +t(a” —1)} =a'loga,
r—

and their limits are known that

0 t, 1) a" —1 0 t, 1) a—a'""
a, , T =0 — 9 a. T)t=1~= ————
3tp t=0 , 8tp ) t=1 ,
T __ _ 17
lim =loga, lim a-e aloga,
r—0 r r—0 r

[—1, 1], the followings hold:
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so we have

lim A3 <(A_QBA_2) - 1) Ab — A¥(log A2 BA~%)A% = S(A|B),

r—0

and

r—0

~4BA-} —(A-tBA-by—
L ab <A BA~% — (A"3BA%) >A2

Nl

= A7(A"3BA %) (log A2 BA"3)A% = S, (A|B).
4 Relations between T} ,.(A|B) and S, (A|B). In [4], we have shown
(%) S(A|B) <Ty(A|B) < 5;(A|B) < —=T1_+(B|A) < —S(B|A) = S1(A|B).

So it is natural to see an extended relations of (%) by the terms of T} ,(A|B) and
Sir(A|B). As a result, we can extend (x) to the following () in which (x) is the case
where r = 0.

Theorem 4. For A>0, B>0 andt €0, 1], r € [-1, 1], the following holds.
(%) So,r(A|B) < Ti r(A|B) < Sp(A|B) < =T1-4,,(B|A) < S1,-(A|B).

Proof. (1) First we show Sy ,.(A|B) < T}, (A|B). Since Sy .(A|B) = T,.(A|B), we have only
to show that

{1+t -1} —1 La -1

t -
Let -
) = {1+t~ D)7 —1 15—
Then we have
d 1 G/T —1 ar -1 8 ar 1
— ={1 T _ 1) =Ll _ _ Y _
g/ = {1+ = 1)} - — = (L)
and 52 ( o |
1_ a"—1)*(1—r
@P(t,r) ={l+t(a -1} 2. e LU
1o} . . . . o a” — .
So —tp(t,r) is an increasing function for ¢ € [0, 1] and ap(tﬂ“)\t:o - Since
df (t d
J:l(t) > 0 by % = 0, we have f(t) is increasing for ¢ € [0, 1] and f(0) = 0, so
-1 14+ t(a" —1r —1 r_1q
we have {1+ #(a” — 1)}7 =1 > ¢ ,thatis7{+(at) > ©— and

SO,T'(A|B) < Tt,r(A|B)'
(2) Second, we show T} ,(A|B) < S;.»(A|B) < =T} »(B|A). It is sufficient to show

{1+t(a7ﬂ71)}% -1 S{1+t(ar_1)}%fl.aril.

t r
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Since
d? 0?

pTEl (t) = @p(t, r) >0, for t€0, 1] and te€[-1, 1],

f(t) and p(¢,r) are convex for ¢ on [0, 1].

Since a function f(¢) is convex, then, for a, h > 0,

h h

f@) = f(=p (@t h) + 20 < = flat )+~ (0),
so that
flath) = f(a)  fla) = (0)
h - a

Hence we have

p(t, 7") —p(O, ’I“)

- > . , for Vh >0,
that is,
(L R = 1) = (Ui 1)), G121
and
lim 14+ @E+h)(a"—1)" — (1 +t(a" — 1))
h—+0 h
, T—1_ (1 T—1))r -1
— {1+t(aT—1)}7_1-a Z ( +t<a )) .
T t
So we can conclude
Str(A|B) > T, . (A|B).
(3) Next we show S;,.(A|B) < —=T1_4,(B|A). Since
Bt 1, A—B A4, B—B
Ty = BhoefZf_ Ak D
A} ({I—H((A*%BA*%)" D} - (A*%BA*%)) 't
B 1—t ’
. . . p(ta T) —a
the function corresponding to T7_; ,(B|A) is T
For a convex function f(t),
1-1 h 1-1¢ h
IO =1t o DS o O /)
So we have
£~ £t —h) _ £(1) - £(0)
h - 1-t

For p(t, r) = (1+ t(a” — 1))7,

p(t, 7“) —p(t—h, r) p(1, T) —p(t, T)
h 1—t ’

IN
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that is,

{1+ta —1)}r — {1+ (t—h)(a" —1)}7 _ a— {1+t —1)}+
h - 1—t '

Since

tim {1+t —1)}7 - {flL +(t-h)(a" D} %p(t, r)={1+t@a —1)} " LT_ L

we have

"1 a—{l+ta - 1)}r
(ot —py Yoot +1(“t il
. -

So we conclude S; ,(A|B) < —T1_,(B|A).

(4) Finally, we see —T1_;,(B|A) < S1 ,(A|B), it is sufficient to show that

{14+ta -1} —a < a—a'""
1—t - ro

This is equivalent to

A+t -1 —a>-(1 ft)“_fH

Let
a — al—r

9(t) = {1+ t(a” =1} —a+(1-1)— —,
then for ¢ € [0, 1],

d 1 a"—1 a—al""
—qg(t) = {1 +t(a” — 1))+ L. _
Sot) = {1+t -} ;

0 r—1
As we showed above —atp(t,r) = {1+t — 1)}%_1 47 s an increasing function for
T

d d
t € [0, 1] and Eg(t)h:l = 0. Hence %g(t) < 0 for ¢ € [0, 1]. So the function g(t) is
a decreasing function and g(1) = 0, that is, g(¢) > 0 for ¢t € [0, 1]. Hence we have the
conclusion —T3_4 (B|A) < S1..(A|B). O

Remark 1. In [2, 5], we had shown the convexity of interpolational operator mean and the
power mean is a typical one, that is,

(A ﬁt,r B) Ij%,r (A ﬁs,r B) =A jjwrs B.

P

5 Operator valued distances S(A|B) and T,(A|B). Essential properties of relative
operator entropy between A and the path A §; B, t € R, and Tsallis relative operator
entropy between A and A #;, B, ¢t € [0, 1] and r € [—1, 1] are already shown in [5] as
follows:

(i) S(A|Atf; B) = Az(log A"2(A §, B)A"2)A? = A3 (log(A"2BA™2)")A? = tS(A|B)
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and

_ At (A e, B) —A B A%(A—%BA%)TA—% _A

T r

(11) T’I"(A|A ﬁt,r B) = tTr(AlB)

These equalities (i) and (ii) suggest us that S(A|X) and T,.(A|X) are regarded as operator
valued distances from the basic point A to X (along with the corresponding paths). The
following properties are easily obtained from (i);

S(A|A) =0, S(A|B)=0 <= A=B8,
S(AIB t A) = S(A|A 11—y B) = (1 - )S(A|B).
S(A|A s B) = S(A|A t B) + S(A|A b, B),
S(AIA s B) = tS(A|A b, B),

S(A|A 4, B) + S(A|B 5, A) = S(A|B).

and similar properties are obtained from (ii);

T,(AJA) =0, T.(A|B)=0 <= A=DB,
T (A|B fe,r A) = (1 = )T,(A[B),
To(AlAtes. , B)=To(A|A 4y, B)+ T,(AlA s, B), t s€0, 1],

T’I‘(A|A ﬁt,r B) + TT(A|B ﬁt,r A) = TT(A|B)

So, comparing the distances S(AJA §; B) and S(A|A #;, B), we have the next.

Theorem 5. Let A>0, B> 0 andt € [0, 1], r € [0, 1]. Then the following holds:

tT_,(AIB) < S(A|A %, B) < tS(A|B) = S(A|A , B) < S(A|A o, B) < tT,(A[B).
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Proof. Since (A|A £

S(AlA 8 B)

S(AlA 8 B)

and

S(AlA # - B)

S(A|A t,—r B)

B) = tS(A|B) by Theorem 4 in [5],

Nl=

3 (log{(1 — t)I +t(A"2BA~3)"}7)A
Az (log{(1 —t)I + t(A"2BA3)"})A

Nl

N
Nl

A3(1=t)I +t(A"2BA™3)" —I)A

1

(A2BAYy — 1)ab = %(A 8 B— A) = T,(AB).

N|=

A
1
r
1
r
t

-A
r

Nl

2 (log{(1 — )] +t(A2 BA™%)"}7)
Az (log{(1 —t)I + t(A"2 BA~%)"})

[

A
A

NI
SIS
NIE

A2 ((1—t)logI + t(log A" BA"%))A

A% (log(A"2BA™%)") A%

Sl =3~ N

tAz(log A"2 BA"2)A% = tS(A|B) = S(A|A #; B).

A3 (log{(1 — t)I +t(A"2BA™3)"}"7)A2
L b (ogl(1 - )1 +H(AEBA )Ty 4
-

JA%(Q —t)log I + t(log(A"2BA™2)"")A
.

N

A3 (log{(1 — t)I + t(A"3BA™3)7"}"7)A?
A (log{(1~ )T + H(AEBATH) T} A}

N

1 1 1 1
——AH (L= DI +H(AEBATE) T - D)4
t 1 1

~LAR(ATEBATE) T - DAk = —;(A 4, B—A)—+T_.(AB).

O

If we put » = 0, then the distances from A to A Vy B, Ay B and A A; B are the
following relations.

Corollary 6. For A>0, B> 0 andt € [0, 1], the following holds:

t(A— AB™*A) < S(A|A A, B) < S(A|A #, B) < S(A|A V, B) < (B — A).
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Abstract. We give a characterization of wp-strongly countable-dimensional metriz-
able spaces in terms of K-approximations. A characterization of locally finite-dimensional
metrizable spaces is also obtained.

1 Introduction The purpose of this paper is to characterize a class of wy-strongly
countable-dimensional metrizable spaces in terms of K-approximations. A concept of a
K-approximation is due to Dydak-Mishra-Shukla.

Definition 1.1. ([1; Definition 1.1]) Let X be a normal space, let K be a metric simplicial
complex (i.e., a simplicial complex equipped with the metric topology) and let f: X — K
be a continuous mapping. A continuous mapping g : X — K is a K-approximation of
f provided for each simplex A of K and each z € X, f(z) € A implies g(z) € A. ¢
is an n-dimensional (respectively, finite-dimensional) K-approxzimation of f if it is a
K-approzimation and g(X) C K™ (respectively, g(X) € K™ for some m).

Dydak-Mishra-Shukla gave a characterization of n-dimensional spaces in terms of K-
approximations. If every finite open cover of a normal space X has a finite open refinement
of order < n + 1, then X has covering dimension < n, dim X <n.

Theorem 1.2. ([1; Theorem 2.2]) Let n be an integer. For a paracompact space X the
following conditions are equivalent:

(a) dim X <n.

(b) For every metric simplicial complex K and every continuous mapping f : X — K
there is an n-dimensional K-approzimation g of f.

(¢) For every metric simplicial complex K and every continuous mapping f : X — K
there is an n-dimensional K -approzimation g of f such that g|f = (K™) = f|f~1(K™).

Also, Dydak-Mishra-Shukla characterized finitistic spaces. A normal space X is finitistic
if every open cover of X has an open refinement of finite order.

Theorem 1.3. ([1; Theorem 2.1)) For a paracompact space X the following conditions are
equivalent:

(a) X is finitistic.

(b) For every metric simplicial complex K and every continuous mapping f : X — K
there is a finite-dimensional K -approximation g of f.

(¢) For every integer m > —1, every metric simplicial complex K and every continu-
ous mapping f : X — K there is a finite-dimensional K-approzimation g of f such that

glf M (E™) = flfHE™).

12010 AMS Subject Classification: Primary 54F45; Secondary 54E35.
2Key words and phrases: K-approximation, wi-strongly countable-dimension, locally finite-dimension,
strong small transfinite dimension
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In [5], Y. Hattori extended Theorem 1.2 to strong large transfinite dimensional spaces.
A normal space X is said to have strong large transfinite dimension if X has both large
transfinite dimension and strong small transfinite dimension (see Definition 2.3). For a
space X we denote D(X) = {D | D is a closed discrete subset of X}.

Theorem 1.4. ([5; Theorem|) For a metrizable space X the following conditions are equiv-
alent:

(a) X has a strong large transfinite dimension.

(b) There is a function ¢ : D(X) — w such that for every metric simplicial complex K
and every continuous mapping f : X — K there is a K-approximation g of f such that
g(D) ¢ K&¥WP)) for each D € D(X).

(¢) For every integer m > —1, there is a function v : D(X) — w such that for every
metric simplicial complex K and every continuous mapping f : X — K there is a finite-
dimensional K -approzimation g of f such that g(D) ¢ K®P) for each D € D(X) and

glf ~HE ™) = fIfHE™).

A normal space X is strongly countable-dimensional if X can be represented as a
countable union of closed finite-dimensional subspaces.

Theorem 1.5. ([5; Corollary]) For a paracompact space X the following conditions are
equivalent:

(a) X is a strongly countable-dimensional space.

(b) There is a function ¢ : X — w such that for every metric simplicial compler K
and every continuous mapping f : X — K there is a K-approximation g of f such that
g(x) € K@) for each xz € X.

(¢c) For every integer m > —1, there is a function ¥ : X — w such that for every metric
simplicial complex K and every continuous mapping f : X — K there is a K-approzimation
g of [ such that g(z) € KW@ for each x € X and g|f~ (K™) = f|f~(K™).

2 Characterizations  In this section, we give a characterization of w;-strongly countable-
dimensional metrizable spaces in terms of K-approximations. A characterization of locally
finite-dimensional metrizable spaces is also obtained.

A notion of a locally finite-dimensional space is well known (cf. [2]).

Definition 2.1. A metrizable space X is locally finite-dimensional if for every point
x € X there exists an open subspace U of X such that x € U and dim U < oo.

The first infinite ordinal number is denoted by w and wy is the first uncountable ordinal
number. Z. Shmuely introduced and studied wy-strongly countable-dimensional spaces ([8]).

Definition 2.2. A metrizable space X is called an wi-strongly countable-dimensional
space if X = J{P: | 0 <& <&}, & < wi, where P is an open subset of X — J{P, | 0 <
n < &} and dim Pg < oo.

For a metrizable space X and a non-negative integer n, we put
P, (X)= U{U | U is an open subspace of X and dimU < n}.
We notice that for each ordinal number «, we can put o = A(a) + n(«), where A(«) is

a limit ordinal number or 0 and n(«) is a non-negative integer. Strong small transfinite
dimension is studied by Y. Hattori (cf. [3]).
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Definition 2.3. Let X be a metrizable space and « either an ordinal number > 0 or the
integer —1. Then strong small transfinite dimension sind of X is defined as follows:

(1) sind X = —1 if and only if X = 0.

(2) sind X < «vif X is expressed in the form X = [J{P: | £ < a}, where Pz = P ¢)(X —
ULP, [ 1 < A&)})-

Furthermore, if sind X is defined, we say that X has strong small trans finite dimension.

Clearly, a metrizable space X is locally finite-dimensional if and only if sind X < w (cf.
[2; Proposition 5.5.3]). And X is w;-strongly countable-dimensional if and only if there is
a & < wi such that sind X < &.

Let X be a metrizable space, let & be an ordinal number and let F = {X3 | 0 < 5 < a}
be a family of subsets of X. We say that F is a closed a-sequence in X if

(f-1) Xp is closed in X for 5 < a,

(f-2) Xo = X,

(f—3) Xﬁ D) Xﬁ/ for g < 5, <a,

(f-4) Xg={Xp | 8/ < B} if B is a limit.

The power set of X shall be denoted by P(X).

Let N : X — P(X) be a function and let F = {Xj3 | 0 < 8 < a} be a closed a-sequence
in X. We say that N is an F-neighborhood function provided that N(z) is an open
neighborhood of = in Xpy(,) for each x € X, where 3(z) = max{3 | x € X3, 0 < 3 < a}.

Remark 2.4. ([6; Remark 2.5]) Let {X3 | 0 < 8 < a} be a closed a-sequence in X. Then
we shall show that for every point z of X, there is a maximum element 5(z) of {8 | z € Xz}
Indeed, if 2 € Xy(a), then B(z) = max{f | z € X5, AMa) < 8 < a}. Now, we suppose
that 2 ¢ X)(s), there is a minimum element Gy > 0 of {3 | x ¢ Xg}. Assume that f is
limit. By the condition (f-4), z € (\{Xg | 8 < Bo} = Xp,. This contradicts the choice of
Bo. Therefore By is not limit and hence (z) = Gy — 1.

Theorem 2.8 is a main theorem. Thus we characterize the class of wi-strongly countable-
dimensional metrizable spaces in terms of K-approximations. To prove this theorem, we
need Theorem 2.5.

Theorem 2.5. Let a be an ordinal number with o < w1 and let n be a non-negative integer.
The following conditions are equivalent for a metrizable space X :

(a) sind X < wa +n.

(b) There are a closed a-sequence F = {Xg | 0 < 8 < a} in X, an F-neighborhood
function N : X — P(X) and a function ¢ : X — w salisfing the following conditions:
Xo =0ifn=0, o(Xo) =n—1, and for every metric simplicial complez K and every
continuous mapping f : X — K there is a K-approximation g of f such that g(N(z)) C
K©®) for each z € X.

(¢) There are a closed a-sequence F = {Xg | 0 < 8 < a} in X, an F-neighborhood
function N : X — P(X) and a function ¥ : X — w satisfing the following conditions:
Xo =0ifn=0, ¥(X,) =n—1, and for every metric simplicial complexr K and every
continuous mapping f : X — K there is a K-approzimation g of f such that g(N(x)) C
K@) for each x € X and g|f " (K™=Y) = f|f~Y(K®Y).

To prove this theorem, we need the following lemmas. Essentially, the following lemma
is the same as [4; Lemma 1.5]. By a minor modification in the proof of [4; Lemma 1.5], we
obtain the following lemma.
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Lemma 2.6. ([4; Lemma 1.5], [7; Lemma 1]) Let n be a non-negative integer and let
{Fm |m =0, 1,...} be a closed cover of a metrizable space X such that dim F,, < (n—1)4m,
F,, C Frt1 form =0, 1,.... Then for every open cover U of X, there are a sequence Vi,
Vs, ... of discrete families of open subsets of X and an open cover W of X which satisfy
the following conditions:

(1) U{Vx | k € N} is a cover of X.

(2) U{Vx | k € N} refines U.

(3) If W € W satisfies W N Fy,, # 0, then W meets at most one member of Vi for k <
(n4+0)+(n+1)+...4(n+m) and meets no member of Vy, for k > (n+0)+(n+1)+...4+(n+m).

Lemma 2.7. ([1; Corollary 1.7]) Let f : X — K be a map from a normal space X to
a metric simplicial complex K so that f(A) C K™ for some subset A of X. There is a
K-approzimation g of f so that g|U is an n-dimensional K -approzimation of f|U for some
open neighborhood U of A in X and g|A = f|A.

Proof of Theorem 2.5. (a) = (b) : Let sindX < wa + n. We use the construction in [6;
Theorem 2.4]. We put

Y, =X-U{P: | (<} for y<wa+n
and

Xg=Y,3 for B<a.

Clearly, F = {X3 | 0 < 8 < a} is a closed a-sequence in X satisfing X, = 0 if n = 0.

Notice that P g1, is an open subset of Xg such that Pogim C Pgq(ms1) for m =
0,1,.... Also P,q4n—1) is a closed subset of X. Hence for each 8 < « there is a family
{Wep+m | m =0, 1,...} of open subsets of X3 such that

(1) WWB-O—m - Pw5+m’
(2) Wptrm C Wegtimt1)
(3) U;.S:O Wwﬁ+m = Uz:() Pwﬁ+m'

Since {f | 0 < B < a} is countable, there is a mapping h from w onto {5 | 0 < 5 < a}.
For each m = 0,1, ..., we put

VO = Pwa+(n—l)7
Vi= Pwa+(n—1) U th(1)+(n—1)+la
Vo = Pw(x+(n—1) U th(1)+(n—1)+2 U th(2)+(n—1)+27

Vin = Pwa+(7z—1) U th(l)-i—(n—l)-‘rm U th(Q)-‘r(n—l)-i-nL u..uJ th(’rrL)+(n—1)+7n7

Then Vp, Vi, ... are subsets of X satisfing the following conditions:
(4) Vin C Vi1

(5) dimV,, < (n —1) +m.

(6) X =Up=o Vin-

Let z € X. Put ng = min{m | x € V,,,}.

Clearly, if ng = 0 then © € Vo = P o4 (n—1) = Xao- Now we shall show that if ng > 0,
then * € W, gu)+(m—1)4n, C Xp(z)- By the definition of ng, * € Vi, = Poagmn-1) U
Wen()+(n-1)+n0 Y Wun@)+(n-1)+n0 Y -+ U Won(no)+(n—1)+no- Since & & Pooyn-1) by
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no > 0, there is a natural number i < ng such that © € Wipn@)4(n—1)4n,- Hence z €
th(i)+(n_1)+n0 C Pwh(i)+(n—1)+no C Xn@y — Xn(i)+1- On the other hand, since f(z) =
max{f8 | v € Xg} < a, * € Xgu) — Xg@)+1- Hence h(i) = B(r) and hence z €
Wep@)+(n=1)+n0 © Xp(a)-
We put
P, _ ifng=0
N(z) = wa+(n—1) 0 e
(=) { Wos(@)+(n—1)+ne:  if 1o > 0.
Since N(z) is an open neighborhood of z in Xz, N : X — P(X) is an F-neighborhood
function.
Put p(z) = (n+0)+ (n+1)+ ...+ (n+np) — 1. Then p(X,) =n—1.

The latter half of the proof is similar to the proof of [5; Theorem]. Let K be a metric
simplicial complex and let f : X — K be a continuous mapping. By Lemma 2.6, there are
a sequence Uy, Us, ... of discrete families of open subsets of X and an open cover W of X
which satisfy the following conditions:

(7) Uge; Ur is a cover of X.
(8) U™, Uy, refines {f~1(St(v, K)) | ve KO},
)

(9) If W € W satisfies W NV, # (), then W meets at most one member of Uy, for k <
(n4+0)+(n—+1)+...4+(n+m) and meets no member of U, for k > (n+0)+(n+1)+...4+(n+m).

Then U = |Jg—, Uk is a locally finite open cover of X by (7) and (9). For each U € U
there is v(U) € K(© such that U C f~(St(v(U), K)) by (8). For each v € K© we put
Q,=U{U cU|v(U)=0},and Q = {Q, | v € KD}, Then Q is a locally finite open cover
of X such that Q, C f~(St(v, K)) for each v € K. Let {s, | v € K9} be a partition
of unity subordinated to Q. We define g : X — K as g(z) = >, c g ko(z)v. Then g is a
K-approximation of f.

Now, let z € X. Notice that N(z) C Vpy C Vpy. By (9), ord, Q < ord, U < ¢(x) + 1
for each y € N(z). Hence g(y) € K#®) for each y € N(z) and hence g(N(z)) C K(#®),

(b) = (a) : We shall show that for every f < «

(10) X | J{P: | € <wp) C X5

The validity of (10) is clear for 5 = 0. To prove (10) by transfinite induction we assume
(10) for v < B. Let = ¢ X 3. Notice that 5(z) < 5.

Itz € U{Pe | € < wB(x)}, then z € U{Pe | € < wB} by B(x) < A

We shall also show that if € X — | J{P: | £ <wpB(x)}, then x € [J{P: | £ < wB}. Since
N(x) is an open neighborhood of = in Xg(,), by the induction hypothesis, N(x) N (X —
U{P: | £ <wpB(x)}) is an open neighborhood of z in X — |J{F¢ | £ < wB(z)}. There is an
open neighborhood V(z) of z in X — J{P: | £ < wB(x)} such that

V(z) € N@)n (X = J{Pe | € <wBla)}).

Let U be a finite open cover of m Given U € U, choose an open subset U of X such
that UNV(z) =U. Pt U = {U | U € U} U {X — V(z)}. We index a covering U as
U ={U, | v esS} Weuse the proof of [1; Theorem 2.1]. Choose a partition of unity
{ow | v € 5} of X with a;1(0,1] C U, for all v € S and notice that f(y) = >, o @(y)v
defines a map f : X — K, where K is the full complex with S as its set of vertices. Then, by
(b), there is a K-approximation g of f such that g(N(y)) ¢ K#®) for each y € X. Notice
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that g~ 1(St(v, K)) C U, for all v € S and V = {971 (St(v,K)) | v € S} is an open cover of
X. In particular, g(V(z)) C g(N(z)) ¢ K¥@), Then V = {V NV (z) | V € V} is a finite
open cover of V(z) such that V is a refinement of & and sup{ord,V |y € V(z)} < p(z)+1.
Hence

(11) dimV(z) <dimV(z

~

< ()
and hence
2 € V(x) C Pooy(X — | J{Pe | € <wB(@)}) = Pupa)o(e)

C P | € <w(Ba) + 1)} C ( J{Pe | € <wB}.

Thus, (10) holds.
In particular,

(12) X — | J{P: | ¢ <wa} C X,

We shall show that
(13) X_U{Pf | € <wa} C U{Pg | wa < € < wa+n}.

If n =0 then X, =0, and hence X — J{P: | £ <wa} =0 by (12).

Assume that n > 0. Let 2 € X — J{P: | £ < wa}. Since z € X, by (12), f(z) = .
Hence N(z) is an open neighborhood of  in X,. By (12), N(z) N (X —U{P: | £ <wa}) is
an open neighborhood of  in X — (J{P¢ | £ < wa}. There is an open neighborhood V()
of z in X — [ J{P: | £ <wa} such that

V(z) C N@z)n(X — U{Pf | € <wal).
By the proof of (11), dim V(z) < dim V' (z) < ¢(x). Furthermore p(z) =n —1 by z € X,.
Hence,

reV(x) C Py (X — U{Pf | £ <wa}) = Pato(a)

P |wa < € <wa+ ()} € | J{Pe | wa < € < wa+n}.

Thus, (13) holds.
Therefore X = [J{P: | 0 <{ < wa + n} and hence sind X < wa + n.

(b) = (c) : The proof is similar to the proof of [5; Theorem]. For completeness, we give
the proof. Let ¢ : X — w be as in (b). We put ¢(z) = max{n — 1, ¢(x)} for each z € X.
Let K be a metric simplicial complex and let f : X — K be a continuous mapping. By
Lemma 2.7, there are an open subset U of X and a K-approximation g; of f such that
FUEC=DY c U, g1 f~Y(K®D) = fIf~1 (K™ D) and ¢;|U is an (n — 1)-dimensional
K-approximation of f|U. Then, by (b), there is a K-approximation g, of g; such that
g2(N(x)) ¢ K@) for each 2 € X. Let x : X — [0,1] be a continuous mapping such that
k(fTYK™ D)) =1 and k(X — U) = 0. We define g(x) = s(x)g1(z) + (1 — x(z))gz(z) for
each € X. Then g is a K-approximation of f and g(N(z)) ¢ K®®) for each x € X.

(¢) = (b) is obvious. O

By Theorem 2.5, we obtain the Main Theorem 2.8 and Theorem 2.9.
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Theorem 2.8. The following conditions are equivalent for a metrizable space X :

(a) X is an wy-strongly countable-dimensional space.

(b) There are an ordinal number a < wy, a closed a-sequence F = {Xg | 0 < B < a}
in X, an F-neighborhood function N : X — P(X) and a function ¢ : X — w satisfing the
following condition: For every metric simplicial complex K and every continuous mapping
f: X — K there is a K-approzimation g of f such that g(N(z)) € K“®) for each x € X.

(¢) There are an ordinal number a < wy, a closed a-sequence F = {X3 | 0 < g < a} in
X and an F-neighborhood function N : X — P(X), and for every integer m > —1 there is
a function ¥ : X — w satisfing the following condition: For every metric simplicial complex
K and every continuous mapping f : X — K there is a K-approximation g of f such that
g(N(z)) € KW@ for each x € X and g|f~H(K™) = f|f~ (K ™).

Proof. (b) = (a) : By the proof of (13) of Theorem 2.5, X — [J{P: | £ < wa} C
U{P: | wa < ¢ < wa + w}. Hence sind X < wa + w, and hence X is an w;-strongly
countable-dimensional space.

The implications (a) = (b), (b) = (c) and (c¢) = (b) are obvious by Theorem 2.5. O

Notice that if N : X — P(X) is an {X }-neighborhood function then N(z) is an open
neighborhood of z in X for each x € X.

Theorem 2.9. The following conditions are equivalent for a metrizable space X :

(a) X is a locally finite-dimensional space.

(b) There are an {X }-neighborhood function N : X — P(X) and a function ¢ : X — w
satisfing the following condition: For every metric simplicial complex K and every contin-
uous mapping f : X — K there is a K-approzimation g of f such that g(N(z)) C K#®)
for each z € X.

(¢) There is an {X }-neighborhood function N : X — P(X), and for every integer
m > —1 there is a function ¢ : X — w satisfing the following condition: For every metric
simplicial complex K and every continuous mapping f : X — K there is a K-approzimation
g of f such that g(N(z)) € K@) for each v € X and g|f~ (K™) = f|f~1(K™).
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ABSTRACT. The efficient Fisher information is defined by the Schur complement in
the Fisher information. We statistically prove the concavity of the matrix function on
the efficient Fisher information more sophisticated way than the previous one [2].

1 Introduction Let X be arbitrary random vector with the parameter 6, which is dis-
tributed with a distribution F'(x) with respect to some probability measure on R®. Note
that s = p + ¢ and the parameter is partitioned by 8 = ()7, 9§ T)T where the notation
T stands for the transpose and the dimension of §(1) is p. Let f(x;6) be the probability
density function with an expectation p = p() and a covariance matrix 3 which is positive
definite. Let the score function be partitioned as follows:

Olog f(x;0) _ _ [ J100)
o0 = J6) = <J2(9) >

where J;(6) are derived by (), (i = 1,2), so that we have the Fisher information which is
partitioned as follows:

Ix(0) = By (J(0)J(O)T) = <I11,X(9) I15 x(0) )

Is1 x(0) Iazx(0)

Assume that the Fisher information is positive definite. For the Fisher information, the
monotonicity and the additivity hold as follows: If T = T'(X) is a statistic with density
function g(t; ), then the Fisher information I(6) on T satisfies

(1) Ix(0) > Ir(6).

If X,Y are independent random variables then I'x yy(0) = I x(0) + Iy (0).
[1](page 28) introduced the efficient Fisher information matrix on (1) in X by

(2) /I\l,X(G) = I x — I12,XI§2{X121,X,

which is known as the Schur complement of Iss x in Ix. [2] showed that the monotonicity
and the superadditivity on (2) hold as follows: If T' = T'(X) is a statistic with I (0) positive
definite, then I 7 (6) < Iy x(0). If X,Y are independent random variables then

(3) Tix(0)+Tiy(0) < Ty x.v)(0).

Although they tried to show the statistical proof of the concavity of the efficient Fisher
information, the inequality (14) in page 347 was a little complicated or misleading to com-
plete their proof. Here we prove it more sophisticated way than theirs, and our proof is
easier to understand statistically.

2010 Mathematics Subject Classification. 62B10.
Key words and phrases. The Schur complement, the efficient Fisher information, convexity, concavity.
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2 Concavity on the efficient Fisher information The convexity of the matrix func-
tion ¢(A) = A~" on the set of positive definite symmetric matrices {A;} is

> wip(4;) = 6| Y wiA; ],
j=1 j=1

where the weights w; are nonnegative and Z?Zl w; = 1. On the other hand, the concavity
of the matrix function ¢(A) = (A*!)~!

ij¢(Aj) <o) wA
j=1 j=1

For an analytic proof, see [3](page 678).

For both the above concavity and the convexity of the matrix functions, we shall prove
them by the view of statistics simpler and wider than the previous way in [2]. Let X1,..., X,
be independent s-variate normal random vectors with

Eo(X;) = vf, Vop(X;) = 7', (=1,...,n),

where v; are known, > 7, v? =1, and X; are positive definite. Setting X = (X1,...,X,,),
2

v; = w; gives the Fisher information matrices as follows:

J
Iy, = w;¥ ZIX =Y w,®
Jj=1

Since S = Z 1 v;X; is a statistics of X and is distributed with the normal distribution

with . .
=Y vl =0, Vo(S) = > wE;h,
j=1 j=1

so that the Fisher information on S is
-1

Is = ijz:jfl
j=1

The monotonicity (1) on the Fisher information with respect to S and X gives
-1

DwENT = Ix = Is = | D wE]
j=1 j=1

so that the convexity of the matrix function holds. On the other hand, since the matrices
3, and E;l are partitioned by

11 si2
S = 211,j 212,j and X7 — z:j Ej :
! Yo1; o J z2 x2
the superadditivity (3) on the efficient Fisher information gives

n

Z 211 leX < /I\l,X = ijzj )
j=1

j=1

so that the concavity of the matrix function holds.
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ABSTRACT. We give a classification theorem of Hopf hypersurfaces M =1 with 7-
parallel Ricci tensors in a nonflat complex space form M, (c),n = 2. There exist
non-homogeneous Hopf hypersurfaces M?® with n-parallel Ricci tensors in Ma(c), ¢ #
0. Note that these real hypersurfaces do not have n-parallel shape operators in this
ambient space.

1 Introduction We denote by Mn(c) a complex n-dimensional nonflat complex space
form of constant holomorphic sectional curvature ¢(# 0). That is, M, (c) is holomorphically
congruent to either a complex projective space of constant holomorphic sectional curvature
¢(> 0) or a complex hyperbolic space of constant holomorphic sectional curvature ¢(< 0).

The study of real hypersurfaces isometrically immersed into Mn(c) is one of the most
interesting objects in differential geometry. There are many nice results in this field (cf [6]).
For n = 3 some results can be proved affirmatively, but for n = 2 it is difficult to get those
same results or there exist counter examples to them.

The classification theorem of Hopf hypersurfaces M (namely real hypersurfaces M such
that the characteristic vector £ of M is principal at its each point) with 7-parallel Ricci
tensors in Mn(c) is one of such results. We here review the definition of the n-parallelism
for a tensor field T of type (1,1) on a real hypersurface M in Mn(c) T is called n-parallel
if g((VxT)Y,Z) =0 for all vectors X,Y and Z which are orthogonal to £ on M.

The purpose of this paper is to prove the following two theorems.

Theorem 1. Let M be a connected Hopf hypersurface in CP™(c),n = 2. Suppose that M
has n-parallel Ricci tensor. Then M is either locally congruent to one of homogeneous real
hypersurfaces of types (A1), (Ag) and (B) in CP™(¢),n = 2, or a non-homogeneous real
hypersurface with A€ = 0 in CP?(c). This non-homogeneous real hypersurface M is locally
congruent a tube of radius w/(2+/c ) over a non-totally geodesic complex curve which does
not have the principal curvatures ++/c /2 in CP?(c).

Theorem 2. Let M be a connected Hopf hypersurface in CH™(c),n = 2. Suppose that
M has n-parallel Ricci tensor. Then M is either locally congruent to one of homogeneous
real hypersurfaces of types (Ao), (A10), (A11), (A2) and (B) in CH™(c),n = 2, or a non-
homogeneous real hypersurface with A& =0 in CH?(c).

In [7], the classification problem of Hopf hypersurfaces with #n-parallel Ricci tensors in
M, (¢),n = 2 was discussed. However, there are some serious gaps in that paper. Non-

homogeneous real hypersurfaces M3 with A¢ = 0 in MQ(C)(: CP?%(c) or CH?*(c)) are
counter examples to results of [7].

2010 Mathematics Subject Classification. Primary: 53B25; Secondary: 53C40.
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2 Preliminaries Let M 2n=1 he a real hypersurface immersed into a nonflat complex
space form M, (c) through an isometric immersion with a unit normal local vector field N.

The Riemannian connections V of Mn(c) and V of M are related by the following formulas
of Gauss and Weingarten:

(2.1) VxY = VxY + g(AX,Y)N,

(2.2) VxN = —AX

for arbitrary vector fields X and Y on M, where g is the Riemannian metric of M induced
from the ambient space M, (c) and A is the shape operator of M in M, (c). An eigenvector of

the shape operator A is called a principal curvature vector of M in Mn(c) and an eigenvalue

of A is called a principal curvature of M in M, (c). We set V), = {v € TM | Av = Av} which
is called the principal distribution associated to the principal curvature .

It is well-known that M has an almost contact metric structure induced from the Kahler
structure (J, g) of the ambient space M,,(c). That is, we have a quadruple (¢, &, 7, g) defined
by

Then they satisfy
P*X = —X +n(X)E, n(€) =1 and g(¢X, oY) = g(X,Y) —n(X)n(Y)

for all vectors X,Y € TM. It is known that these equations imply that ¢ = 0 and
7(¢X) = 0. In the following, we call ¢, & and n the structure tensor, the characteristic

vector and the contact form on M, respectively.
It follows from (2.1), (2.2), VJ =0 and JX = ¢X + n(X)N that

(2.3) (Vx9)Y =n(Y)AX — g(AX, V)¢,

(2.4) Vx&=¢AX.
Denoting the curvature tensor of M by R, we have the equation of Gauss given by

(25) J(R(X,Y)Z, W) = (c/A){9(Y, Z)g9(X, W) — g(X, Z)g(Y, W)
+9(8Y, Z)9(o X, W) — g(¢X, Z)g(¢Y, W) — 29(¢.X, Y )g(¢Z, W)}
+9(AY, Z)g(AX, W) — g(AX, Z)g(AY, W).

The following is called the equation of Codazzi.

(2.6) (VxA)Y = (Vy A)X = (¢/4)(n(X)9Y —n(Y)pX —29(6 X, Y)E).

We usually call M a Hopf hypersurface if the characteristic vector £ of M is a principal
curvature vector at each point of M. The following lemma clarifies fundamental properties
of principal curvatures of a Hopf hypersurface M in M, (c) (cf. [6]).

Lemma 1. Let M be a Hopf hypersurface of a nonflat complex space form ]/\\fn(c)7 n = 2.
Then the following hold.



HOPF HYPERSURFACES WITH n-PARALLEL RICCI TENSORS 451

1. If a nonzero vector v € TM orthogonal to & satisfies Av = Av, then (2\ — §)Agv =
(0N + (¢/2))pv, where § is the principal curvature associated with £. In particular,
when ¢ > 0, we have Agv = ((6A + (c/2))/(2X — 8)) pv.

2. The principal curvature 6 associated with & is constant locally on M.

In CP™(c) (n 2 2), a connected Hopf hypersurface all of whose principal curvatures are
constant is locally congruent to one of the following (see [4, 8]):

(A1) A geodesic sphere of radius r, where 0 < r < 7/4/c;

(A2) A tube of radius r around a totally geodesic CP*(c) (1 £ ¢ < n —2), where 0 < r <

m/Ve;
(B) A tube of radius r around a complex hyperquadric CQ"!, where 0 < r < 7/(2y/¢);

(C) A tube of radius r around the Segre embedding of CP'(c) x CP("~1/2(¢), where
0<r<m/(24/c) and n (2 5) is odd;

(D) A tube of radius r around the Pliicker embedding of a complex Grassmannian CGs 5,
where 0 < r < 7w/(2y/c) and n =9;

(E) A tube of radius r around a Hermitian symmetric space SO(10)/U(5), where 0 < r <
w/(2y/c) and n = 15.

These real hypersurfaces are said to be of types (A1), (Az2), (B), (C), (D) and (E). Uni-
fying real hypersurfaces of types (A;) and (As), we call them hypersurfaces of type (A).
The numbers of distinct principal curvatures of these real hypersurfaces are 2,3,3,5,5,5,
respectively.

In CH"(¢) (n 2 2), a connected Hopf hypersurface all of whose principal curvatures are
constant is locally congruent to one of the following (see [1]):

(Ap) A horosphere in CH"(c);
(A10) A geodesic sphere of radius r, where 0 < r < o0;
(A11) A tube of radius r around a totally geodesic hypersurface CH"~*(c), where 0 < r < 00;
(A3) A tube of radius r around a totally geodesic CH®(c) (1 £ ¢ < n—2), where 0 < r < 00;
(B) A tube of radius r around a totally real totally geodesic RH™(c/4), where 0 < r < oco.
);

These real hypersurfaces are said to be of types (Ag), (A1), (A11), (A2) and (B). A
real hypersurface of type (B) with radius » = (1/+/]c[)log.(2 + v/3) has two distinct
constant principal curvatures A\; = § = 1/3|c| /2 and Ay = /][ /(2v/3 ). Except for this
real hypersurface, the numbers of distinct principal curvatures of Hopf hypersurfaces with

constant principal curvatures are 2,22, 3,3, respectively. Unifying real hypersurfaces of
types (Ao), (A1,0), (A11) and (Ag), we call them hypersurfaces of type (A).

3 Proof of Theorems 1 and 2 First of all we recall the following two classification
theorems of Hopf hypersurfaces with n-parallel shape operators in a nonflat complex space
form.

Theorem A ([5]). Let M be a connected Hopf hypersurface of CP™(¢),n = 2. Then M
has n-parallel shape operator if and only if M is locally congruent to one of homogeneous
real hypersurfaces of types (A1), (Az) and (B) in CP™(c).
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Theorem B ([7]). Let M be a connected Hopf hypersurface of CH"(c),n = 2. Then M
has n-parallel shape operator if and only if M is locally congruent to one of homogeneous

real hypersurfaces of types (Ao), (A1,0), (A11), (A2) and (B) in CH™(c).

The Ricci tensor S of an arbitrary real hypersurface M in Mn(c) is expressed as (see

(2.5)):
(3.1) SX = (c¢/9)((2n+1)X — 3n(X)¢) + (trace A)AX — A*X.

By (3.1) we get the following equation on an arbitrary real hypersurface M in the ambient

space M, (c):

(3.2) g((Vx9)Y,Z) = (X (trace A))g(AY, Z) + (trace A)g((VxA)Y, Z)
—g((VxA%)Y,Z) =0 for X,Y,Z(L¢€) e TM.

Remark 1. It follows from
9((Vx A2)Y, Z) = g((Vx A)Y, AZ) + g(AY, (Vx A)2)

and Equation (3.2) that if a Hopf hypersurface M in a nonflat complex space form M, (c)
has n-parallel shape operator A and trace A is constant on M, then M has n-parallel Ricci
tensor S.

We shall prove Theorem 1. Without loss of generality, we may set ¢ = 4.

We first study the case of n 2 3. Our discussion here is essentially due to [7]. We
suppose that the Ricci tensor S of our Hopf hypersurface M is n-parallel. Then, for a unit
vector Y (L §) with AY =AY, putting h = trace A in Equation (3.2), we find

(3.3) MXA) +h(XA) = X(A\) =0 for any X(L &),

which means that X(Ah — A%) = 0 for any X(L £). On the other hand, for any Y (L &)
such that AY = AY we have (VeA)Y = (EN)Y + (M — A)V Y. Thus, from (2.6) we get
EXA = g((VeAYY) = g((VyA)E,Y) = 0. This, together with Lemma 1(2), implies that
&h = 0. Hence, the function Ah — A? is constant on M. Thus, for any principal curvatures
A, powith AX = AX(L¢), AY = pY (L &), we can put

(3.4) M= A =a
and
(3.5) ph — p? =b.

We here consider both cases of ¢ = b and a # b. It follows from Lemma 1(1), (3.4) and
(3.5) that

(2h6 — 6% — 4b)A% — {(6% — 4)h + 46 — 4bS}I\ — (26h + b6? + 4) = 0.
This, combined with hA = A% + a (see (3.4)), yields the following algebraic equation:
(3.6)  20A* — (262 +4b — 4)A3 + 2(ad + 265 — 36)A? — (ad? — 4a + b6% + 4)\ — 2a6 = 0.

Except the case of 6 = 0 and a = b = 1, X satisfies the algebraic equation (3.6) with constant
coefficients, so that X is constant locally on M.
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We next consider the case that 6 = 0 and a = b = 1. Note that in this case coeflicients
in Equation (3.6) are all vanishing. So, from Lemma 1 we must consider the case that M
has at most three distinct principal curvatures § = 0 with multiplicity 1, A with multiplicity,
say k, and 1/A with multiplicity 2n — 2 — k having the equation h = XA + (1/X) (see (3.4)).
When k satisfies either k = 0 or 2n — 2 — k = 0, A must satisfy A = 1/\, so that A =1 or
—1.

We shall show that the case where k¥ = 1 and 2n — 2 — k 2 1 does not occur. It follows
from h = XA+ (1/X) that

(k=DM +2n—-3—k=0.

Since k—1 2 0 and 2n— 3 —k = 0, this equation holds if and only if £ = 1 and n = 2, which
contradicts to the assumption n = 3. Therefore our Hopf hypersurface with n-parallel Ricci
tensor in a nonflat complex space form must be homogeneous in CP™(4).

In order to prove our Theorem, we shall show that our real hypersurface satisfying the
assumption has 7-parallel shape operator. Let M be homogeneous in CP™(4). We take
three principal curvature vectors X € V| YV € V£ , Z € V9. Here, for example VY is
defined by VY = {X € TM|AX = AX,X 1 &}. Note that Codazzi equation (2.6) shows
that g((VxA)Y, Z) is symmetric for all X,Y,Z € TOM. We have

(3.7) g(VxA)Y,Z) = g(Vx(AY) — AVxY, Z)
=g((ul = A)VxY,Z) = (n—v)g9(VxY, Z).

On the other hand, it follows from (3.2) that

9(VxS)Y,Z) = h-g(VxA)Y, Z) — g(Vx A*)Y, Z)
=h-g((VxA)Y,Z) - g(VxA)Y,AZ) — g(AY,(Vx A)Z)
= (h—p—v)g(VxA)Y, 2),

which, together with the assumption that the Ricci tensor S is n-parallel, shows
(3.8) (h— 1= 1)g((Vx A)Y, Z) = 0.

When p = v, Equation (3.7) implies g((VxA)Y,Z) = 0. So, in the following it suffices to
consider the case that pu # v.

When h — p — v # 0, Equation (3.8) yields g((VxA)Y,Z) = 0. Thus it remains to
consider the case that h — yu — v = 0. Changing X and Y in (3.8), we get

(3.9) (h—X—v)g((VyA)X,Z) = 0.

If A # u, then h — g — v = 0 implies h — A — v # 0. This, combined with (3.9), yields
9(VxA)Y,Z) = g(VyA)X,Z) = 0. If A = u, Equation (3.7) gives g(VxA)Y,Z) =
9((VzA)X,Y) = 0. Therefore we can see that our Hopf hypersurface M has n-parallel
shape operator. So M is locally congruent to one of homogeneous real hypersurfaces of
types (A1), (As) and (B) (see Theorem A).

Conversely, let M be of either type (A1), type (Ag) or type (B). Then, from Theorem
A and Remark 1 we see easily that M has n-parallel Ricci tensor.

We next study the case of n = 2. When § # 0, Equation (3.6) means that A is constant
locally. Hence M is a Hopf hypersurface with constant principal curvatures with A¢ # 0 in
CP?(4). In this case, M is of either type (A1) of radius r(# 7/4) or type (B) of each radius
r € (0,7/4) in CP?(4).

Next, let consider the case that § = 0 and tr A is constant locally. Then M is a Hopf
hypersurface with constant principal curvatures with A¢ = 0 in CP?(4). In this case, M is
of type (A1) of radius 7/4 in CP%(4).



454 S. MAEDA

In these two cases, M has n-parallel shape operator. Then we can see that M has
n-parallel Ricci tensor by Theorem A and Remark 1.

We finally consider the case that § = 0 and h is a non-constant function on M. We
shall verify that every non-homogeneous real hypersurface M with A¢ = 0 in CP?(4) has
n-parallel Ricci tensor. Such a real hypersurface M has three distinct principal curvatures
0 =0, and 1/\, where ) is a non-constant smooth function on M. We take two unit vectors
X and Y with AX = AX and AY = (1/A)Y. Using Equation (3.2) and h = A + (1/X)
repeatedly, we obtain the following:

g(Vx8)X,X) = (X)\ - %)g(AX,X) + (A + %)g((VXA)X,X)

- g((vXA)Xv AX) - g(AXv (VXA)X)

=A(x f—j) + (% ~A)g((VxA)X, X)
=A(x f—j) + (XA)(% -2) =0,

I(VxS)Y,Y) = (X/\ . )ij) g(AY,Y) + (/\ + %) J(VxA)Y,Y)

—9((VxA)Y, AY) — g(AY, (VxA)Y)

- %(XA - %) + (A —~ %)9((VXA)Y7Y)
B T

and

9((VxS)X,Y) = (Xh)g(AX,Y) + h-g((VxA)X,Y)
- g((VXA)X7 AY) - g(AX, (VXA)Y)

_ (h —A- %)g((VXA)X,Y) =0
We have similarly the following:
g(VyS)Y,Y) = g((VyS)X,Y) = g((Vy5) X, X) = 0.

These, combined with the symmetry of S, show that M has n-parallel Ricci tensor.
The rest of the proof is to guarantee the existence of a non-homogeneous real hypersur-
face M with A¢ = 0 in CP?(4). To do this, we recall the following fact due to [2]:

Fact. 1. Every tube M of sufficiently small constant radius around each Kdhler subman-
ifold of CP™(c) is a Hopf hypersurface in this ambient space. However, in general M
has singular points, namely M is not smooth at these points.

2. Let M?"~' be a Hopf hypersurface with A¢ = 5¢ of CP™(¢),n = 2. Suppose that all
principal curvatures of M in the ambient space CP™(c) have constant multiplicities
on M. Then M is locally congruent to a tube of constant radius r(> 0) around
a certain Kdhler submanifold N of CP"™(c). Moreover, § = \/c cot(v/cr) and all
other principal curvatures A of M are expressed as either A\ = (\/c/2)cot(y/c r/2),
A = (—vc/2)tan(y/c r/2) or A = (V¢ /2) cot(\/c /2 £ 0), where (£+/c/2)cot are

principal curvatures of the Kdahler submanifold N .
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This fact means that every non-homogeneous real hypersurface M with A = 0 in
CP2(4) is locally congruent a tube of radius 7/4 over a non-totally geodesic complex curve
in the ambient space CP?(4). Here, note that to delete singular points of M we have only
to consider the complex curve without having the principal curvatures £1 in CP?(4).

Therefore we obtain the desired conclusion of Theorem 1. O

We next prove Theorem 2. Without loss of generality, we may set ¢ = —4. We first
investigate the case of n 2 3. The “only if” part is obvious from Theorem B and Remark
1. So we shall prove the “if” part.

We suppose that the Ricci tensor S of our Hopf hypersurface M (with A = §¢) is n-
parallel. By the same discussion as that in the proof of Theorem 1 we also have Equations
(3.4) and (3.5).

We first take a unit vector X € V) with 2\ —§ # 0. Then ApX = pu¢pX with p =
(0A —2)/(2X — §) (see Lemma 1). This, together with (3.5), yields

(3.10) (20h — 6% — 4b)A? + {40 + 4b6 — (0% + 4)h}A + 20h — 4 — b6* = 0.
It follows from (3.4) and (3.10) that
(3.11)  25A* —2(0% + 2b 4+ 2)N* + 25(a + 2b + 3)A? — (ad? + b6? + 4a + 4)\ + 2a6 = 0,

which corresponds to Equation(3.6). Except the case of § = 0 and a = b = —1, \ satisfies
the algebraic equation (3.11) with constant coefficients, so that A is constant locally on M.

We next consider the case of § = 0 and a = b = —1. Note that in this case coefficients
in Equation (3.11) are all vanishing. Here, from Lemma 1 we must consider the case that
that M has at most three distinct principal curvatures § = 0 with multiplicity 1, A with
multiplicity , say k, and —1/\ with multiplicity 2n —2 —k having the equation h = A—(1/X)
(see (3.4)). When k satisfies either K = 0 or 2n—2 —k = 0, A must satisfy A = —1/A, which
is a contradiction.

So we only to study the case that k¥ = 1 and 2n — 2 — k = 1. Since h = XA — (1/X), we
have

(k—1)XN = (2n—-3—k) =

We note that k # 1, since n = 3. Hence, A is also constant locally on M. However,
there does not exist such a Hopf hypersurface with three constant principal curvatures
0=0,\,—1/Xin CH™(—4) (see [6]).

We finally consider the case of 2\ — § = 0 at some point of M. We shall verify that
2\ — 0 vanishes identically on M. Assume that 2\ —§ # 0 at some point zo € M, and set
Yo = (2A — ) (o). Let N be the subset of those points © € M such that (2\ — §)(z) = yo.
Clearly N is a non- empty closed subset of M. It is also open, since the discussion in the
case of 2\ — § # 0 means that the function 2\ — ¢ is constantly equal to yo # 0 on some
neighborhood of each point x € N. Since M is connected, we find that N = M, which is a
contradiction. So we find that A = §/2 on M.

Therefore we can see that every principal curvature A of M is constant locally, so that M
is locally congruent to one of homogeneous real hypersurfaces of types (Ag), (A1,0), (A1,1),
(As) and (B).

We next study the case of n = 2. By the same discussion as that in the proof of Theorem
1, we can see that our real hypersurface M satisfying the assumption is locally congruent
to either a homogeneous Hopf hypersurface or a non-homogeneous Hopf hypersurface with
A¢ =0 in the ambient space CH?(—4).

At the end of this paper we explain briefly the construction of a non-homogeneous real
hypersurface M3 with A¢ = 0 in CH?(—4). In [3], T.A. Ivey and P.J. Ryan construct the
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class of Hopf hypersurfaces in CH?(—4) with A¢ = 6¢ and 0 < § < 2. Moreover, they show
that every such Hopf hypersurface for § < 2 can be characterized in terms of Weierstrass-
type data which take the form of a pair of embedded contact curves in a unit sphere S® (for
details, see Theorem 2 in [3]).

Hence we obtain the desired conclusion.
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NUMERICAL RADIUS OF MOORE-PENROSE INVERSE

HirOkAZU ITO, TAKASHI SANO AND YU SATO

Received January 18, 2013; revised February 3, 2013

ABSTRACT. We studied in [4] the result by Stampfli that an invertible operator A is
unitary if the numerical radius w(A) < 1 and w(A™!') < 1. In this note, instead of
the invertibility we consider the Moore-Penrose inverse A" of A and we characterize
bounded operators A satisfying that w(A4) < 1,w(A") £1 and AAT = ATA.

Moore-Penrose inverse and numerical radius For a bounded linear operator A €
B(H) on a Hilbert space H, the numerical radius w(A) of A is defined as

w(A) = sup{[(AL O] - [I€]l =1}

We refer to [3] for basic properties of numerical radius. If A is invertible and satisfies that
w(A) <1 and w(A~1) <1, then A is unitary. This is proved by Stampfli in [5, 6], and an
alternative proof is given by Sano-Uchiyama in [4]. See also [1].

In this note, we study the general case: instead of the invertibility of A, we consider the
Moore-Penrose inverse AT of A, and we observe the conditions that w(A) < 1, w(A") < 1.

Before presenting our theorem, we recall the definition of the Moore-Penrose inverse.
For A € B(H), we denote the null (or kernel) space of A by A/(A) and the range space of
A by R(A). The Moore-Penrose inverse of A, denoted by AT, is defined on R(A) ® R(A)*
by ATAy =y for y € N(A)* and Af|g(4). = 0. AT is densely-defined and unbounded in
general.

It is known that R(A) is closed if and only if AT is bounded. In this case, Af|g(4) is
the bounded inverse of A|yr(4y1. For the readers’ convenience, we give a proof; the only if
part follows from Banach inversion theorem by thinking of A| N(A)L as one-to-one operator
from N(A)+ onto R(A). For the if part, take any sequence {Az,} for x, € N (A)* which
converges to y € H. Since AT is bounded, {AT(Ax,)} = {z,} converges to Aty =z € H.
Hence, {Az,} converges to Az, or y = Az € R(A); that is, R(A) is closed.

These conditions are also equivalent to the closedness of R(A*); let A = V|A| be the
polar decomposition of A. By symmetric argument, it suffices to show that R(A) is closed if
R(A*) is closed. We remark that R(A*) = R(|A]); for A* = |A|V* implies R(A*) € R(|4|)
and |A| = A*V does the converse inclusion. Suppose that {Az,} converges to x. Then
{|Alzn} = {V*Ax,} converges V*z. Since R(]A]) is closed, V*x = |Aly for some y € H.
Thus, {Az,} = {V|A|x,} converges to V|Aly = Ay, or x = Ay. This means that R(A) is
closed.

The following is a generalization of Stampfli’s theorem.

Theorem  Let A € B('H) be a bounded linear operator on H. If A satisfies that w(A4) <
L,w(AT) £1 and AAT = ATA, then A is unitary on N(A)+.

2010 Mathematics Subject Classification. 47A12, 15A09.
Key words and phrases. Numerical radius; Moore-Penrose inverse.
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It is known in [3, Theorem 1.3-1] that the numerical radius is equivalent to the operator
norm:

w(T) = |7} = 2w(T).

Hence, the assumption that w(A") < 1 means the boundedness of AT.

Proof of Theorem. The assumption AAT = ATA yields that R(A) = R(A*) =: K,
which are closed by the preceding remark. We consider the restriction of A from K into
itself. Since At = (Alx)™ !, w((Alx)™t) = w(Af|x) = w(AT) £ 1. Combining this with
w(A|x) = w(A) £ 1 and applying Stampfli’s theorem to A|x and (A|c)~!, we conclude
that Al is unitary on K. [ |

In fact, AAT = ATA is equivalent to R(A) = R(A*) since ATA = Projg -y and AAT =
Projg(ay when At is bounded.

Example Let

v (s ) (00)

for a > 0 and 1 > 7 > 0. The Moore-Penrose inverse X' of X is given as

() (i R

which can be checked by the characterization of XT: XXTX = X, XTXXT = Xt (xXt)* =
XXT and (XTX)* = XTX. We refer the reader to [2] for this characterization.
By direct computation, we see that

1 1 1
wX) = —" 4 wxTy= T L
2 2 a
Hence, w(X) <1 and w(XT) £ 1 if and only if
1+r <a< 2 .
2 - — 14r

Note that XX = XTX if and only if r = 1. If we take 7 < 1 and @ = 2/(1 + r), then
w(X) £ 1 and w(XT) £ 1, and || X| = a = 2/(1 +7) > 1, which means that X is not a
contraction.

Acknowledgments  The authors thank Professor Mao-Ting Chien for raising the question
on Moore-Penrose inverse at RIMS workshop in Kyoto, November 2011 and for fruitful
comments. This work was partially supported by Grant-in-Aid for Scientific Research (C)
20540152 (TS).

REFERENCES

[1] T. Ando and C. K. Li, Operator radii and unitary operators, Oper. Matrices, 4 (2010), 273-281.
[2] R. B. Bapat, Linear Algebra and Linear Models, Springer, (1994).



NUMERICAL RADIUS OF MOORE-PENROSE INVERSE 459

[3] K. E. Gustafson and D. K. M. Rao, Numerical Range, Springer, (1997).

[4] T. Sano and A. Uchiyama, Numerical Radius and Unitarity, Acta Sci. Math. (Szeged), 76
(2010), 581-584.

[5] J. G. Stampfli, Normality and the numerical range of an operator, Bull. Amer. Math. Soc., 72
(1966), 1021-1022.

[6] J. G. Stampfli, Minimal range theorems for operators with thin spectra, Pacific J. Math., 23
(1967), 601-612.

Communicated by Jun Ichi Fujii

Hirokazu Ito
Graduate School of Science and Engineering
Yamagata University, Yamagata 990-8560, Japan

Takashi Sano

Department of Mathematical Sciences, Faculty of Science
Yamagata University Yamagata 990-8560, Japan
sano@sci.kj.yamagata-u.ac.jp

Yu Sato
Graduate School of Science and Engineering
Yamagata University, Yamagata 990-8560, Japan



Scientiae Mathematicae Japonicae, 76, No. 3 (2013), 461-469 461

EXAMPLES ON IRRESOLVABILITY

A. KALAPODI

Received May 29, 2012

ABSTRACT. We construct several examples of Hausdorff (resp. regular) open-heredita-
rily irresolvable not hereditarily irresolvable or hereditarily irresolvable not submaximal
spaces. Also, examples of separable or countable (connected or not) irresolvable spaces
are constructed.

1 Introduction The concepts of maximal, submaximal and irresolvable spaces were in-
troduced by E. Hewitt in [12], while the concept of open-hereditarily irresolvable space was
introduced by E. K. van Douwen in [27], and the concept of maximal connected space was
introduced by J. P. Thomas in [25]. These properties have been widely studied in the last
sixty years.

In the sequel all spaces are considered to be crowded (without isolated points).

Definition 1.1. A space X is called:

1. Resolvable ([12]) if X has two disjoint dense subsets, and it is called irresolvable ([12])
if it is not resolvable.

2. Open-hereditarily irresolvable ([27]), if every open subspace of X is irresolvable.
3. Hereditarily irresolvable ([12]), if every subspace of X is irresolvable.

Irresolvable spaces have been also studied by K. Kunen, A. Szymanski and F. Tall in
[17], by J. Dontchev, M. Ganster and D. Rose in [8], by O. T. Alas, M. Sanchis, M. G.
Tkacenko, V. V. Tkachuk and R. G. Wilson in [1] and by W.W. Comfort and S. Garcia-
Ferreira in [7] where a number of relevant references is provided, as well as a number of
interesting open problems is listed.

Definition 1.2. A space (X, 7) is called:
1. Submaximal ([12]), if every dense subset of X is open.
2. Maximal connected ([25]), if every finer topology than 7 is not connected.

3. Maximal Hausdorff ([12]), if 7 is maximal in the set of Hausdorff crowded topologies
on X.

4. Maximal regular ([12]), if 7 is maximal in the set of regular crowded topologies on X.

5. Extremally disconnected, if the closure of every open subset is open.

2010 Mathematics Subject Classification. Primary 54C25, 54G20. Secondary 54D05, 54D10.
Key words and phrases. Irresolvable, submaximal.
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Submaximal spaces as well as maximal topologies are studied in detail by N. Bourbaki
[4], D. E. Cameron [5], E. K. van Douwen [27], A. V. Arhangel’skii and P. J. Collins [2], R.
Levy and J. R. Porter [19] .

It is known that all maximal Hausdorff spaces are submaximal ([13], [15]) and that all
maximal connected spaces are also submaximal ([6]). Since every subspace of a submaximal
is submaximal ([4]) and every connected subspace of a maximal connected is maximal con-
nected ([10]) it follows that every submaximal (connected or not) is hereditarily irresolvable,
hence open-hereditarily irresolvable and hence irresolvable.

The examples constructed by D. Rose, K. Sizemore and B. Thurston in [23], by G.
Bezhanishvili, R. Mines and P. J. Morandi in [3] and by E. K. van Douwen in [27] prove
that none of the previous implications is reversible. We note that the Example 1.12 in [27]
is a regular disconnected (or totally disconnected) space and the Example 1.9. in [27] is a
regular extremally disconnected space.

In this paper we prove that every Hausdorff (resp. regular) space S can be embedded as
a closed nowhere dense subset in a open-hereditarily irresolvable Hausdorff (resp. regular)
space T. The space T is obtained by attaching to S an auxiliary space Z which is the
cone constructed from a space X. Since the properties of the final space T depend on the
properties of S and Z, it follows that the attachment of Z to S leads to several examples
of all kinds of irresolvability.

We note that using spaces with appropriate properties, either for S or for Z, the at-
tachment presented in this paper can expand the known examples of different kinds of
irresolvability so that the final spaces become in addition connected. In Remarks 3.2 and
3.3 we present several relevant examples. Moreover, by weakening the topology of the space
Z, the space Z itself leads to several examples of connected spaces on irresolvability.

2 The auxiliary space Z. In the sequel we will use the following Lemma 2.1 and Lemma
2.2 whose statements are well known.

Lemma 2.1.
(1) Let (X, 7) be a Hausdorff space. The set of all topologies finer than T having the same
reqular-open sets as T, has a reqular-open maximal topology which is Hausdorff submazimal.
(2) If (X, 1) is Hausdorff connected (resp. countable connected), then the regular-open
maximal topology is Hausdorff connected (resp. countable connected) submazimal.

Proof. (1) This is proved in [20].
(2) Tt follows from the fact that the two topologies have the same regular-open sets. O

Lemma 2.2.
(1) Every Hausdorff and mazimal connected is submazimal.
(2) Every mazimal Hausdorff is submazimal.
(3) Every Hausdorff submazimal is hereditarily irresolvable.
(4) Every mazimal regular is hereditarily irresolvable.
Proof. (1) By [6] a maximal connected space is submaximal.
(2) By [4] (Exercise 21 of §11) a Hausdorff space X is maximal Hausdorff if and only if X
is submaximal and extremally disconnected.
(3) Obviously every submaximal is hereditarily irresolvable. Since by [4] (Exercise 22 of
§8) every subspace of a submaximal space is submaximal, it follows that it is hereditarily
irresolvable.
(4) Let X be maximal regular. If D is dense in X, then by [4] (Exercise 21 of §11) the
subset IntD is open-dense. Hence X is irresolvable. If a subspace of X contains isolated
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points, then obviously it is irresolvable. If a subspace is crowded then by [27] it is maximal
regular and hence irresolvable. O

We now consider the cone Z constructed from an arbitrary topological space X. The
space Z will be used in the sequel as auxiliary space attached to a space S with specific
properties. The final space T gives several examples of irresolvable spaces. For the cone
and its applications see J. K. Kohli [16], S. Watson [28] and J. R. Porter [22].

Let X be a topological space and let X;, i € I, be pairwise disjoint homeomorphic copies
of X. We fix a point x € X and let x; be the copy of z in X; for every i € I. We set
Y =X\{z} and V; = X; \ {;},i € I. We identify the points x;, for every i € I and we
denote this common point by z.

The cone constructed from X is the set Z = {2} U (U;e1Y;) with the following topology:
Each copy Y; keeps the subspace topology of the space X;, that is, for every y; € Y;,i € I a
basis of open neighborhoods of y; in Z is the (homeomorphic) copy of a basis of open neigh-
borhoods of y in Y whose copy in Y; is y;. For the point z, a basis of open neighborhoods
in Z consists of the subsets O, = {z} UW, where for every i € I the set W NY] is an open
deleted neighborhood of z; in X;, that is the set W NY; is the (homeomorphic) copy in Y;
of a deleted open neighborhood of z in X.

Lemma 2.3.

(1) If X is Hausdorff (resp. regular), then Z is Hausdorff (resp. regular).

(2) If X is submaximal, then Z is submazimal.

(3) If X is countable submazimal and the index set I is countable, then Z is countable
submazimal.

(4) If X is mazimal Hausdorff, then Z is Hausdor(f submaximal not extremally discon-
nected.

(5) If X is countable maximal Hausdorff and the index set I is countable, then Z is
countable Hausdorff submazximal not extremally disconnected.

(6) If X is mazimal regular, then Z is regular hereditarily irresolvable not extremally
disconnected.

(7) If X is countable mazimal regular and the index set I is countable, then Z is countable
regular hereditarily irresolvable not extremally disconnected.

(8) If X is separable submazimal and the index set I is countable, then Z is separable
submazimal.

(9) If X is connected submazimal, then Z is connected submazimal.

(10) If X is separable connected submazimal and the index set I is countable, then Z is
separable connected submazimal.

(11) If X is countable connected submaximal and the index set I is countable, then Z is
countable connected submaximal.

Proof. (1) Let X be Hausdorff and a,b € Z\ {z}. If both a, b belong to the same copy Y; for
some ¢ € I, then since Y; is Hausdorff there exist in Y; disjoint open neighborhoods U,, U,
of a,b respectively. If a € Y;,b € Y;,7 # j then the subspaces Y;,Y; are disjoint open in Z
containing a, b respectively. Let a € Z \ {z} and b = 2. Then a € Y for some i € I. Since
X, is Hausdorff it follows that for the points a,z; there exist in X; open neighborhoods
Ua, Uy, of a,z; respectively such that U, N U,, = (). Therefore the sets U, and {z} UW
where WNY; = W,, \ {z;} are disjoint open sets in Z containing a, z respectively. Thus,
Z is Hausdorff.

Let X be regular. Obviously, the space Z is regular at every point y; € Y;, for every
i € 1. For the point z, let O, = {z} UW be an open neighborhood of z € Z. By the
definition of topology in Z the set W,, = W NY; is an open neighborhood of z; € X;.
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Since for every ¢ € I the space X; is regular, it follows that for every W, there exist an
open neighborhood O, of x; in X; such that Clx,(O; \ {x;}) C W,,. Therefore the set
0, = {z} UO such that ONY; = O,, is an open neighborhood of the point z € Z such that
Clz({z} UO) C {z} UW that is, Z is regular at z.
(2) Let D be dense in Z, and z € D. Since for every i € I the subset D NY; is open-dense
in Y3, it follows that for the point z in the subspace {z} UYj, there exists an open set U;(p)
(depended on D NY;) containing z and such that Uy py \ {z} € D NY;. Therefore the set
{z} UW for which W NY; = Uypy \ {z}, Vi € I, is an open set in Z containing z and
included in D. That is, the point z is an interior point of D. Therefore D is open.
(4) By Lemma 2.2 (2), X is submaximal. Hence Z is submaximal. Since for the open subset
Y; of Z it holds that ClzY; = {z} UY, it follows that Z is not extremally disconnected.
(6) Let A be a subspace of Z. By Lemma 2.2 (4), X is hereditarily irresolvable. Since for
every i € I the subspace {2} UY; is homeomorphic to X it follows that A is a disjoint union
of hereditarily irresolvable subspaces. Hence, A is irresolvable. That Z is not extremally
disconnected is proved as previously.

The remaining statements (3), (5), (7), (8), (9), (10), (11) are obvious. O

3 The space T. In [27] E. K. van Douwen constructs two maximal regular spaces. The
first (Example 1.9) is not maximal Hausdorff while the second (Example 3.3) is countable
and maximal Hausdorff. In [19] R. Levy and J. R. Porter construct uncountable Hausdorff
(and Tychonoff) submaximal separable spaces. The first example of a connected submax-
imal Hausdorff space is constructed by K. Padmavally [21]. Maximal connected Hausdorff
spaces are constructed by A. G. El’kin [9], J. A. Guthrie, H. E. Stone and M. L. Wage [11],
and G. J. Kennedy and S. D. McCartan [14]. For countable connected Hausdorff spaces see
the list of references in [26].

Since a submaximal space is hereditarily irresolvable (Lemma 2.2 (3)), it follows that in
all cases the initial space X is a hereditarily irresolvable space, implying that the space Z is
also hereditarily irresolvable. Therefore, as initial space X it can be used any submaximal
space of Lemma 2.1 or any hereditarily irresolvable space of Lemma 2.2, as well as any of
the previous specific spaces.

Proposition 3.1. Every Hausdorff (resp. regular) space S can be embedded as a closed
nowhere dense subset in a open-hereditarily irresolvable Hausdorff (resp. regular) space T.
If in addition S is separable, then T is separable.

Proof. Let S be a Hausdorfl (resp. regular) space. We consider a hereditarily irresolvable
Hausdorff (resp. regular) space X and we construct the space Z, the index set I having the
same cardinality as the set S. In the space X we fix a point a # x and let a; be the copy of
a in Y;. Hence, for every i € I, a; # x; and therefore a; # z, because by the construction
of the space Z the point z is defined by identifying the points x;. We attach the space Z
to the space S identifying every point of S with a point a; of Z.

On the set T = SU(Z\ {a; : i € I}) we define the following topology: The subset
Z \{a; : i € I} keeps the subspace topology of Z. For every open subset U of S the subset
Oy of T is open in T' if and only if Oy = U U W(U) where W(U) = U,,cp Ua,, and U,, is
an open deleted neighborhood of a; in Y;. It can be easily verified that this is a topology
observing that if U, V are open sets in .S, then for the sets Oy, Oy it holds that Oy N Oy =
UNV)YUWUNV)=O0yny. Also, if U;,i € I are open sets in S then for the sets Oy, it
holds that UOy, = (UU;) U W (UU;) = Oyy, because UW (U;) = U(U,,cr, Uai) = W(UU;) .

We prove that T is Hausdorff. Let z,y € T. If x,y € Z \ S then the points x,y either
belong to a common Y; \ {a;} for some i € I or z € ¥; \ {a;} and y € Y; \ {a;}, i # j, or
z € Y;\ {a;} and y = z. The proof of these cases is the same as in Lemma 2.3 (1). Let
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x,y € S. Since S is Hausdorff, there exist open subsets U,V in S containing the points
x,y respectively and such that U NV = (). Since for every i € I all copies Y; are pairwise
disjoint it is obvious that we can choose W (U) and W (V) such that W(U) N W (V) = 0.
Hence the corresponding sets Oy, Oy are the required open subsets.

Let £ € T\ S, 2 # z and s € S. Then z € Y, for some ¢ € I. If Y; is attached to s" and
s" # s then the proof is as in the previous case. If Y; is attached to s, that is a; = s, then,
since Y; is Hausdorff, it follows that there exist open sets W,, and V, in Y; containing s
and z respectively, and such that W,, NV, = (. Hence if U is an open set in S containing
s, then the corresponding set Oy = U U W(U) for which W(U) NY; = W,, and the set V,
are the required open subsets.

It remains the case for the point z and a point s € S. Let U be an open set in S containing
the point s. Let Yj, j € I’ C I be the copies whose points a; are attached to U. For the
point z and for every a; there exist open sets W;, W, in the subspace {z} UY]; containing
z and a; respectively, and such that W; N W,, = 0. Hence the subset O, = {z} UW for
which W NY; = W; and the subset Oy = U U W(U) for which W(U) NY; = U,, are the
required open subsets.

We now prove that T is regular. By the definition of the topology on T, it follows that
T is regular at every point of T'\ S. Since S is regular, for every s € S there exist open sets
U,V in S such that

seV CClgV CU.

We consider W(ClgV), that is the subset of W(U) for which W(U) NY; is an open set in
Y; containing those a; which are attached to the points of ClgV. Since each Y; is regular,
then for every such open set there exists an open set W,, in Y; containing a; and such that

W,, C Cly,W,, CWNY;.

Hence,

Uwac U wWac U CyWa, W,
a; €V a;, €ClTV a; €ClpV

and therefore
CES Ov - CZTOV C OU7

that is, T is regular. Obviously, the subset T\ S is open. Since for every open set U in S it
holds that Oy N (T'\ S) # 0, it follows that 7'\ S is also dense. Hence S is closed nowhere
dense in T'.

It remains to prove that T is open-hereditarily irresolvable. Let U be an open subspace
of T. If U is a subset of T'\ S then, since Z is hereditarily irresolvable, is follows that U is
an irresolvable subspace of T'. If the open set is of the form Oy = U U W (U) then, by the
definition of Oy the subset U is open in S and nowhere dense in 7" and the subset W (U) is
an open subset of T. Hence W (U) is irresolvable and therefore Oy is irresolvable. Hence T
is open-hereditarily irresolvable.

Finally, let S be separable. Let D be a countable dense subset of S, and Z be as in (8) of
Lemma 2.3. We attach Z to S, identifying every point of D with a point a;, i = 1,2,... of
Z. The topology on the set T'= SU(Z\{a; : i € N}) is defined in exactly the same manner
as above. Obviously T is separable. That T is open-hereditarily irresolvable is proved as
previously. O

The following remarks are consequences of Lemma 2.3 and the previous Proposition,
indicating that none of the following implications
“ submaximal = hereditarily irresolvable = open-hereditarily irresolvable = irresolvable ”
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is reversible. We must mention that the two examples constructed by D. Rose, K. Sizemore
and B. Thurston in [23] (Examples 2.5), the Example 3.2 constructed by G. Bezhanishvili,
R. Mines and P. J. Morandi in [3] and the Examples 1.12 and 1.9 constructed by E. K. van
Douwen in [27] give an answer to this. Specifically, the first example in [23] is a crowded T}
hereditarily irresolvable not submaximal and the second is a crowded T} open-hereditarily
irresolvable not hereditarily irresolvable. The example in [3] is a connected crowded T
irresolvable not open-hereditarily irresolvable. Obviously, the space X in this example is
Hausdorff (resp. regular) if both spaces Y, Z used for the construction of X are Hausdorff
(resp. regular). We observe that in order to be connected it is needed both Y, Z to be
connected. The Example 1.12 in [27] is a regular disconnected (or totally disconnected)
open-hereditarely irresolvable but not hereditarely irresolvable space. The Example 1.9.
in [27] is maximal regular but not maximal Hausdorff. Hence by [4] (Exercise 21 of §11)
it is extremally disconnected and by Lemma 2.2 (4) it is hereditarily irresolvable. Since
a Hausdorff space is maximal Hausdorff if and only if it is extremally disconnected and
submaximal, it follows that this space is not submaximal.

Remark 3.2 below is referred to open-hereditarily irresolvable not hereditarily irresolva-
ble spaces. Specifically, the cases (3), (4), and part of (5) deal with connected spaces.
Remark 3.3 is referred to hereditarily irresolvable not submaximal spaces, some of which
are also connected. The final space T is, in all cases, Hausdorff (resp. regular) if both
S, Z are Hausdorfl' (resp. regular). Using Lemma 2.3 and Proposition 3.1 we can expand
the different kinds of irresolvability so that the spaces become in addition connected. In
Remark 3.4 we examine whether the set of all dense subsets in these spaces, is a filter. In
what follows D(X) denotes the set of all dense subsets of X.

Remark 3.2. (1) If S is resolvable and Z is as in (2), (4) or (6) of Lemma 2.3, then T is
open-hereditarily irresolvable but not hereditarily irresolvable.

(2) If S is separable resolvable and Z is as in (8) of Lemma 2.3 , then T is in addition
separable .

(3) If S is a resolvable not necessarily connected space and Z is as in (9) of Lemma
2.3 , then T is in addition connected. If S is separable (resp. countable) resolvable not
necessarily connected space and Z is as in (10) (resp. (11)) of Lemma 2.3, then T is in
addition separable (resp. countable) connected. The space T is connected, either if Z is
attached to the whole of S or to a countable dense subset D of S, because the subset
DU (Z\{a; :i € N}) is dense connected and therefore Clp (DU (Z \ {a; : i € N})) =T is
connected.

(4) If S is countable resolvable (not necessarily connected) and Z is as in (11) of Lemma
2.3 , then T is countable connected open-hereditarily irresolvable not hereditarily irresolv-
able.

(5) Consider [18] (Chapter I, §9) the set of rational numbers of the interval [0, 1], written
as irreducible fractions %. We set D = {(%7 %) : p,q € N}. The subspace S = DUJ0, 1] (resp.
S =DuU(QnJ0,1])) of the plane is regular and the subset D of isolated points is countable
and dense. Obviously the subspace [0, 1] (resp. QN [0,1]) is resolvable (resp. countable
resolvable). Hence, by Proposition 3.1, the attachment of any hereditarily irresolvable space
Z of Lemma 2.3 to the subspace D of S leads to a space T being in all cases open-hereditarily
irresolvable but not hereditarily irresolvable.

Specifically, if Z is as in (9), (10) or (11) of Lemma 2.3 , then T is in addition connected,
separable connected or countable connected (if S = D U (Q N0, 1])), respectively.

We observe that in all the previous cases the space T' is not submaximal since the closed
nowhere dense subset S of T is not discrete.

We note that in all cases D(T') is a filter (as it was expected, see Remark 3.4) because if
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L, M are dense subsets of T then since the subset T'\ S is open-dense it follows that both
subsets LN (T'\ S) and M N(T\S) are dense in T. Since T'\ S is hereditarily irresolvable it
follows that both subsets Intr(LN(T\.S)) and Intp(MN(T\S)) are open-dense. Therefore
the set L N M is dense.

This construction is actually based on the construction of Example 1.12 in [27], with
the following modification: instead of attaching to the set D disjoint copies of spaces, we
attach to D the space Z of Lemma 2.3. We note that attaching disjoint copies of spaces to
D the final space is not connected even if all copies are connected.

Remark 3.3. Let S, Z be any hereditarily irresolvable spaces. We attach the space Z to S
as in Proposition 3.1. The space T is always hereditarily irresolvable not submaximal (even
if both spaces S, Z are submaximal). In order to prove this, we consider an open-dense
subset D of Z, not containing anyone of the points a; which are attached to S. Since S is
closed nowhere dense in T, it follows that D is open-dense in T'. Hence, if s € S then the
set D U {s} is dense in T but not open. It is obvious that if Z is as in (9), (10) or (11)
of Lemma 2.3, then T is in addition connected. Specifically, if S is separable and Z as in
(10) then T is separable connected. If S is countable and Z as in (11) then 7' is countable
connected.

Hereditarily irresolvable not submaximal spaces can also be constructed as follows: Let
(Z,7) be any submaximal space of Lemma 2.3. We weaken the topology on (Z, 7) changing
the topology only at the point z as follows: The subset O, is open in Z containing z if
and only if O, = {z} UW, where for every finite subset I’ C I and for every ¢ € I’, the
subset W NY; is an open deleted neighborhood of x; in X; while WNY; =Y;, Vie I\ I
We denote this topology by 7*. It can be easily proved that (Z,7*) remains Hausdorff
(resp. regular) if (Z,7) is Hausdorff (resp. regular). The proof that in all cases (Z,7*) is
hereditarily irresolvable is the same as in (6) of Lemma 2.3.

We prove that (Z,7*) is not submaximal. Let D be a proper dense subset of X. We
set D; = DNY;. Since each D; is open-dense in Y; it follows that [ J;.; D; is open-dense in
Z. But {2} U (U, Ds) is not open because every open neighborhood of z contains all but
finite copies of Y;. We observe that again the set D(Z) is a filter on (Z,7*).

Obviously, if (Z,7) is as in (9), (10) or (11) of Lemma 2.3, hence connected, then since
7% C 7 it follows that (Z,7*) is in addition connected, separable connected or countable
connected, respectively.

Remark 3.4. The Example 3.2 in [3] has the additional property that on the space X the set
D(X) is not a filter. This can occur only to irresolvable not open-hereditarily irresolvable
spaces. For if X is submaximal then every dense subset is open and hence D(X) is a filter.
If X is hereditarily irresolvable then D(X) is a filter ([3] , Theorem 2.4). Finally, if X is
open-hereditarily irresolvable then D(X) is again a filter. In order to prove this it suffices to
prove that for every dense subset D of X it holds that the set IntD is open-dense. Obviously
IntD # 0. If IntD is not dense then there exists an open set U such that U N IntD = {).
Obviously the sets DN U and U \ D are non-empty, dense in U, that is the open set U
is resolvable, which is a contradiction. Examples of irresolvable Hausdorff (resp. regular)
spaces with additional properties and on which the set of all dense subsets is not a filter can
be also constructed (using the space Z of Lemma 2.2 and imitating the wedge construction
of Example 3.2 in [3]).
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ABSTRACT.

Some inequalities for fractional integral operators on Morrey spaces are investigated
by many researchers. In this paper, we extend and generalize some of them. More
precisely, we show some inequalities concerning with g-T) f, where T}, is the generalized
fractional integral operator and f and g are functions which belong to generalized
Morrey spaces. We also compare our results and present counterexamples showing
that our results are sharp.

1 Introduction For 0 < a < 1, the fractional integral operator is defined by

(L1) 1f(x) = /R W),

n |l — n—nmo
Y

where f is a suitable measurable function. A well-known fact is that I, is bounded from
LP(R™) to L(R™) provided that 1 < p < 1/a and 1/g = 1/p — « (see [23, p.119] for exam-
ple). The result is nowadays referred to as Hardy-Littlewood-Sobolev’s theorem. In 1975,
Adams extended this theorem to Morrey spaces ([1, Theorem 3.1]). Morrey spaces, which
stem from the paper by Morrey ([12]), are normed spaces of locally integrable functions.
Let 0 < p < pg < +00 and denote the ball centered at z with radius ¢ by B(x,t). Then the
Morrey norm is defined by

1/p
(1.2) I fllpzo = sup [ B(a, t)[/Pom /P (/ If(y)lpdy>
zeR",t>0 B(z,t)
for a measurable function f on R™. And the Morrey space is defined by
(1.3) M (R"™) = My = {f € Li, (R™)[[|fllpsz0 < +00}.

We remark that M is the LP space. Adams proved that I, is bounded from MJ° to Mg
provided that 1/qp = 1/pp —a and 1/q = (1/p)(1 — pocx), that is, p/po = q/qo (see Theorem
2.2 below). Since two parameters p and ¢ seem to serve to measure different integrability
in the definition of the Morrey norm || - [|5;70, we can say that Adams’ theorem is more
precise than Hardy-Littlewood-Sobolev’s theorem. However, in Adams’ theorem, due to
the smoothing effect, we suspect that there is no need to make full use of the property of
MP° in order that the image is contained in MJ. In [22], the authors realized this aspect
by proposing a new inequality of intersection type. A typical result is as follows:

2010 Mathematics Subject Classification. Primary 26A33; Secondary 42B35, 42B25 .
Key words and phrases. generalized fractional integral operator, generalized Morrey space, maximal
function, Holder’s inequality .
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Theorem 1.1 ([22, Corollary 4.2]) Let 1 < p < pg < 400, 1 < ¢ < qg < 400, 0 < a <
1/p07
1 1 1

1
1.4 —=——a, —=—(1—-poa).
14 do  Po q p( 0a)

Then there exists a positive constant C such that

1—poa «
(1.5) HaF lagzo < CUF It 115550
where f € Mpo.

In this paper, we show variations and generalizations of Theorem 1.1. For a function
p:(0,4+00) — (0,400), the generalized fractional integral operator is defined by

(1.6) T,f(z) :/n wdy

|z —y[™

for any suitable function on f on R™. For 0 < p < 400 and a function ¢ : (0, +00) —
(0, +00), the generalized Morrey norm is defined by

1 1/p
(1.7) ||fHLg = wegli?bo(?(t) <|B(x,t)| /B(z,t) If(y)l dy) .

And the generalized Morrey space is defined by

(1.8) LyR"™) = Ly = {f € L, o(R")|[|f]| .5 < +o0}-

loc

We remark that, by Hélder’s inequality, if 0 < p; < ps < 400 then || - ||L;§1 < - ||L;§2 and
LZ)QE C Lgf

The purpose of this paper is to show three inequalities concerning with g - T, f, where
f and g are functions which belong to generalized Morrey spaces (Theorems 3.1, 3.9, and
3.16). They extend and generalize a known result (Proposition 2.9). Some inequalities
concerning with Proposition 2.9 are known ([17], [19], [20], [24] and so on). We state the
details in Section 2.

The plan of this paper is as follows. In Section 2, we describe some known results and
explain background of our theorems. In Section 3, we formulate our three theorems and
their corollaries. Sections 4, 5, and 6 are devoted to the proof of our theorems. In Section
7, we compare our corollaries. Finally, in Section 8, we state counterexamples concerning
our corollaries.

Throughout this paper the letter C' stands for a constant not necessarily the same at
each occurrence.

2 Background In this section, we describe some known results and explain background
of our theorems.

Boundedness of fractional integral operators on Morrey spaces was shown in [18] as
Spanne’s unpublished result as the following Theorem 2.1 states.

Theorem 2.1 ([18, Theorem 5.4]) Let 1 < p < pg < 400, 1 < g < qp < 400, 0 < a <
1/po,

1
2-1 — 77a, —_ =
(2.1) 7
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Then there exists a positive constant C such that

(2.2) Mo fllargo < Cllf Nl arzo
where f € Mb°.
Adams strengthened Theorem 2.1 as the following Theorem 2.2 states.

Theorem 2.2 ([1, Theorem 3.1]) Let 1 < p < py < 400, 1 < ¢ < gp < +00, 0 < a < 1/py,

1 1 1 1
(2.3) —=——a, -=—(1-pa).
q0 Pbo q P

Then there exists a positive constant C' such that
(2.4) 1 afllaszo < Cllfllagzo,
where f € Mpo.

Remark 2.3 Since pg/p > 1, Theorem 2.2 extends Theorem 2.1. In [2], the authors re-
proved Theorem 2.2 by using the Hardy-Littlewood maximal operator and proved Theorem
2.1 as its corollary.

Remark 2.4 It is known that Theorem 2.2 is optimal, that is, the operator I, : M}° —
Mo is unbounded for 1/qgo = 1/po — « and ¢ > p/(1 — pocv) ([17, Theorem 10]).

We note Holder’s inequality on Morrey spaces.

Lemma 2.5 (Holder’s inequality on Morrey spaces, [15, Corollary 4.3] for example) Let
1<p<po<+o0,1<qg<qgo<+o0, 1 <r<ryg<+oo,

1 1 1 1 1 1
(2.5) —=— =, —==4-=.
To dgo Po r q p

Then
(2.6) g larze < Nlgllaggo 111 azzo
where f € MP° and g € MJo.

For some function g, we obtain some inequalities for g- I, f. Using Theorem 2.1 and applying
Lemma 2.5 to g - I, f, we have

Proposition 2.6 Let 1 < p < pg < 400, 1 < ¢ < qo < 400, 1 < r < ryg < +o0,
0<a<1/po,

1

and assume g € MJ°. Then there exists a positive constant C' such that

(2.8) lg - Tof ez < Cliglazgo £l aazo
where f € Mp°.

As a special case r = p and rg = py in Proposition 2.6, we have
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Corollary 2.7 Let 1 < p < py < 400, 0 < a < 1/pg, g € Mll//s Then there exists a
positive constant C such that

(29) g+ Taflaggo < Cllglygzsal llagg.

where f € MJ°.

Remark 2.8 We remark that M11 //2‘ is the L'/® space by the definition. If we use Theorem

2.2 instead of Theorem 2.1, we can obtain an inequality for g - I, f with g which belongs to
the Morrey space (see Corollary 2.10).

Using Theorem 2.2 and applying Lemma 2.5 to g - I, f, we have

Proposition 2.9 Let 1 < p < pp < 400, 1 < ¢ < q < 400, 1 <1 < 19 < +00,
0<a<1/po,

1 1 1 1 1 1
(2.10) —=—+——qa, =-=-+=(1-poa),

o 4o Do r . q p

and assume g € MJo. Then there exists a positive constant C' such that

(2.11) 19 - Lafllarzo < Cliglagge 11l aszo

where f € MJ°.
As a special case rg = pp and r = p in Proposition 2.9, we have

Corollary 2.10 Let 1 < p <pg < 400, 0 < o < 1/pg, g € M;//(O;Oa). Then there exists a
positive constant C' such that

(2.12) g+ Lo fllagge < Cligllyprre M llargos
p/(poe

where f € MJ°.

In [17], Olsen obtained another inequality for g - I, f.

Theorem 2.11 ([17, Theorem 2]) Let Q be a bounded domain and 1 < p < pg < +00,
1<g<qo <400, 1<r<rg<4o0,1/qgo<a<1/py, qg>r,
1 1 1 1 1 1

(2.13) —=—4——q, —=—+4+-—aq,
To qo Po r q0 p

and assume g € MJ°. Then there exists a constant C = Cq depending on 2 and parameters
above such that

(2.14) lg - Lafllarro < Cligllaggo [1f [ azzo,

for all positive and measurable functions f and g such that the support of f is contained in
Q.

Remark 2.12 In Proposition 2.9, the condition 1/r = 1/p+1/q— (po/p)c is equivalent to
1/r—1/q = (1/p)(1 — pocr). Hence under the assumption 1/r = 1/p+ 1/q — (po/p)c, the
condition « < 1/pg is equivalent to g > 7.
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Remark 2.13 In Theorem 2.11, the condition 1/¢gy < « is equivalent to r > p under the
assumption 1/r =1/p+1/qy — .

As a special case r = p in Theorem 2.11, we have

Corollary 2.14 ([17, Corollary 3]) Let Q be a bounded domain and 1 < p < py < 400,

0<a<l1l/py,l<qg<l/la< +o0, q>p and assume g € Mql/a. Then there exists a
constant C' = Cq depending on 2 and parameters above such that

(2.15) g - Lafllnzo < Cllgllygarallfllagzo,

for all positive and measurable functions f and g such that the support of f is contained in
Q.

Remark 2.15 We compare Corollary 2.10 with Corollary 2.14. In (2.12), the Morrey norm
of g depends on p and py which appear in the Morrey norms of f and g- I, f. On the other
hand, (2.15) holds for g which belong to Mq1 / “, where ¢ is not necessarily the same as
p/(poc).

Sawano, Tanaka, and the author strengthened and generalized Theorem 2.11 ([19], [20]).
Here, we recall a result for I, from these works.

Theorem 2.16 ([20, Proposition 1.8]) Let 1 < p < py < 400, 1 < ¢ < qo < +0o0,
1<r<ryg<+4oo, 1/qgo<a<1/py, ¢>r,

1 1 1 1 1 1
(2.16) R :+?00<_a)’
o g0 Po r P P \49

and assume g € MJ°. Then there exists a positive constant C' such that

(2.17) g Lo llarzo < Cligllazgo 1 Fllazo

where f € Mp°.

Remark 2.17 In Theorem 2.16, the condition 1/r = 1/p + (po/p)(1/q0 — ) is equivalent
to 1/r = (po/p)(1/po +1/q0 — ). Hence under the assumption 1/rg = 1/po+1/q0 — «, the
condition 1/r =1/p + (po/p)(1/q0 — @) is equivalent to r/r¢o = p/po.

Remark 2.18 ([20, Remark 1.9]) Since pg/p > 1, Theorem 2.16 implies Theorem 2.11.

The case r = p in Theorem 2.16 is the same as Corollary 2.14. The comparison between
Proposition 2.9 and Theorem 2.16 was shown in [21, p.53]. For readers’ convenience, we
recall it as the following Comparison 2.19.

Comparison 2.19 ([21]) We compare Proposition 2.9 with Theorem 2.16. If we use Propo-
sition 2.9 for f € M}* and g € MJ°, we obtain g - I f € Mﬁl, where r; and R; satisfy

1 1 1 1 1 1
(2.18) -t —=l4-_ P
R g po T q p P

If we use Theorem 2.16 for f € M}® and g € MJ°, we obtain g - I, f € MgZ, where ro and
Ry satisfy

1 1 1 1 1 1
(2.19) g>ry, —=—+——aq, _+p°(—a>.
Ry q po rTe PP \Qo
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We have Ry = R, and
I 1 _po 1 _4qpo—pg

T2 1 DPdo q Pq90

If pgo/po < g < qo then ro < r1. By the conditions ro/Rs = p/po(= r2/R1) and g > 1o, we
have pR;/po < q. We remark that R; < go since 1/Ry = 1/pg + 1/q0 — o and 1/pg > «.
Hence there exists ¢ which satisfies pR;1/po < ¢ < pgo/po and it follows that if pR;/py <
q < pqo/po then ro > 7.

|1/4

1o (1/po, 1/qo)

1/p
1/P0

In the previous paper [24], the author extended and generalized Proposition 2.9 ([24, Theo-
rem 3.1, Corollary 3.5]). In this paper, the author extends Proposition 2.9 to other directions
(also extends [24, Corollary 3.5]) and generalizes Proposition 2.9.

On generalizations of boundedness of fractional integral operators on Morrey spaces,
many results were shown ([3], [4], [5], [7], [8], [10], [13], [14], [19], [20], [24], [25] and so on).
In this paper, the details are omitted (see [24, Section 2]). Recently, further results were
investigated by many researchers ([6], [11] for example).

3 Our Theorems In this section, we state three theorems and their corollaries. For
simplicity, we write || - [|,,4 for || - ||+ below.
P

Theorem 3.1 Let k = 1, 2. Suppose that we are given parameters pg, p1, D2, q1, G2, T
satisfying 1 < p1 < pg < 400, 1 < pa < pp < 400, 1 < g < 400, 1 <7 < 400. For ¢p(t)
and p(t), assume that there exist positive constants C1, Ca, C3, Cy, a, py and non-negative
constants vy, 6 with 0 < a(1+v)/(1—9) < 1/po such that

1 (bk(s) 1 S
(3.1) oA < o (0) <Ci for 3 < n <2,
(3 2) 1) (t) > Lﬂ/po
’ ! ~ 14 ¢nd/po’
Foo ds 03
(3:3) L e < mee
(3.4) p(t) < Cut™ (1 + 7o)

for every t > 0. Assume also that

11 1 11 1+7>
3.5 — = — 4+ —1=-ppa)=—+ — (1 —pav - —— ,
(3.5) T @ p2( pot) @ P2 < TS
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(3.6) V() = m (o) P = na(t)ga (1) P00,
and g € L' N Li2. Then there exists a positive constant C' such that

1—
9 Tp Sl < € (gllanon 1 £ 20 1125,

1—poa(l (1-6 a(l (1-6
o lglga e Ll 2o O A0 g/ G=or)

(3.7)

where f € Lf,’ll N Lf,’;.

Remark 3.2 The function ¢y, (t) = t"/0 /log(2 +t) with 1 < p; < pg < +oo and 1 < py <
po < +oo satisfies (3.1), (3.2), and (3.3) for every d > 0 and the function p(t) = t"* log(2+t%)
with 0 < o < 1 satisfies (3.4) for every v > 0.

Let 1 < s < s9 < +00. As a special case v = § = 0, ¢1(t) = t"/Po, ¢o(t) = t"/*0, and
p(t) = t™* in Theorem 3.1, we have

Corollary 3.3 Let 1 <p<pg <400, 1 <qg<q <400, 1 <r<rg<4o0, 1 <s<sy<
+00, 0 < a < 1/py,
1 1 1 1 1 1
3.8 —=—+4+ —(1 -pi), -=-+—-(1-po),
(338) e (). ;= ()

and assume g € MJ°. Then there exists a positive constant C' such that

(3.9) lg - Taflagzo < Cllgllaggo £y 1 150
where f € MBPo N M.

The case 1 < p < py < +00, sg = po, and s = p in Corollary 3.3 is the same as Proposition
2.9. As a special case sy = pg and s = r in Corollary 3.3, we have

Corollary 3.4 ([24, Corollary 3.5]) Let 1 < p < py < 400, 1 < g < qp < 400, 1 <r <
min{pg, ro} < +00, 0 < o < 1/po,
1 1 1 1 1

(3.10) —_— =t ——a, -= ,
To qo Do r qpocx

and assume g € MJ°. Then there exists a positive constant C' such that

l1—-poa o
(3.11) g - L fllarzo < Cllgllaggo 1l e 130

where f € MP°

max{p,r}"

As a special case sy = rg and s = r in Corollary 3.3, we have

Corollary 3.5 Let 1 < p <py < 400, 1 <r <719 <400, 0 < a<1/py, g € Mr%;fg?).

Then there exists a positive constant C' such that
(3.12) lg - Tafllazze < Cllgllyyro /o LI 1 5o
ke Po

where f € MpFo N M.
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Remark 3.6 We compare Proposition 2.9 with Corollary 3.5. We consider the case pg # rg

and p # r. Corollary 3.5 says that if f belongs to MJ° and it also belongs to M, then
g-If € M° for g € MT}’(/]D(SZ?). We cannot take qo = ro/(pocr) and ¢ = r/(ppa) in
Proposition 2.9 since 0 < a < 1/pp.

In Corollary 3.5, changing roles of the letters rg and r with py and p respectively, we have

Corollary 3.7 Let 1 <p <pg <400, 1 <r<ryg<+o0,0<a<l/rg, g€ M;’%XZ;})
Then there exists a positive constant C such that

(3.13) 9 Lo fllarpo < CllgllMpo/wom||f||}wz§o°“|\f||”’rm
where f € MEFo N M.

Remark 3.8 We compare Corollary 2.10 with Corollary 3.7. We consider the case pg > rg.
If po > 7o then “a < 1/pg implies o < 1/ry”. Corollary 3.7 says that if f belongs to Mpo

and it also belongs to M;° then g - I,f € M for g € M;’?(/(Tos‘) under the assumption

0 < @ < 1/r¢ which is weaker than 0 < oz < 1/pg. In this case, the space which includes g
is different from the one in Corollary 2.10.

Theorem 3.9 Let j =1, 2, k=1, 2, 3. Suppose that we are given parameters p1, p2, ps,
q1, g2, T, u satisfying 1 < p; < 400, 1 <ps <ps <u < +o00, 1 <g; <400, 1 <r < +oo.
For ¢(t) and p(t), assume that there exist positive constants Cy, Cy, Cs, Cg, «, 0 and a
non-negative constant v with a < 0, 6(1 + ) < 1 such that (3.1) and (3.4) hold and that

o0 ds 05
(3:14) / (5P = (O

+oo na/9 1 (nar/6) ) (1—u/ )
3.15 / ——ds < C e wipi
(3.15) ¢ $2(s) 61223

for every t > 0. Assume also that

1 1 60 1-0 1 6(1+7) 1-00+
(3.16) LI A _ 1 004y 1-60+9)
roq u b1 q2 u b1

i

Y(t) =m(t) Z do(t)PO | pa(t)' 7
(3.17) e

_ 772(t) Z ¢ 0(14+~)/ ¢1(t)1—6(1+"/)7

1=2,3

and g € L' N LJ2. Then there exists a positive constant C' such that

lg - Tofllry <C (IIgllql,m||f||p2,¢2||f\ prod1

(3.18) .
g laa e A1 L D )

where f € Lgll N Lg’g.



SOME INEQUALITIES FOR GENERALIZED FRACTIONAL INTEGRAL OPERATORS 479

Remark 3.10 Let 1 < p < py < +0co. In Theorem 3.9, we can take § = 1 — pgar under the
assumption 0 < v < 1. Indeed, if 8 = 1 — pga then the assumption a < @ is equivalent to
a < 1/(po+ 1) and the assumption §(1 + ) < 1 is equivalent to a > v/{po(1 + ~y)}. There
exists a satisfying v/{po(1+7)} <a <1/(po+1) since pg > 1 and 0 <~ < 1.

Remark 3.11 Let 1 < s < 50 < 400, 0<d <1, I/u = (1/p2)(1 — spa/0) = (1/p3)[1 —
soa/{0(1 — &)}]. Then the function ¢o(t) = t"/50 /(1 + t"/50) satisfies (3.1), (3.14), and
(3.15).

Let 1 < p < py < +00. As a special case v = § = 0, ¢1(t) = t"/Po, ¢o(t) = t"/*0, and
1/u = (1/s)(1 — spa/0) in Theorem 3.9, we have

Corollary 3.12 Let 1 < p < pyp < +00, 1 < ¢ < g < 400, 1 < r < 19 < o0,
1<s<sy< 400, 0<spa< <1,
1 1 0 1-90 1 1 60 s 1-6

(3.19) -y o Lo, 0 s, 170
o qo So Po r o oq s S P

and assume g € MJ°. Then there exists a positive constant C' such that

(3.20) lg - Lo fllagzo < Cligllago 11320

where f € MPo N M.

Hrs

The case “sop = pg and s = p” or § =1 in Corollary 3.12 is the same as Proposition 2.9.

Remark 3.13 In Corollary 3.12, we can replace p and py by s and sy respectively. In this
case, we cannot let § = pga to state its corollary since the corollary holds only for 6 > pya.

Letting 8 = 1 — ppav in Corollary 3.12, we have

Corollary 3.14 Let 1 < p < pp < 400, 1 < ¢ < qo < 400, 1 < r < 19 < o0,
1<s<sy< 400, 0<a<1/(po+so),

1 1 1 1 1 1 S
(3.21) —=—+—(1-po), —=-+=-(1-poa)+ <p0—0>a
To qgo  So r q s D S

and assume g € MJ°. Then there exists a positive constant C' such that
1—

(3.22) g - Lafllarzo < Cllgllaggo 11l pgza" 1130

where f € MPo N M.

Letting 0 = 1/2 in Corollary 3.12, we have

Corollary 3.15 Let 1 < p < pyp < 400, 1 < ¢ < qp < 400, 1 < r < 19 < 00,
1<s<sy< 400, 0<a<1/(2s0),

1 1 1/1 1 1 1 1/1 1
o L[l L) s,
rTo Qo 2 \So Do roq 2\s p s

and assume g € MJ°. Then there exists a positive constant C' such that

1/2
(3.24) lg - T fllaszo < Clgllagao |1 £11 3%

where f € MpPo N Mo.

1/2
1110
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Theorem 3.16 Let j=1,2, k=1, 2, 3, 4. Suppose that we are given parameters py, ps,
D3, P4, q1, q2, U1, U satisfying 1 < pjio < pj <uj < 400, 1 < g < +oo, 1 <7 < +400.
For ¢ (t) and p(t), assume that there exist positive constants Cy, C4, Cs, C7, Cs, «, €1, €3
and a non-negative constant vy and with e3 < o, a+¢€; < 1, ay < €1, such that (3.1), (3.4),
and (3.14) hold and that

T gnlore) ] (a-ten)/(L—us /p:)
3.25 / - ds S C trlate —u1/pi ;
o2 Cese
et o (ae2)/ (1= /p:)
3.26 /) ST gs< prla—ea)/(1=uz/p)
(320 A DY)
for every t > 0. Assume also that
1_1 €1 1 €2 1
ro g1 €1+te€e U2 € +ee U
20 _l a-ey 1 aetoy 1
@ ate uy ete ur
U(t) = m(t) Z po(t)Picr/uzlerten)} Z oy (t)Pice/ tua(ate))
i=2,4 i=1,3
(3.28) = 772(t) Z ¢2(t)Pi(61—0&7)/{u2(61+62)}
i=2,4

)

Z i (t)Pi(EerOt’Y)/{ul (e1+e€2)}
i=1,3

and g € L' N Li2. Then there exists a positive constant C' such that

+ +
19 Tl < € (lgllawons 17 55 2 A2 <

€ « €1+e eota €1+e€
g lga e LAl e e g e/ Ccaen))

(3.29)
where f € Lgll N Lg’g.

As a special case ¥ = 0, pjra = pj, § = 1, 2, ¢2(t) = 770, o(t) = /%0, 1/uy =
(1/p){1 — po(a + €1)}, and 1/ug = (1/8){1 — so(cx — €2)} in Theorem 3.16, we have

Corollary 3.17 Let 1 < p < pg < +00, 1 < ¢ < gy < 400, 1 < r < 1rg < Ho0,
1<s<sy<4o00,0<ea<a<a+e <1/py, a—e <1/s0,

1 1 1 1
(3.30) e T
To qo €1+€ SS9 €1+€ po
1 1 €1 1 s €2 1 po
3.31 - =-+ - ——(a—ce¢ + - ——(a+e)p,
( ) r q 61+€2{S s( 2)} 61+62{p p( 1)

and assume g € MJ°. Then there exists a positive constant C' such that
(332) ”g I, f”M”O < CHgHMqO||f||e1/(E1+e2)||fHF2/(F1+€2)

where f € MEPo N Mo.
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The case sg = pg and s = p in Corollary 3.17 is the same as Proposition 2.9. Letting
€1 = €2 = € in Corollary 3.17, we have

Corollary 3.18 Let 1 < p < pyp < +00, 1 < ¢ < gy < 400, 1 < r < 19 < Ho0,
1<s<sy<+4oo,0<e<a<ate<]l/py, a—e<1/sg,

1 1 1/1 1
(3.33) +<+>a,
o  qo 2 \So Do
1 1 1 (1 S0 1 po
3.34 D Ly .
(3.31) =il Re-a4 s - Bl

and assume g € MJ°. Then there exists a positive constant C' such that

1/2
(3.35) lg - T fllaszo < Clgllageo 1 £11 355

1/2
| ly7zo

where f € MpPo N M.

4 Proof of Theorem 3.1 In this section, we prove Theorem 3.1. Let
(4.1) LE(R™) ={f € L*°(R")|supp f is compact}.

By the monotone convergence theorem, we may assume f € ijll N ijg N L2® without loss
of generality in the proof. (See [10, p.1129] for the details.) For 0 < o < 1 the fractional
maximal operator is defined by

1
(4.2) Mo f(z) = sup s /B 1F()ldy,

zEB

where the supremum on the right side is taken over all balls B C R” containing . We
denote My by M, which is the Hardy-Littlewood maximal operator. To prove Theorem
3.1, we use a pointwise estimate by the Hardy-Littlewood maximal operator the following
Lemma 4.1 states.

Lemma 4.1 Let 1 <p; <pg < +00, a>0,7>0,6>0,0<a(l+7v)/(1-9)<1/po.
Under the assumptions (3.1) for k =1, (3.2), and (3.4), we have

T, f(@)] < C (M) 7

P1,91

(4.3)

1—poa(l+7)/(1—6 poa(1+v)/(1-9)
M f () P04/ (1=0) | g poaC )

where f € LY N L.
In Lemma 4.1, the case “y =9d =0 and 1 < p; < pp < +0” was shown by Chiarenza and
Frasca ([2, p.277]).

Remark 4.2 The condition (3.1) is called the doubling condition. Under the assumptions
(3.1) and (3.3), the Hardy-Littlewood maximal operator is known to be bounded from Lg?
to itself, where 1 < pa < +00 (see [13, Theorem 1], also [4], [7]).
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Remark 4.3 If a > 0,7 >0,0 >0, 0 < a(l +v)/(1 =) < 1/po, and (3.2) holds, then
there exists a constant C such that

(4.4) L _ds<C

$1(s) #1(t)

/+OO Sna(l-l-'y)—l tnoz(l—i-'y)
t

Proof of Lemma 4.1. We follow the argument in [2]. We write, for ¢ > 0 which will be
determined later,

o) = plz =y f(y) pllz =y f(y)
Tpf( )= /|wy<o |x - y|n et /wy|>tr |z — yln i
(4.5) =1 + I,

By using (3.4), we can estimate I; by

—1 _ no _ nay
ey [ o o0t e~y
e 2o <|a—y|<2it 10 |z — yl
(4.6) < C(0™ + TN M f ().

Again by using (3.4), we let

12| < C / 7|f(yn)|fna dy +/ % dy
jo—y|zo | =Y e—y|zo 1 =Yl v

(4.7) =C(I3 + I4).

First we estimate Is. We observe that

+o0
Iy = (n —na) / . </I XB(m,o)“(y)f(y”ln_i{lH) dy

z—y|

+o0 dl

= (n—na) / ) (/0 XB(z,z)\B(z,a)c(y)|f(:U)|lnm+1) dy
Foo dl

< (n—na) /R (/ xB@,z)(y)If(y)IW) dy

+oo 1
— (n—na) / <lnm+l /B . If(y)dy> i

+oo lnafl

<o-nallfl [ 5

Then by using the case v = 0 in (4.4), we have

0.7L(X
I3 <C—— .
NG 111,62
Similarly, for I, by using (4.4), we have
Un(x-‘rna'y

I, < Ci@ﬁl(a) If

1,61
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By the assumption (3.2), we have

( +Unoz’y) no
[I2| < C¢1—()||f||1 1
(4.8) <o+ o™/po | gnay o_nts/PoJrna’y)O_nafn/Po||fHL¢1

Combining (4.6) with (4.8), we obtain
T, f(2)] < C{(o"* + ™ ") M f(2)
+ (O_nafn/pg + 0_na+na'y*n/p0+n§/p0) Hf”l ¢1} )
We consider two cases. For the case || f||1,4,/Mf(z) < 1, that is, || fll1,¢, < Mf(z), we
choose
0 = (I fll190 /M f ()P,
Since o < 1, it follows that

Ppoo
T, f(2)| < C (m) Mf(z) = CMf(x)1*p0a||f||Il’?q‘;¢1_

For the case || f]|1,¢, /M f(x) > 1, we choose
= (1 £ll1,60 /M f ())po/ A1 =00},
In this case, it follows in a similar way that
—poc — a(l 1-96
T, f(z)| < CM f(x) P (1+)/(1 6)Hf||117?¢1( +7)/(1=8)

Since p; > 1, we obtain the desired estimate. O
We also need the following Lemma 4.4. (We use only the case k = 2 to prove Theorem 3.1.
The case k = 3 is needed to prove Theorems 3.9 and 3.16.)

Lemma 4.4 (Holder’s inequality on generalized Morrey spaces, [15, Corollary 4.3] for ex-
ample) Let k € NN [2,+00),i=0,1,2, ..., k, 1 < p; < 400, and let ¢;(t) be functions
which satisfy 0 < ¢;(t) < +oo fort > 0. Assume

k k
1

(4.9) =Y — do=]]¢s

=1 Pi =1

J
Then
k k
(4.10) Hf] < H ||fjHPj;¢j’
=1 Po,Po =t

where f; € L;fj

Now we are ready to give
Proof of Theorem 3.1. By Lemma 4.1, we let

T, f(@)] < C (M) e f s,
+Mf(z )1 poa(14+v)/(1— J)HfHPODt 1+7)/(1*5))

P1,P1

= C(Ni(2) + Ja(x)).
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By the assumption, we have

L, 1 B
q/r " p/{r(1 —poc)}

We write B(x,t) = B for short. By Holder’s inequality, we have

b1 (“;' / |g<y>J1<y>|’°dy)1/r

1 1/r
< Cu(t) (|B| [ e dy) T

< Om(t) (u_l3| [ sl dy) "

Galt) P (|;| [ sy

1—
S Cllgllgm l1f g 171505, -

In the last inequality we used the fact that || M flp,,6, < C||fl|ps,4, holds under the as-

sumptions (3.1) and (3.3) (see Remark 4.2). This implies

1—
g Tillrp < Cllgllgrm 1fllp 6 11157,

In a similar way we have

(1—poc)/p2
pPocx
) 191225,

1—poa(1+ 1-6 o1+ 1-46
g2 llrp < Cllgllgms llF11, o H/ =00 g poe{lm)/(A=0),

This completes the proof of Theorem 3.1. O

5 Proof of Theorem 3.9 In this section, we prove Theorem 3.9. To prove Theorem 3.9,
we use a pointwise estimate the following Lemma 5.1 states.

Lemma 5.1 Let 0 < a < 0 < 6(1+ ) < 1. Under the assumption (3.4), we have

T, f (@) < C (Layo(If)(2)" M f(a)

(5-1) +Ia/9(|f|)(x)9(1+'y)Mf(x)1—9(1+’y)) )

In Lemma 5.1, the case v = 0 was shown by Hedberg (]9, p.508]).
Proof of Lemma 5.1. We follow the argument in [9]. As in the proof of Lemma 4.1, we
use the statements (4.5), (4.6), and (4.7). For I3, we have

I < O_na—na/G/ ‘f(y)| - dy
|lz—y|>0 ‘(E - y|n—na/
(5.2) < o™ 0(1f]) ().

Similarly, for I, we have
I4 S Unafnoc/()%»na'y/ |f(y)| dy
lz—y|>0o |"1j - y|n—na/0

(5.3) < gremnelftnen o (1£1) ().
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Hence, it follows that
T, f(x)] < C{(e" + o™ ") M f(2)

+ (gnamnalt 4 granalnan) (1))}
For the case I, /(| f|)(x)/M f(x) < 1, we choose
(5.4) o = (Laso(|f1) (@) /M f ()" "),
Since o < 1, it follows that

| T,.f(@)] < Clayo(|f1) (@) Mf(2)' ="
For the case I, /9(|f|)(x)/M f(x) > 1, we also choose o as (5.4). Since o > 1, it follows that

T, f ()] < Clayo (| f1) (@) CFV M f () =00+,

Hence, we obtain the desired estimate. O
We also need the following Proposition 5.2.

Proposition 5.2 (A special case of [4, Theorem A]) Let 1 <p < ¢ < 400, 0 < a < 1. For
@(t) assume that there exist positive constants Cy, Cio, C11, such that

1 o(s) 1 s
5.5 — < == < — < - <2,
(5.5) Co = o(t) = 9 for 5=71°=
+oo ds CIO
5.6 / < )
>0 A R IOn
+oo na—1 J(—a/p)
5.7 ds < Cp "/ 4P
0 [ s
for every t > 0. Then there exists a positive constant C such that
(5.8) Lo fllg,grra < Cllfllp.gs

where f € Lﬁ.

Now we are ready to give
Proof of Theorem 3.9. By Lemma 5.1, we let

T, @) < C (Lajo(l£) (@) M ()"~
”a/e(If|)(x)e(””)Mf(x)l*ﬂ(lﬂ))
= C(J3(x) + Ja(x)).

By Proposition 5.2, we have

(5.9) Moo (LDl oo < CIf

Pi P29
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where ¢ = 2, 3. By the assumption, we have

1 + 1 + 1
q/r w/(rf)  pi/{r(1-0)}

By Holder’s inequality, we have

t>(|§ﬂ/g|g<y>J3@»Tdy)l/r

1/r
awmQ;ém@mwmmwwmﬂwmm@)

s%ﬁ%éémww@w

0/u
5 (en07)" (i [ Mapa s )

=1

1=2,3
(1-0)/p1
1-6 1 P1
“¢1(t) o [ IMf(y)dy
1Bl /5
< Cligllgm | D 11560 | 11155,

1=2,3
< Cllgllgr,m Hf||p2 ¢2||f| p1,¢1
This implies
g Tslr < Cliglam £l 001 Fllpr s,

In a similar way we have

0(1+ 101+
I FIEED | 7] .

||gJ4 p2,¢2 P1,91

This completes the proof of Theorem 3.9. O

Remark 5.3 If we use Lemma 5.1, Holder’s inequality, and [4, Theorem B], we can obtain
another inequality concerning Theorem 3.9. However, it is a generalization of Proposition
2.6.

6 Proof of Theorem 3.16 In this section, we prove Theorem 3.16. To prove Theorem
3.16, we use a pointwise estimate the following Lemma 6.1 states.

Lemma 6.1 Let 0 < eo < a<a+e€ <1, ay < €. Under the assumption (3.4), we have

oy NSO (Mo S0 DM o)
. —|—Ma762f(x)(el_a’Y)/(El+€2)Ma+elf(x)(€2+a’Y)/(El+€2)) '

Lemma 6.1 extends Lemma 5.1. In Lemma 6.1, the case v = 0 and ¢; = €2 was shown by
Welland ([26, p.146]).
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Proof of Lemma 6.1. We follow the argument in [26]. We use the statement (4.5). For
I, by using (3.4), we let

-1
msel| 3 [ el

je—oo /2o z—y|<2itlo
- 1f )l
*EM /| [ — ylpna—mar
(6.2) = C(Iy + Ip).

For Iy, we have

-1

1
Iy < —_— d
S L

j=—00

-1
, 1
= Yo ) e / fy)ldy
Z ( ) (2]0.)n—na+n€2 |£I?7y‘<2.7.+1g'| ( )|

j=—oc0

(6.3) < Co™ 2 My_e, f(z).

Similarly, for I1g, we have

-1

; 1
Ip < (2]0)”62“””%/ £ (y)l dy
P T o

(6.4) < O™t M, f(x).
Combining (6.3) with (6.4), we have

] < (6™ + 0™+, ., f(2).
For Iy, we use the statement (4.7). Then we have

S / o,

=0 2io<|z—y|<2itlo |£L’ - y|nfna

+oo

. 1
| £l dy
j;) (QJU)nfnafnel |z—y|<2it1o

< Co " Myye, f2).
Similarly,

+o0
, 1
Iy < (230)’"“”“”-—/ 1f(y)| dy

< CU_MI—HLOWMOAQ f(@).
Hence, it follows that

T, f(z)| < C{(o" 4 0"="") My, ()
+ (07"61 + 07”61”‘0‘7) M(Helf(x)} .
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For the case My, f(2)/Ma—c, f(2) < 1, we choose
(6.5) 0= (Mate, f(x)/Moc—Ezf(x))l/{n(él+€2)}~
Then it follows that
Tof )] € CMam f@) D My, )21,
For the case My, f(2)/Ma—c, f(x) > 1, we also choose o as (6.5). Then it follows that
| Tpf (2)] < CMace, f(a) (@7 OFD N, fa) o/ late),

Hence, we obtain the desired estimate. O
Now we are ready to give
Proof of Theorem 3.16. By Lemma 6.1, we let

(Tp7(@)] < O (Maeaf (@) 5 Moy, () /()
Y Moo, f(z) e/ e f(x)(62+a7)/(61+62)) .
= C(Js(2) + Jo()).
Since M. f(x) < CI f(x), by Proposition 5.2 we have
(6.6) [Macte fll,, goire < CIS

Pi 1>

(6.7) 1Ma—es f1l,,, yrisirna < CIS

Pit1,02)

where ¢ = 1, 3. By the assumption, we have
1 1 1

+ + == 1.
qi/r  uzler +e)/(er)  ui(er + e2)/(ear)
By Holder’s inequality, we have
1 1/r
0 (i1 /. |g<y)J5<y>|Tdy)
<c M, . e1r/(e1+€2)
Wit (|B| / 19" [ Ma—c, £ ()
/(e1+e€2) Y
'|Ma+61f(y)|€2r e dy)
1 1/Q1
<Cm(t) <B/ lg(y)|* dy)
1Bl /s
e1/(e1+e2) ) e1/{uz(e1+e2)}
Z (]52(t)17i/u2 (B/ |Ma762f(y)‘u2 dy)
1=2,4 | | b
€2/ (e1+€2) ) ea/{u1(e1+e2)}
Z d)l(t)pi/“l (B/ |Ma+e1f(y)|ul dy)
1=1,3 | | b
< Ollgllgum | D2 IR ) | 30 17156

1=2,4 =1,3

+ +
< Ol gll g IFIGL Sctea)| g2/ Seares)
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This implies

+ +
1975w < Cllgllqum IS S| c2/eatea),

In a similar way we have

|(61 oy /(61+62)||f|| 62+04’Y)/(61+€2)

HgJG p2,92

This completes the proof of Theorem 3.16. O

7 Comparisons In this section, we compare Corollaries 3.3, 3.12, and 3.17. In the
following Comparisons, we let 1 < p < py < 400, 1 < g < qp < 400, 1 < 5 < 50 < 400,
0 < e <a<a+e < 1/py, sopa < 0 < 1, and a — €3 < 1/s9. We also assume
l1<ry<Rp<+4oofork=1,2, 3.

Comparison 7.1 We compare Corollary 3.3 with Corollary 3.12. If we use Corollary 3.3
for f € MJ° N Mg and g € MJ°, we obtain g - I, f € Mrlj”l, where Ry and ry satisfy

1 1 1 1 1 1
7.1 == 1-poa), — =+ ~(1— poa).
() =t opa), 2=14l0-pa)
If we use Corollary 3.12 for f € MFo N M3° and g € M, we obtain g - I, f € M5, where
Ry and 7y satisfy

(7.2) —=—+—+ —a, —=-4--"a+—.

Then we have

11 1-6 1-
L1 9—9+C“—Qa

Ry R, Po S0 S0
~-(1 _9)80 —Po_So—Po
Poso 50

_ So — Po (10—04>
S0 Po '

If so = pg or 6 =1 — ppax then Ry = Ro. First we consider the case so = pg. In this case

1_1:1—0_1—9:(1_9)(1_1).

ro T p S p s

If p < s then ro < ry and if p > s then ry > rq.

Case sg = po

‘1/3

(1/po, 1/s0)
1/80

1/p
l/po
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Next we consider the case § = 1 — ppar. In this case

1 (po 80)
———=a|=-—].
) T1 p S

If po/p > so/s then ro < 7 and if po/p < so/s then ra > ry.

Case 0 =1 — pp«
'l/s

s (1/po, 1/s0)

1/p

1/po

Comparison 7.2 We compare Corollary 3.3 with Corollary 3.17. If we use Corollary 3.3
for f € MP» N Mg and g € M, we obtain g - I, f € M, where Ry and ry satisfy (7.1).
If we use Corollary 3.17 for f € MFo N M$° and g € M, we obtain g - I, f € M}, where
R3 and r3 satisfy
(7_3) i:i_;’_ €1 .i+ €2 .i_a

R; q e+e so e+e po

and

(7.4) 11, a {1—80(04—62)}—1— c {1—p0(a+61)}

r3 q €1 +€ | S S

respectively. Then we have

1 1 €2 (1 1) (1 po)
S L2 (1_Poy),
Ry Ri e +e \po 5o 50

€2 So—Po 5o —poa
€1+€  PosSo S0

S0 — Po < €2 1 )
—_— | — —a].
S0 €1+€ Po
If s = po or poae = €2/(€1 + €2) then Ry = R3. First we consider the case sg = pg. In this
case

1 1 €9 €1 €1P0 €1 + €2 €1 + €2
_ - — _— = (01762)7 + Do
3 1 €1 +€e2 | €8 €8 €28 €98
€2 1 Dbo }
- — —(a+e
€1 + €2 {p p( )
€2 1 €9 1
= C = oa+e)—1}+ - —{l —pola+e¢
P Spola+er) —1} P p{ pola+e€1)}
€9 1 1
= 1 —po(a+e - ——.
o +€2{ po(a+e1)} (p S)

Since 1 — po(a+€1) > 0, if p < s then r3 < r1 and if p > s then r3 > ry.
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Case sg = pg

Il/s

s (1/po, 1/s0)

1/p

1/po

Next we consider the case ppax = €3/(€1 + €2). In this case

1 1
T3 T1
€ € S € 1 S 1 € € 1
2 (1_0_ ! .+061_.1+2+>
€1+ €2 \ €28 S €1 +€ po S S €9 S
1 1
+ €9 <_. €9 —pO61>
€1 +€e2 \p P €1 +¢€ p
1 1
— {50. il .+<1 €2 )
€1+ € s e +e€ po €1 +te/)p

(25)q)
s p

€2 {(m_SO>.1. €1 _<po_50>61}
€1+ €3 p s Po €1+ €2 p S
:m(m_so){l_l}

€1+ € \ p s po(€r + €2) '

Since €1 + €2 < a+ €1 < 1/pg, we have 1/{po(e1 + €2)} — 1 > 0. Hence if py/p > s¢/s then
rg < rp and if pg/p < so/s then r3 > rq.

Case poar = €2/(€1 + €2)

'l/s

s (1/po, 1/s0)

1/p
1/170

Comparison 7.3 We compare Corollary 3.12 with Corollary 3.17. If we use Corollary 3.12
for f € MFo N M:° and g € M, we obtain g - I, f € M,fz?, where Rs and ro satisfy (7.2).
If we use Corollary 3.17 for f € MPo N MJ° and g € MJ°, we obtain g - I, f € M,f?7 where
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R3 and rj satisfy (7.3) and (7.4) respectively. Then we have
1 1 1 €2 1 €1
———=— |0+ —1)——(0-
R3 Ry po ( €1 + €2 ) S0 < 61+€2>

:So—po(e_ €1 )
PoSo €1 + €2

If so = po or @ = €1/(e1 + €2) then Ry = R3. First we consider the case sp = pg. In this case

1 1 _ —a <€2_62P0a_po _61+€2+€1+629>
rg Tre €1 +€ \€1p  €p p €1p €1p
1
€1 <p0a+p062 61+629+61+62p0a>
€1+ €2 \ 'S s s €18 €18
€1 1 €1 + €2 €9
= - = 0—1— —pp(a+e
L+ € p{ o 61po( 1)}
€1 1 (€1 +e €9
— - 0—1— —po(a+e
€1 + €2 S{ €1 61p0( + 1)}

+ 1 1
o et 2hera) (3-1).
€1 + €2 €1 €1 p s

If “90 > {e1 + eapo(a 4+ €1)}/(e1 + €2) and p < 87 or “0 < {e1 + eapo(a + €1)} /(€1 + €2)
and p > 7 then r3 < ro. And if “6 > {e; + eapo(a + €1)}/(€1 + €2) and p > s” or
“0 < {e1 + eapo(a + €1)}/(e1 + €2) and p < s” then r3 > ry. Next we consider the case
0 =¢e1/(e1 + €2). In this case

1 1 €2 <€1 + €2 So + €150 So >

= A —Q — —€1
€9 S €28 S

ro T3 €1+ €2

+—2 (ma+me1>

€1 +€e \p p

el 2 (%))
€1 + €2 P S P S

__© <po _ SO) (a+ e1).

€1 + €2

If po/p > so/s then ro < 13 and if po/p < so/s then ro > rs.
Case 0 = €1/(e1 + €2)
'1/8

ool (Um0 1/50)

1/p
1/po

Remark 7.4 We rename Corollaries 3.3, 3.12, and 3.17 Corollaries 1, 2, and 3 respectively.
Our conclusion of Comparisons 7.1 through 7.3 is as follows: Let & = 1, 2, 3. If we use
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Corollary k for f € MF° N MZ° and g € MJ°, we obtain g - I, f € Mﬁck. We consider the
case so # po and €1 = e3. If pgpao = 0 = 1/2 then R; = Ry = Rj3. In this case if po/p > so/s

then ro < r3 <1y and if po/p < so/s then ro > r3 > ry.

8 Counterexamples In this section we describe two counterexamples concerning Corol-
laries 3.3, 3.12, and 3.17 which were suggested by Nakai.

Proposition 8.1 ([16]) Let 1 < p < s <t < 400, 0 < 0 < 1. Then there exist sequences
of functions {f;},{g;} C Mj(R) N M}(R) such that

(8.1) Aim A fillag =400 and - sup 1513 fj||}w_;7,9 < +o0,
J

and

(8:2) dim_|lgjllar; = +oo and sup g1, lg;157 < +oo.
J

Proof. Let a > 0,b >0, h(z) = bX[O,a] (z). Then
Ihllazs = a'/*b,  ||Allagg = a'/"b.

‘We choose b so that
0
1R

Then b = a=9/5=(1=0/t Tn this case

h”}w—: _ (a1/sb)e(a1/tb)179 -1,

lim o'/t = lim a*~1/9)? = 40

a—0 a—0
and
lim a'/*b= lim /71000 = 1~ O
a——+o0 a——+oo
Proposition 8.2 ([16]) Let 1 <p < g < s < 400, 0 <8 < 1. Then there exists a sequence
of functions {f;} C M;(R) C M;(R) such that

(8.3) dim | fillare = +oo and sup || £ |9 1 fillard < +oo.
j—+oo 4 j P a
Proof. There exist a positive constant Cy, a ball By, and a sequence of functions {h;} C
L>(R) such that
sup [|hjllms < Co, supph; C By, and  lim_||h;]|Le = +oo0.
i oo

(See [15, Lemma 4.10] and its proof.) Let ¢; = [|h;[lar;. Then ¢; — +o0 as j — +oo. Let
fi= c;(lfe)hj. Then

6 —0 —(1-0 6 —6 6
1505 151152 = e = Il s 32 < €

and
. . 9
N ags = ) — 400, O
jhrf I1£5 1l jhrf c; 00
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ABSTRACT. This paper deals with a two-person zero-sum search game called search
allocation game (SAG) with a searcher and a target as players, taking account of false
contacts. The searcher distributes his searching resource in a search space to detect
the target and the target moves to evade the searcher. The searcher obtains a profit
of target value on detection of target but expends cost for the search. The payoff of
the game is the expected reward defined by obtained target value minus expended
searching cost. The searcher’s strategy is denoted by a distribution plan about where
and when he distributes his searching resource and the target strategy is the selection
of a path to follow from some options. In the search operation, any sensor cannot
get rid of false contacts caused by signal processing noises and real objects similar to
the true target under noisy environment. On their happening, they make the searcher
waste some time for investigation and interrupt the search operation for a while. There
have been few researches dealing with the SAG with the false contacts. In this paper,
we model the game with false contacts by a stochastic process and discuss a general
procedure to derive an equilibrium point through a nonlinear programming method
for a searcher’s best response to the target’s behavior.

1 Introduction This paper deals with a search game called search allocation game (SAG)
[5, 7], where a searcher distributes his searching resource in a search space expecting the
detection of a target and the target moves to evade the searcher. This game is categorized in
the so-called search-and-evasion game (SEG), where searchers and moving targets compete
each other. In the search operation, any sensor cannot get rid of false contacts caused by
signal processing noises and real objects similar to the true target under noisy environment.
In this paper, we analyze optimal strategies of the searcher and the target, taking account
of the occurrence of the false contacts.

We can see the original of the SEG in datum search game. An exposed position of
targets is referred to as datum point and the datum is a generic of information about the
target including the datum point. We call the search operation kicked off by the datum the
datum search. In an early research of search theory, entitled “Search and Screening” [21],
Koopman discussed an optimal datum search against a submarine moving in a randomized
direction from a datum point on a plane.

Meinardi [22] dealt with a datum search game but focused on the diffusive motion
of a target on a one-dimensional line and tried to obtain the target motion such that the
distribution probability of the target is as uniformly as possible on the line. Most modelings
of the datum search were taken in military operations such as anti-submarine warfare (ASW)
of a submarine vs. ASW airplanes. Danskin [2] showed us optimal strategies of players in
the datum search game, where a submarine chooses a fixed speed and course at first and
keeps them through the game, and an AWS airplane selects a point to dip his active sound
buoys each time. There are some other models of the datum search game applied to the

2010 Mathematics Subject Classification. 90B40, 91A05, 90C25.
Key words and phrases. Search theory, two-person zero-sum game, search game, convex programming.
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ASW operation, such as Baston and Bostock [1] and Garnaev [4]. In their models, a
submarine hides on a one-dimensional space and an ASW airplane tries to maximize the
probability of destroying the submarine by dropping several depth charges. Those authors
implicitly assumed that the searcher can distribute his searching resource, e.g. sonars or
depth charges, wherever he likes because the mobility of ASW vehicles is superior to that
of submarines. The model of the SAG requires the assumption on the searcher’s superior
mobility.

If there is not such superiority between the moving capabilities of searchers and targets,
we’d better consider the moving strategy for the searcher as well as the target. Washburn
[26] discussed the moving strategies of the searcher and the target in a multi-stage game,
which had the payoff of the total traveling cost of the searcher until the coincidence of
players’ positions. Kikuta [18] adopted searching cost as the payoff of the game with a
moving searcher and a hiding target. Assuming that the positions of two moving players
determined a temporary payoff each time and its total gave a comprehensive payoff of the
game, Eagle and Washburn [3] investigated a single-stage game.

The research on the SAG started with stationary target models, where the target strat-
egy is to choose the position of hiding himself. For the SAG with stationary targets, Nakai
[23] and Tida et al. [15] studied several types of payoffs such as the detection probability
of target or the reward of searcher. Hohzaki and Tida [16, 11, 13] extended the stationary
target model to the SAG with moving targets. Hohzaki and Tida [12] generalized the model
further and proposed a general numerical algorithm to derive an equilibrium of the SAG.
Most of the previous researches assume comparatively simple target motions such as the se-
lection of a path from a limited number of options or the limited mobility to neighbor places
from its current position. Washburn and Hohzaki [27], Hohzaki et al. [14] and Hohzaki [7]
considered energy constraints on target motion and a large number of options for target
paths to tackle more practical SAG models. Hohzaki [9] discussed a multi-stage SAG and
Hohzaki [10] first invented a cooperative SAG game with a coalition of multiple searchers
against the target.

The past researches surveyed so far handled only the detection of true targets. In the
search operation, however, there inevitably occur false contacts caused by environmental
noise, signal processing noise or real objects other than true targets. They often interrupt
the search operation and make the searcher waste some time for their investigation, by
which the searcher figures out if it is what he is looking for. The searcher usually takes a
two-phase operation consisting of broad search and then investigation for contact signals.
There have been several papers on the false contact search model but most of them discussed
a one-sided optimization problem for the searcher. Stone [25] solved an optimal distribution
problem of searching resource to minimize the expected total amount of searching time plus
investigation time until detecting true targets, assuming that objects exist in the search
space and they bring about false contacts. But he did not take account of the two-phase
operation and therefore his problem is not different from the true-target model in essence.
Kisi [19] considered the problem with noise-type false contacts. In his model, contacts occur
according to Poisson distribution. In order to maximize the detection probability of the
true target, the searcher has to make decision about how much time he should spend for
investigation each time the contact occurs. lida et al. [17, 20] refined the Kisi’s study but
their basic approach is the same as the Kisi’s. In the studies, their assumption of Poisson
distribution with the stationary occurrence rate of contacts makes the problem easy to be
solved because they can regard the search as a renewal process. As seen above, the previous
researches with false contacts discussed only the one-sided problem for the searcher and
never dealt with the game from two-sided point of view.

Hohzaki [6, 8] are the first researches that tackled the SAG model with false contacts.



NONLINEAR MODEL OF A SEARCH ALLOCATION GAME 499

He assumed that the searcher’s strategy, i.e. the distribution of searching resource, affects
the occurrence probability of false contacts such that more sonars or sound hydrophones
would much easily pick up signals caused from false targets or noises. But, as the payoff
of the game, he did not deal with an exact function of the detection probability of true
targets but a linear function of resources accumulated on the target path. This paper
discusses the SAG with false contacts and adopt the precise expression of the expected
reward as payoff, which is a general criterion of the search operation and includes the
detection probability as a special case, in the practical two-phase operation model with
broad search and investigation process. In this paper, we aim to derive an equilibrium
for the game and clarify the characteristics of optimal strategies in a competitive search
operation between the searcher and the target.

In the next section, we describe some assumptions about a SAG with a searcher and a
target, and model the detection of a true target and false contacts in a stochastic process.
In Section 3, we define the payoff of the game by the expected reward caused by the target
detection and the expenditure of searching cost, which would be given by a nonlinear func-
tion of decision variables of the searcher’s strategy. In Section 4, we devise a computational
algorithm to obtain an optimal distribution of searching resource by the searcher given the
target strategy. As our final result, we propose a numerical algorithm to derive an equilib-
rium point for our SAG in Section 5. We take some numerical examples to investigate some
properties of optimal strategies of players and do some sensitivity analyses in Section 6.

2 Description of Model and Instance of Events We consider with a two-person
zero-sum search game with false contacts, which a search and a target play.

Al. A search space consists of a discrete cell space K = {1,---, K} and a discrete time
space T'={1,--- ,T} and it is denoted by K x T..

A2. A target chooses a path running through the search space to evade a searcher. An
entire set of paths is denoted by €2. A path w € Q is a mapping from T to K, namely
w:T — K, and is assumed to pass through cell w(t) at time ¢t € T'.

A3. The searcher wants to detect the target by distributing searching resource after time
point 7, that is, during a time duration T = {r,--- ,T} C T. The searcher can use
®(t) resources at each time point t € T. Let us denote the amount of resource to be
distributed in cell ¢ at time ¢ by ¢(i,t). But the distribution costs co(i,t) > 0 per unit
resource.

If the target is in cell « € K at time t € IA“, the distribution of ¢(i,t) resources there
brings the searcher detection probability

1 — €Xp (70&150(1715))’ (1)
where parameter «; indicates the efficiency of unit resource in cell i for detection.

A4. There could exist two types of contact events: the detection of true target and the
contact of false target or noise after the search begins. Each event occurs once at
most at each time independent of the other event and the occurrence probability of
false contact is Q; at time ¢. If there is no detection event, the search continues at
the next time. If a contact happens, the searcher starts an investigation phase for
the contact, which requires t; — 1 time points. During the investigation phase, the
searcher has to stop the search. The searcher gets the faultless diagnosis about the
contact at the earlier time of the completion time of the inspection or the last time
T. If the true-target detection is diagnosed, he gets a target value and terminates the
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search game. If only the false contact occurs, the search operation resumes after the
investigation phase.

A5. The searcher is given target value V' (t) of the time ¢ when the contact of the true target
occurs, after getting its diagnosis. The target value is nonnegative and decreases as
time elapses, namely, for any time t =1,...,T — 1,

V(t) > V(t+1) > 0. (2)

A6. The game ends on detection of the true target or at the final time point 7.

A7. The payoff of the game is the reward on the searcher’s side. The reward is defined
by the target value at the detection time minus the distribution cost expended until
the detection or only the distribution cost in the case of no detection. The searcher
wants to maximize the payoff and the target desires to minimize it.

In Assumption A3, we denote a searcher’s strategy of resource distribution by ¢ = {®(i, t),
1e K, te ’f’} As assumed in A2, the target chooses a path w, which is his pure strategy.
We take a mixed strategy for him, that is, the target selects w € Q with probability 7(w).
The respective feasible regions of the searcher and the target strategies are as follows:

@E{¢
HE{W

Corresponding to all combinations of players’ strategies, there could occur four types of
events or states every time after the beginning of the search: (1) detection event including
true target detection, (2) false contact, (3) no-detection and (4) investigation state. We
denote the four events by ‘D’, ‘F’, *S” and ‘T’, respectively. The four types of events occurs
in probabilistic manner during a period T with T'— 7 + 1 time points. We are interested
in the detection of true target and therefore we consider the enumeration of a sequence
of events exclusive to the true detection, namely, events not including symbol ‘D’. From
Assumption A4, we can make every instance by the following rule.

D gty <@(t), teT, so(z',t)zo,z'eK,tef}, (3)

i€ K

Zw(w)zl, 7r(w)>0,weﬂ}. 4)

weN

(1) Put ‘S’ or ‘F’ at an initial time 7.

(2) As a general combination of false contact and investigation, we can think of a ‘F’
followed by ty — 1 successive ‘I’s. As some special cases of the combination, the time
reaches the last time T in the middle of investigation. To represent the situation, we
put a ‘F’ followed by y I's for 0 <y <ty — 2.

(3) At time points not assigned to the above two types of sequences, We put ‘S’.

Figure 1 shows an instance of the sequence of contacts without any ‘D’ in the case of T'=9
and ty = 4. The last inspection phase is truncated.

During a time period [r, L] with the final time L, a set of instances without true detection,
Ay, has the following cases. The first is the case that time is up to the last time point L
in the middle of investigation process after a false contact. Let the repetition number of
investigation be y. y would be in an interval 0 < y <ty — 2. The number of false contacts,
M, could be |(L —y — 7)/ty] at most because the contacts occur from time 7 until just



NONLINEAR MODEL OF A SEARCH ALLOCATION GAME 501

t=12345678T
--S-F-t-F-+F-8-5-F-1~

Figure 1: An instance of contacts se-
quence

before the last occurrence time L —y — 1. Therefore, M must be 0 < M < |(L—7—y)/ts].
There are M pairs of false contact and a sequent investigation process, and the last false
contact, namely, the M + 1-th false contact, occurs followed by y investigation time points
until the last time. At other time points not assigned to M + 1 groups of the false contact,
which we count L — 7 — Mty —y, event ‘S’ would be assigned. We can specify an instance
of those ‘S’s by z; (j =1,...,M + 1), where z; is the number of successive ‘S’s just before
the j-th false contact. The numbers {z;} have to satisfy the following condition:

M+1

ij:L—T—Mtf—y. (5)
j=1

The total number of feasible sets for {z;} is 1 nr(t;—1)—yCur-

The second is the case that the completion of the last 1nvest1gation process is not inter-
cepted by the last time L. Every investigation process with ¢ time points is put correctly
inside of a whole time period of L — 7 + 1. The number of false contacts, M, must be
0<M < |(L—7+1)/ty]. An instance of ‘S’ occurrence at L —7 — Mt + 1 time points is
also specified by {z;,j =1,..., M} satisfying

M+1
> wj=L—7—Mt;+1.
j=1

The total number of such specification is 1, _ar;—1)+1Cm. The second case is realized
by applying y = —1 to the first case. Now we can construct an algorithm to enumerate all
instances A; without any true detection as follows:

(i) Change y among —1,0,1,...,t; — 2.
(ii) For each y, set M to each of 0,1,...,|(L—y —7)/ts].

(i) For a combination of y and M, enumerate all vectors (x;,7 =1,--- ,M + 1) so as to
satisfy Eq. (5).

A combination of y, M and {z,} gives us an instance. In the next section, we calculate the
occurrence probability of each instance and derive the expected payoff of the game.

3 Derivation of Payoff Function In the end of Section 2, we explain an algorithm to
enumerate an entire set of instances without any detection of true target. In an instance,
we use symbols ‘S’, 'F’ and T’ to represent events. Here we replace {S, F, 1} with o(t) €
{1, —1,0}, respectively, to formulate the payoff of the game. We can express any instance
of a sequence of events by a vector (o(t),t € T).

Let us assume that the target takes a path w and the searcher distributes his searching
resource by a plan . Because event S denoted o(¢) = 1 indicates that there is no detection of
true target and no false contact, its occurrence probability is (1 — Q) exp(—aw, ) (w(t),t))
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from Assumption A3 and A4. Similarly, the event of o(t) = —1 is a false contact with-
out any true contact and has its occurrence probability Q:exp(—ay¢)@(w(t),t)). In the
investigation process denoted by o(t) = 0, no event happens because of no execution of the
search. From the discussion above, we have the following occurrence probability for each
event o(t) € {1,—1,0}:

(1= 0(t)Qt — bo(),—1) exp (—|o(t)]|aw @y p(w(t), 1)) |

where §; ; is the Kronecker’s delta which is 1 for ¢ = j and 0 for ¢ # j. Using the expression,
we obtain the detection probability of true target, P(y,w), during time period [, T] as the
occurrence probability of instances exclusive to the enumerated ones by Arp.

T

Plp,w)=1- Z H (1=0(t)Q: = do(r),—1 ] exp < Z o ()] w ey p(w(t), )) (6)

o€Ar Lt=T1

Especially in the case of a constant probability of false contact with @Q; = @, Eq. (6) ends
up to a simple expression.

P(<p7w) =1- Z Qm(a)(l - exp ( Z ‘U ‘O‘w(t)‘p ( ) )) (7)

o€AT

where, m(o) is the number of false contacts and n(c) is the number of no-contacts in the
search.

Furthermore, we are going to derive the expected payoff of the game. ;From the discus-
sion above and Assumption A3, the occurrence probability of an instance o, the detection
probability of target and searching cost Ci(p, o) during a period [r,t] are given by the
followings.

¢

(1= 0(Q)Q¢ = bo(c),-1) (8)

t
=T

Pi(p,w,0) =1—exp ZIU Olaweye@(),¢) 9)
t
o) =D 101D coli (i €) (10)
(=1 €K
The searcher gets a reward V() — Ci(p,0) on detection of target at time ¢ € T but just

loses searching cost C(p, o) in the case of no detection. Taking account of both cases, we
can evaluate the expected payoff by

Z 3" V(1) ~ Cil9,0))Qu(0) (Pulp,w,0) = P (p,w,0))

t=T o€ A,
= Y Cr(9,0)Qr(0) (1 - Pr(p,w,0)).
oc€AT
To calculate P;_1(¢,w,0), we need just the part (o(7),---,0(t — 1)) of an entire vector

o € A;. However we use notation P;_1(p,w, o) instead of P,_1(p,w, o4, ,) for the sake of
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simplicity. Let us transform the above expression into a simpler form, as follows.

R(p,w)

Z 3" (V(t) — Cile,0)Qu(0) Pilp,w, 0)

t=r1 UGAt

- Z 3 (V(t+1) = Cia(9,0))Qui1(0) P w, 0)

t=T—1o€A;q1

— Z OT(Q%U)QT(U) (1_PT(<)07W’O-))

ocEAT

T—1

= Z { Z (V(t) - Ct((ﬁ, U))Qt(U)Pt(Sovwva)

t=7 \o€A,

— 3 (V(t+1) ~ Cria(9,0)Qi41(0) P, w, 0)
o0€A 11

+ Y (V(T) — Cr(0,0)Qr(0) Pr(p,w,0)
o€AT

=Y Cr(p.0)Qr(0) (1 = Pr(e,w,0)) (11)
ocEAT

Any instance of enumeration A;;1 is made by adding an event o(t + 1) to an enumeration
A;. For the additional event, there are two cases. In the case of o(t + 1) € {1,—1}, we can
make an instance until time ¢ 4+ 1 using a common sequence of instances {o(7),---,0(t)}.
In the case of o(t + 1) = 0 of investigation, however, {o(7),---,0(t)} should be exclusive
to the above one. In the former case, the following calculation is possible:

> Qi1(0) = > Qi(0){(1 — Qe11) + Qt41}

0€A 1lo(t+1)e{1,—1} 0€A1lo(t+1)e{1,—1}

- > Qu(o) (12)

g€Ay1|o(t+1)e{l,~1}
from Eq. (8). We also have the similar result of
S Qule= Y Q)
c€A1|o(t+1)=0 c€A11|o(t+1)=0

in the latter case. As a result, > ¢4, Qu41(0) = X ¢4, @Qi(o) is given. Similarly, we
have the following calculation

> Cri1(p, 0)Qu41(0)

oc€A11|o(t+1)e{1,—1}

> (Z co(it+1)e(i,t+1) +Ct(%0)> Qi(o)

c€A1|o(t+1)e{l,—1} \ieK

X{(1 = Q1) + Qey1}

Z (Z CO(i’t+1)@(i7t+1) +Ct(30ao-)> Qt(a)

oc€Af1|o(t+1)e{l,—1} \teK
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in the former case but we have 3° 4, | |5(141)=0 Ct(#,0)Qi(0) in the latter case. We can
unify both expressions into

> <U(t + 1Y colist+ (it +1) + Ct(%0)> Qi(0).

€A1 €K

We apply the above to the first item of Eq. (11) to get the following result:

T-1
=y Y {(V(t)—V(t+1))+a(t+1)|Zco(i,t—&-l)go(ut—kl)}

t=T 0€As11 e K

XQt+1(0)Pi(p,w, o) Z V(T o)Pr(p,w,0) Z Cr(p,0)Qr(0) (13)

o€EAT oc€AT

Considering the monotonically non-increasingness of target value, the linearity of Ci(p, o)
for ¢ and the concavity of P;(¢,w, ) for ¢, which are seen from condition (2), Eq. (10) and
(9), respectively, the payoff R(¢,w) becomes strictly concave for ¢. We take expectation
for the payoff R(p,w) by a mixed strategy of target 7 to get

Rip,m) = Y n(w)R(p,w)

weN
=Y 7w) Z > { (t+1))+|at+1|Zcozt+l)<p(i,t+l)}
weN t=T o€Aiq1 €K
XQr41(0)Pi(p,w,0) + Y V(T)Qr(0)Pr(p,w, a] — > Crlp,0)Qr(0). (14)
oc€AT o€EAT

The expression is linear for m and strictly concave for ¢. We often use the detection
probability of target as a criterion in the search problem and we can obtain its expectation
P(¢, ) by applying parameters co(i,t) = 0 and V(¢) = 1 to Eq. (14), as follows.

P(QD, 77) = Z W(w)QT(J)PT(¢’Wa U)
weN

1= 500 3 T o000: - ) e (- D letatletetnn ) 19

w€eN o€Ar Lt=T1

4 Maximization of the Expected Payoff In this section, our purpose is to propose
a computational algorithm to derive an optimal distribution of searching resource of maxi-
mizing the expected payoff given a target mixed strategy .

4.1 Necessary and sufficient conditions for optimal solution The following maxi-
mization problem has a unique optimal solution because the expected payoff of Eq. (14) is
strictly concave for ¢, as shown in Section 3.

(Pl)mnggo, ngzt ) < D(t te’f, go(z',t)Z(),iGI(,tG’_/I\1

We can derive necessary and sufficient conditions for the optimal solution of Problem (P1)
as its Karush-Kuhn-Tucker (KKT) conditions, using Lagrangean multipliers {\(¢),t € T'}
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and {u(i,t), i € K, t € T}, and a Lagrangean function

L(; A, 1) )+ YA ( = elist) ) DD i e(is).

tET ice K
As the result, we have the following conditions:

0L OR

oD = Bl t)—,\(t)+u(z',t)=0, ieK,teT (16)
At) >0, teT (17)
w(it) >0, ic K, teT (18)
SeGt)y <o), teT (19)
ieK

o(i,t) >0, ic K, teT (20)
A(t) (cb(t) = cp(i,t)) =0,teT (21)

ieK
w(i,t)p(i,t) =0, ic K, teT. (22)

We express OR/0¢(i,t) as a function of variable ¢(i,t) in an explicit manner and have

OR
(i)

In the expression above, we use the following notation:

Bi,t)= Y Z > { Q)+ 1o+ DD coli, ¢ + Depli, <+1>}

= B(i,t) exp(—ayp(i, 1)) + C(i,1). (23)

w€ER;t (=t 0€Ac41 €K
¢
x|o()|0iQcrr(0)exp [ = Y [o(@)lawep«(€).6)
§=T1,£F#t
T
+ ) V(D)o®)|aQr(o)exp [ = Y |o(€)laweew(©),€) (24)
oc€EAT ci=T1,6F#t
D=3 lo®leo(i, Q) 3 7(@)Prr(prw,0) — 3 lo®leolis HQr(o)  (25)
oCA; weN cEAT

with definitions of Q;; = {w € Qlw(t) =i} and AV(() =V ((+1) -V (¢).

For an instance o with o(t) = 0 at time ¢, the distribution plan of searching resouce,
{¢(i,1), 7 € K}, cannot be executed at that time practically and then we count or enumerate
only o(t) of |o(t)| =1 to calculate B(i,t) and C(4,1).

Anyway we can verify C(i,t) < 0 because of Eq. (12) and the following transformation.

Y lo®leo(i,)Qr(o) = lo(Bleoliyt) Y Qrol

ocE€AT o€AT 1

(t)]co(i,t) Z Qi(o) > |o(t)|eo(i, t) Z Qo Zw(w)Pt,l(ap,w,o).

ocA, ocEA, w
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Let us consider the properties of optimal distribution of searching resource.

First, the complementary slackness condition (21) tells us that an equation ), - (i, )=
®(t) holds if A(t) > 0. Next we are going to derive necessary and sufficient conditions for
»(i,t) > 0 or ¢(i,t) = 0.

If ¢(i,t) > 0, we have u(i,t) = 0 from Eq. (22) and then B(i,t) exp(—a;p(i,t)) +
C(i,t) = A(t) from (16) and (23). It also indicates B(i,t) + C(i,t) > A(t).

In the case of B(i,t) = 0 in Definition (24), there is no path running through Cell i at
t or Q;; = () and an optimal distribution should be ¢(i,t) = 0 by the following reason. If
p(i,t) > 0, we have C(i,t) = A(t). But the equation contradicts C(i,t) < 0 and A(t) > 0.

Now let us assume B(i,t) > 0. If ©(i,t) = 0, it follows that B(i,t) exp(—a;p(i,t)) +
C(i,t) = B(i,t) + C(i,t) < A(t) from Eqgs. (16) and (18). Conversely, we have B(i,t)
exp(—a; (i, 1))+ C(i,t)< B(i,t) + C(3,t) < A(t) for any ¢(i,t) > 0if B(4,t)+C(3,t) < A(t)
but the fact contradicts the inequality we derived from ¢(i,¢) > 0 just before. Therefore,
©(i,t) = 0 is equivalent to the condition B(i,t) + C(i,t) < A(t) in the case of B(i,t) > 0.
Noting that B(i,¢)+C(i,t) < A(t) includes the condition B(i,t) = 0, necessary and sufficient
condition for ¢(i,t) =0 is B(i,t) + C(i,t) < A(%).

According to the discussion so far, we classify the conditions that make an optimal
distribution of resource ¢(i,t) positive or zero into the following two cases:

(i) If and only if B(i,t) + C(3,t) > A(t), an optimal distribution ¢*(i,¢) > 0 is given by

wioon 1L B(i,t)
® (z,t)—a—ilnm.

(ii) If and only if B(i,t) + C(i,t) < A(t), ¢(i,t) = 0.
We have a formula about an optimal distribution in both cases of (i) and (ii).

| B(i,t) 17"
“”(“”‘ai[lnxt)—c(zyt)} ’ (26)

where we use notation [z]* = max{0, z}. The total amount of resouces distributed optimally
at time t is given by

1 B(i,t) 17
2 = [In o) - CG, tﬂ 27)

{icK|B(i,t)+C(i,t)>A(t)} @

and it is monotonically decreasing for Lagrangean multiplier A(f) within [0, ;] and becomes
zero for A(t) > Ay, where Ay = max;ex{B(i,t) + C(i,t)}. Here let us make sure that B(i,t)
and C(i,t) do not contain {¢(i,t), i € K} distributed at ¢.

4.2 A computational algorithm to derive an optimal solution We repeat con-
structing an optimal distribution {((4,t),i € K} of a time ¢ for every ¢t € T while keeping
{¢(i,{),i € K} unchanged at any other time ¢ € ’f’, from the properties of optimal solution
discussed in Section 4.1.

Finding an optimal distribution of searching resource at the time ¢ proceeds as follows.
First, we search for an optimal A\(¢). We apply A(t) = 0 to Eq. (26) and calculate {¢(i,t),4 €
K} If Y, (i, t) < ®(t), we have obtained an optimal solution at the time ¢. Otherwise, we
find A(t) satisfying >, (i, t) = ®(t) within [0, A;]. The search is done by dichotomy using
the monotonically decreasingness of the expression (27). We repeat the above procedure
for optimal solution until the satisfaction of the KKT conditions (16)~(22) for every time
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t=r,...,T. We come to an optimal solution {¢*(i,t),i € K,t € f’} if the newly-obtained
solution does not change from old one for all ¢ € T. Our algorithm always brings a larger
expected reward than the previous one after every calculation at each time and therefore
it certainly finishes on convergence to the largest reward. Our algorithm is constructed as

follows.

An algorithm for an optimal distribution of searching resource: I'(m)

(S1) Repeat Step (S2)~(S3) for ¢t = 7,...,T until the convergence of solution.
(S2) Set A(t) =0 and calculate {¢(i,¢),7 € K} by Eq. (26).

(83) If Y ,cx ¢(ist) < ®(t), end and go back to Step (S1). Otherwise, if >, ©(i,t) >
®(t), execute the following algorithm to obtain an optimal multiplier A*(¢) and go
back to Step (S1).

(i) Sort values of B(i,t) + C(i,t) in the increasing order like B(Iy,t) + C(I1,t) <
B(I,t) + C(Is,t) < ... and renumber all cells ¢ € K in the form of Iy, I5,....
Set parameters £ =1 and A\g = 0.

(i) Apply A(t) = B(I¢,t) + C(I¢,t) to Eq. (26) and calculate {¢(i,t),7 € K} as
follows:

o 0, i=1,.. I,
i ={ ey 560/ 00— G0 1= b e 2

(iii) If > ,cx (i,t) < ®(t), find an optimal \*(t) satisfying

K

1 B(I,t) B
2 e - e 0

during an interval [Ag, A(t)] by dichotomy, using the monotonically decreasingness
of the left-hand side of the above expression. Calculate an optimal solution
{©(i,1),7 € K} by substituting the A*(¢) into Eq. (28).
Otherwise, set A\g = A(t) and £ = £ + 1. Go back to (ii).

5 A Search Allocation Game and an Numerical Algorithm for Its Equilibrium
In Section 4, we proposed an algorithm to derive an optimal distribution of searching
resource for the maximum expected reward of the searcher given a target strategy m. Here,
we model a search game with the expected payoff of Eq. (14) and discuss a computational
algorithm to derive an equilibrium of the game.

We know that there is an equilibrium for our search game because the expected payoff has
the strict concavity for the searcher’s strategy ¢ and the linearity for the target strategy =
[24]. At the equilibrium point, the minimax value of the expected payoff equals its maximin
value. That is why we focus on the derivation of the maximin value from here. We can
transform the maximin optimization as follows.

max min R(p, 7) = max min Z m(w)R(p,w) = maxmin R(p, w)
© T © g P we
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Therefore, the problem is equivalent to the following convex problem, which gives an optimal
strategy of the searcher ¢

(Pur) max v (29)
@,V
s.t. R(p,w) > v, w e Q, (30)
> (i t) <), teT, (31)
€K
o(i,t) >0, ic K, teT. (32)

Setting dual variables n(w), A(t) and p(7,t) corresponding to conditions (30), (31) and (32),
respectively, and making a Lagrangean function

Lgim ) = v+ Y ) (Rlg,w) —v)+ 3 AW (@(t) -y so(z',t))

weN tET €K

2

iek,tel

we have the following KKT conditions for an optimal solution:

R(p,w) > v, weN (33)
nw) (R(p,w) —v) =0, we N (34)
Nw) >0, weN (35)
%:1_277@):0 (36)
acpa(f 0 = Z n(w )aéfo((f’t)> —At) +p(i,t) =0, ic K, teT (37)
’ we

At) >0, teT (38)
w(it) >0, ic K, teT (39)
dTp(it) <o), teT (40)

€K
o(i,t) >0, ic K, teT (41)
D(t Zwt>=0,te’f (42)

€K

(i, t)p(i, t) =0, i € K, teT. (43)

Conditions (37)~(43) imply the necessary and sufficient conditions of optimal searcher’s
strategy, which correspond to (16)~(22). Considering problem min, > m(w)R(p,w), an
optimal target’s response 7 to a searcher’s strategy ¢ must be 7(w) = 0 if R(p,w) > v, where
v = min, R(p,w). We can replace the condition with m(w) (R(p,w) —v) = 0. Therefore,
we can see that 7 in conditions (33)~(36) must be an optimal target strategy 7*.

JFrom the discussion so far, we can propose a computational algorithm to derive an
equilibrium by combining two algorithms. We take the algorithm I'(7) for an optimal
searcher’s strategy *, discussed in Section 4.2. For an optimal target strategy 7*, we
utilize conditions (33)~(36). In the proposed algorithm, we repeat the derivation of ¢k
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optimally corresponding to m by I'(7) while changing = and finally make 7 satisfy conditions
(33)~(36). We manipulate 7w using the property about how R(¢%,w) increases/decreases
by m(w), which is stated in the following lemma.

Lemma 1 (Reference [12]). We set m (k) = n(k) + An(k) for a k € Q and m (w) = 7w(w)
for any other path k € Q and apply 7 to Algorithm T(w1). The derived optimal solution
@y, makes payoff R(y}, k) of the path k increase if An(k) > 0 and decrease if An(k) <0
from the original value R(%, k).

Proof: Omitted. [ ]
Now we are ready to propose a new algorithm for an equilibrium of our search game
from Lemma 1, in which we reach the equilibrium while changing .

An algorithm for an equilibrium: A

(E1) Initialize 7 to be m(w) = 1/|Q|. Set I = 0.

(E2) For given , run Algorithm I'(7) to obtain an optimal solution ¢%.
Normalize 7 such that ) 7(w) = 1.

(E3) Sort values {R(¢k,w),w € Q} in the increasing order like W7 < Wy < -+ < Wy,
where W, is the k-th smallest value of R(p%,w). We categorize all paths in some sets
of paths based on the value such that Q = {w € Q|R(p%,w) =Wy} fork=1,..., M.

If conditions (33)~(36) are satisfied for n(w) = m(w), end.

(E4) Generate a new 7 as follows. If [ is even, increase 7(k) by a little bit Aw(k) > 0 for
ak € Q. If odd, add a tiny negative amount An(k) < 0 to w(k) for a path k of
k € argmax | (w)>0} R(¢%,w).
Increase | by one, [ =1+ 1, and go back to Step (E2).

In Algorithm A, we manipulate the expected payoff in such a way that we push down the
payofl a little by decreasing the selection probability 7(w) for a path w with maximum
expected payoff R(y%,w) and lift it up by increasing the selection probability for a path
with minimum payoff. The manipulation leads 7 to the satisfaction of conditions (33)~(36).

As seen in some numerical algorithms in a general way, the speed of convergence changes
depending on tolerance of error and An(k) in this case. We set An(k) in a similar way
to Reference [12], as follows. We assume that w(k) changes the expect payoff of path k,
R(¢}, k), in a linear way, within the maximum expected reward by m(k) = 1, Ry = R(¢}, k),
and the minimum payoff by 7(k) = 0, R = mingx,cq R(¢}, k). The assumption teaches us
a function (Ry — Ri)m(k) + Ry, of variable m(k) and the increasing/decreasing by Am(k) =
v/(Ry — Ry) if we want to lift-up/push-down the expected payoff by 7. We embed the
control of (k) in Algorithm A. Anyway, we adopt the following rule to control v, assuming
that k belongs to Wy in Step (E4) for odd .

(i) In the case of M’ = 1, R(¢%,w) coincides for any w of m(w) > 0 and the algorithm
ends.

(ii) In the case of M’ = 2, increase the expected payoff of path k € Qq by v = (W —W7)/2
and decrease that of k € {25 by the same amount with the intention of coincidence of
the expected payoffs for both paths.

(iii) In the case of M’ > 2, increase the expected payoff of path k € Q; by v = (W — W)
and decrease it for path k € Q) by v = (Warr — Wap—1).
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7 is modified to the following m in Step (E4) and normalized to 7 in (E2).
mi(k) = n(k) + An(k), m(w) =7(w) (k£ w € Q).

Let us see that the modification makes larger expected payoff, namely, R(y}, ) > R(p%,7),
as follows.

AR = R(¢3,7) = R(¢p,m) = ) _ 7 (w)R(p%,w) — R(¢5, )

w

=3 A Rk) - ()
-y H%ﬁ(k) {R(%, 7) + An(k)R(%, k) — (1 + Am(k))R(¢%, m)}
= 1—|—+7r(k) {A7(k) (R(%, k) — R(py, 7)) — (R(ey, ) — R(¢3, 7))}

In Step (E4), we have R(p%, k) < R(pk,m) because the selected k& € ; has the minimum
payoff among all paths. Therefore, we can set Am(k) small enough to keep R(¢%,k) <
R(p%,m). We also have R(y%,m) > R(¢%,m) and then AR < 0 for even [ in (E4). Similarly,
we can see R(p%, k) > R(¢k,m) for a path k € Qpyr. From Am(k) < 0, we also have AR < 0
for odd I. We can verify that, in Step (E4), the changing of 7 controls R(¢%, k) in the
direction of decreasing the expected payoff.

6 Numerical Examples Let a search space and a time space be K = {1,...,5} and
T =T = {1,...,10}, respectively. We set other parameters as follows: ®(t) =1 (t € T)
and a; = 0.2 (i € K). Figure 2 shows four target paths, 2, by illustrating which cell each
path runs through time by time in a |K| x |T'| matrix. Path 3 and 4 always stay at Cell 3
and 2, respectively, but Path 1 and 2 run across several cells symmetrically to each other.
Crossing points of paths are effective for search operation because the searcher can cover
several paths running there at the same time by distributing searching resources there. We
can sort all paths into 2, 1, 3 and 4 in the decreasing order in terms of the number of
crossing points.

t=1 2 3 4 5 6 7 8 9 10

1]e

#4
2 #3——0——0— 10101000
3 | T o180 T00T0—+0+0
4 # (] [
5 o

Figure 2: Target paths

We consider the search allocation game with V() = 20 (t € T) as target value and
coli,t) =1 (i € K, t € T) as searching cost.
(1) Case of no false contact (Case 1)

In the case of no false contact, we can analyze optimal strategies of players by setting
@Q: = 0. The value of the game is 5.8. Table 1la shows an optimal distribution plan of
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searching resource by the searcher and Table 1b indicates the total amount of resources
accumulated on each target path and an optimal selection probability of paths by the
target.

As seen from Table 1la, the distribution of resource is concentrated in crossing points
from cost-effective point of view and the searcher uses up all available resources, ®(t) = 1,
all time points but ¢ = 1. At time ¢ = 1, the searcher cannot find any crossing point and
use a part of ®(t) = 1. Because of the concentration strategy on crossing points, the most
amount of resources are distributed along Path 2 with the largest number of crossing points
and the target never takes the path 2, as seen from Table 1b. The target chooses paths
1, 3 and 4, which have similar amount of distributed resources. The searcher decides his
distribution strategy of searching resource, taking account of a tradeoff between effective
search and target’s preference on paths, which is conversely affected by the distribution
strategy. On the target side, he tends to avoid the paths on which effective search is easy
to be done because of the possession of many crossing points or others, and to make it
difficult for the searcher to have easy anticipation on the target’s path and concentrate
much searching resources on the path.

Table 1a. Optimal distribution of searching resource (Case 1).

Cells \ t 1 2 3 4 ) 6 7 8 9 10
1 0 0 0 0 0 0 0 0 0 O

2 0137 1 0 0718 0733 1 1 0 0 O

3 049% 0 1 0282 0267 0 O 1 1 1

4 0 0 0 0 0 0 0 0 0 O

) 0 0 0 0 0 0 0 0 0 O
Total 0634 1 1 1 1 1 1 1 1 1

Table 1b. Accumulated amount of resource and optimal selection of target paths (Case 1)

Paths 1 2 3 4
Amount of accumulated resource 5.0 5.719 5.045 4.589
Selection probability 0.26 0 0.37  0.37

(2) Effect by false contact (Case 2)

In this case, we change some parameters of Case 1 to Q; = 0.5 (t € T) and ty = 3. The
false signal makes the search operation less effective and changes the value of the game to 3.3
from 5.8 of Case 1. Equilibrium is shown in Table 2a and 2b. On happening of false contact,
the pre-planned distribution of searching resource cannot be done precisely and comes to
no use in a sequent investigation process. The fact lessens the value of crossing point on
effective search and makes the searcher have the incentive to transfer some resources from
crossing points to other points, which is seen from the comparison between Table 1a and
Table 2a. At the same time, the target’s avoidance to Path 2 and 1 having many crossing
points gets weak, comparing with Case 1, and the selection probabilities of Path 1, 3 and
4 become all equal. Whether or not the distribution of searching resource is planned, real
false contacts cancel the distribution plan in its sequent investigation process although the
searcher does not expend any searching cost. That is the reason why the searcher performs
an active behavior to consume more available resources in this case than Case 1. Practically,
the searcher exhausts ®(¢) = 1 at time ¢ = 1.
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Table 2a. Optimal distribution of searching resource (Case 2)

Cells \ t 1 2 3 4 ) 6 7 8 9 10
1 005 0 O 0 0 0 0 0 0 0

2 0414 1 0 0.842 058 0549 0772 0 0 O

3 0536 0 1 0 0218 0.366 0047 1 1 1

4 0 0 0 0.158 0 0 0181 0 0 O

5 0 0 0 0 0.196 0.085 0 0 0 0
Total 1 1 1 1 1 1 1 1 1 1

Table 2b. Accumulated amount of resource and optimal selection of target paths (Case 2)

Paths 1 2 3 4
Amount of accumulated resource  5.67 5.614 5.168 4.162
Selection probability 0.327 0.019 0.327 0.327

(3) Effect of target value (Case 3)

In this case, we increase target value V (¢) to 50 from 20 of Case 2. The value of the
game is 15.0 although it was 3.3 in Case 2. Table 3a and 3b show an equilibrium in this
case. Since the target value increases, the searcher accelerates the distribution of searching
resource, expecting higher reward on detection of target and takes the strategy of exhaustion
of available resource (EAR strategy). Therefore, the optimal strategy of this case is very
similar to Case 2.

Table 3a. Optimal distribution of searching resource (Case 3)

Cells \ t 1 2 3 4 ) 6 7 8 9 10
1 0 0 0 0 0 0 0 0 0 0

2 0573 1 0 0.822 0.529 0542 0654 0 0 O

3 0427 0 1 0 0285 0369 0147 1 1 1

4 0 0 0 0.178 0 0 0199 0 0 O

5 0 0 0 0 0.186 0.089 0 0 0 0
Total 1 1 1 1 1 1 1 1 1 1

Table 3b. Accumulated amount of resource and optimal selection of target paths (Case 3)

Paths 1 2 3 4
Amount of accumulated resource 5.651 5477 5.229 4.12
Selection probability 0.327 0.016 0.329 0.329

(4) Effect of distribution cost (Case 4)

We increase cost ¢o(i,t) to 4 from 1 of Case 2. The value of the game is 2.7, which is
smaller than Case 2. The searcher makes much account of the effectiveness of cell for search
and avoids distributing searching resource into ineffective cells other than crossing points.
He takes the strategy of partially-using available resource (PAR strategy) of ®(¢) = 1 at
time t = 1,4,5,6. The focus on crossing points by the searcher decreases the selection
probabilities of Path 2 and 1, having many crossing points, but increases those of Path 3
and 4, compared with Case 2.
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Table 4a. Optimal distribution of searching resource (Case 4)

Cells \ t 1 2 3 4 ) 6 7 8 9 10
1 0 0 0 0 0 0 0 0 0 0

2 0374 1 0 0.697 0379 0465 0435 0 0 O

3 0139 0 1 0 0256 0222 0223 1 1 1

4 0 0 0 0 0 0 0 0 0 0

5 0 0 0 0 0 0 0 0 0 0
Total 0514 1 1 0.697 0.687 0.658 1 1 1 1

Table 4b. Accumulated amount of resource and optimal selection of target paths (Case 4)

Paths 1 2 3 4
Amount of accumulated resource 5 5.132 4.84 3.35
Selection probability 0.117 0 0.442 0.442

From studies in Case 1~4, we enumerate some properties on optimal strategy of player.

1. The distribution plan of searching resource is certainly executed in the case of no
false contact. In the false contact model, however, the plan is not necessarily done
and the usage of resource has some uncertainty. The fact lessens the effectiveness
of search in crossing points, leads the searcher to pay attention to other points for
search and mitigates the target’s avoidance to paths with many crossing points. The
cancellation of the distribution plan means the no-expense of searching cost as well as
the no-use of searching resource and the searcher has more activeness to use resource
in the presence of false contacts. The value of the game becomes smaller, of course.

2. The increase of target value brings larger value of the game and makes the searcher
more active for search. We could enumerate other influences by the increase of target
value on the game.

(1) The searching cost is relatively getting smaller compared with the target value
and then the searcher tends to use more resource at the time when he takes
the PAR strategy in the case of lower target value. The searcher’s tendency
causes more resources being distributed in non-crossing points. Because of that,
the target is going to increase the selection probability of the paths with many
crossing points and to decrease the probability of other paths.

(2) In the case that the searcher already takes the EAR strategy for available re-
source every time, the amount of used resource cannot be increased and optimal
strategies of players do not change a lot even though the target value gets larger.

3. In the case that the distribution cost of resource increases, the value of the game
decreases and the searcher has less incentive to distribute his searching resource.
If such a situation causes the decrease of the amount of distributed resources, the
decreasing would be mainly adopted to non-crossing points and the target takes paths
with many crossing points with less probability and other paths with more probability.

7 Conclusion This paper deals with a search game with false contacts in a precise man-
ner. The false contacts are thought to happen independent of detection of true targets and
their occurrence probability might be constant in the search operation. The false contact
is inevitable to step in the search operation and then it is a most serious phenomenon we
should take account of to analyze search operations using any sensor. Nevertheless, there
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have been just a few researches on the topics because the false contacts are difficult to deal
with in terms of modeling and solution.

In this paper, we deal with the false contact as an event with fixed occurrence probability
and enumerate all instances with the false contacts as well as the detection of target. At
first, we formulate a maximization problem with the objective of the expected reward on the
searcher’s side into a nonlinear programming problem and propose a numerical algorithm to
derive an optimal distribution of searching resource in a search space. Then we analyze the
properties of optimal target strategy of taking several paths moving in the space. For the
search problem on both sides of the searcher and the target, i.e. the search allocation game,
we embed the properties of optimal target strategy in the algorithm proposed for optimal
searcher’s strategy to construct a repetition algorithm to derive an equilibrium point for
the game. We define the payoff of the game as the target value gained by its detection
minus the searching cost expended to execute a distribution plan of searching resource,
which is a general criterion including the detection probability of target. As long as we
take a direction of dealing with the false contact in a precise and practical manner, the
dependency of occurrence of the false contacts on cell, time and the amount of distributed
searching resource would be future topics to handle.

REFERENCES

[1] V.J. Baston and F.A. Bostock, A One-Dimensional Helicopter-Submarine Game, Naval Re-
search Logistics, 36, pp.479-490, 1989.

[2] J.M. Danskin, A Helicopter versus Submarine Search Game, Operations Research, 16, pp.509-
517, 1968.

[3] J.N. Eagle and A.R. Washburn, Cumulative Search-Evasion Games, Naval Research Logistics,
38, pp.495-510, 1991.

[4] A.Y. Garnaev, A Remark on a Helicopter-Submarine Game, Naval Research Logistics, 40,
pp.745-753, 1993.

[5] A.Y.Garnaev, Search Games and Other Applications of Game Theory, Springer-Verlag, Tokyo,
2000.

[6] R. Hohzaki, A Search Game with Several Types of False Contacts, Nonlinear Analysis and
Convex Analysis (Edited by W. Takahashi and T. Tanaka), Yokohama Publishers, London,
pp-59-79, 2004.

[7] R.Hohzaki, Search allocation game, European J. of Operational Research 172 (2006), 101-119.

[8] R. Hohzaki, Discrete Search Allocation Game with False Contacts, Naval Research Logistics,
54(1), pp.46-58, 2007.

[9] R. Hohzaki, A multi-stage search allocation game with the payoff of detection probability, J.
of the Operations Research Society of Japan 50 (2007), 178-200.

[10] R. Hohzaki, A cooperative game in search theory, Naval Research Logistics 56 (2009), 264-278.

[11] R. Hohzaki and K. Iida, A Search Game with Reward Criterion, J. of the Operations Research
Society of Japan, 41(4), pp.629-642, 1998.

[12] R. Hohzaki and K. Iida, A Solution for a Two-Person Zero-Sum Game with a Concave Payoff
Function, Nonlinear Analysis and Conver Analysis, World Science Publishing Co., London,
pp.157-166, 1999.

[13] R. Hohzaki and K. lida, A Search Game When a Search Path Is Given, European J. of
Operational Research, 124(1), pp.114-124, 2000.

[14] R. Hohzaki, K. Iida and T. Komiya, Discrete Search Allocation Game with Energy Constraints,
J. of the Operations Research Society of Japan, 45(1), pp.93—-108, 2002.



[15]

[16]

[17]
18]

[19]

NONLINEAR MODEL OF A SEARCH ALLOCATION GAME 515

K. Iida, R. Hohzaki and K. Sato, Hide-and-Search Game with the Risk Criterion, J. of the
Operations Research Society of Japan, 37, pp.287-296, 1994.

K. Iida, R. Hohzaki and S. Furui, A Search Game for a Mobile Target with the Conditionally
Deterministic Motion Defined by Paths, J. of the Operations Research Society of Japan, 39(4),
pp.501-511, 1996.

K. Iida, R. Hohzaki and K. Kaiho, Optimal Investigating Search Maximizing the Detection
Probability, J. of the Operations Research Society of Japan, 40(3), pp.294-309, 1997.

K. Kikuta, A Search Game with Traveling Cost, J. of the Operations Research Society of
Japan, 34(4), pp.365-382, 1991.

T. Kisi, Optimal Stopping of the Investigating Search, Search Theory and Applications(NATO
Conference Series 11-8), pp.255-260, Plenum Press, N.Y., 1979.

T. Komiya, K. Iida and R. Hohzaki, An Optimal Investigation in Two Stage Search with
Recognition Errors, J. of the Operations Research Society of Japan, 49(2), pp.130-143, 2006.

B.O. Koopman, Search and Screening, Pergamon, pp.221-227, 1980.

J.J. Meinardi, A Sequentially Compounded Search Game, Theory of Games: Techniquea and
Applications, The English Universities Press, London, pp.285-299, 1964.

T. Nakai, Search Models with Continuous Effort under Various Criteria, J. of the Operations
Research Society of Japan, 31, pp.335—-351, 1988.

G. Owen, Game Theory, Academic Press, N.Y., 1995.
L.D. Stone, Theory of Optimal Search, pp.136-178, Academic Press, N.Y., 1975.

A.R. Washburn, Search-Evasion Game in a Fixed Region, Operations Research, 28, pp.1290-
1298, 1980.

A.R. Washburn and R. Hohzaki, The Diesel Submarine Flaming Datum Problem, Military
Operations Research, 6, pp.19-33, 2001.

Communicated by Kensaku Kikuta

Ryusuke Hohzaki

Department of Computer Science
National Defense Academy
1-10-20 Hashirimizu, Yokosuka,
239-8686, Japan

E-mail: hozaki@cc.nda.ac. jp





